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SOME PHYSICAL CONSTANTS

These constants are selected from a much larger list prepared by DuMond
and Cohen, Revs. Mod. Phys. 25, 691 (1953). The probable errors quoted

refer to the last digit (or digits) of the numerical value of the constant. See

Table 4, Sect. 1.10, for masses and other data on light particles.

c Speed of light 299792.9 ± 8 km/sec

c
2 Mass-energy

equivalence

931.162 ± 24 Mcv/amu

h Planck's constant (6.6252 ± 5) X 10
-27

erg sec

n (= k/2v) Planck's constant (1.05444 ± 9) X 10
-27

erg sec

N Avogadro's number (6.02472 ± 36) X 1023 (g mole)
-1

a- 1 (= fw/e
2
) Fine structure

constant

137.0377 ± 10

m Electron rest mass (9.1085 ± 6) X 10"28 g

e Electron charge (1.60207 ± 7) X 10
-20 emu

(4.80288 ± 21) X 10
-10

esu

Me Electron magnetic

moment
(0.92838 ± 6) X 10

-ao
erg/gauss

ix (= fe/2mc) Bohr magneton (0.92732 ± 6) X lO"20 erg/gauss

9
mo Electron energy

equivalence

0.510984 ± 16 Mev

X c (= h/mc) Compton wavelength

of electron

(24.2625 ± 6) X 10~u cm

r (= e
2/mc2

) Classical electron (2.81784 ± 10) X 10"13 cm
radius

fij (— %e/2mvc) Nuclear magneton (0.505038 ± 36) X 10
-23

erg/gauss

mp/m Proton-electron mass 1836.13 ± 4

ratio
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PREFACE

In this new edition the author has sought, of course, to bring

the material of the first edition up to date. There are a number

of other changes. A chapter on the elements of wave mechanics

has been added, and there has been some rearrangement of the

remaining chapters, both as to order and as to scope. Some ma-
terial of marginal interest has been dropped to avoid increasing

the length of the book. A few selected derivations have been added

in appendices, and references to others are made throughout the

text. Most of these changes originated in the suggestions of users

and reviewers, to whom the author is grateful.

It is hoped that, if the appendices and much of the material in

small type are omitted, the remainder of the book will be suitable

for an introductory undergraduate course. Some exposure to

atomic physics at the descriptive level is assumed. As in the first

edition "nuclear physics" has been arbitrarily defined in a rather

broad way to encompass fundamental particle physics, cosmic

rays, molecular beams, and other topics that could well have been

excluded.

David Halliday
Pittsburgh, Pa.

January, 1955
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1 • Basic Nuclear Concepts

1.1* Introduction

Dyson of Cornell University has pointed out (D52) that our

ideas of the physical world fall into three boxes. In the first we
place what we know about large things, such as the structure of

the universe. In the second we place our ideas about small things

such as nuclei and elementary particles. In the third we put prac-

tically everything else, including classical mechanics, electrody-

namics, special relativity, and atomic physics. Only in this third

box is our knowledge organized in terms of a consistent theory

—

the most comprehensive and highly developed form of quantum
mechanics, called quantum electrodynamics. Indeed Dyson says:

It is the only field in which we can choose a hypothetical experiment

and predict the result to five places of decimals, confident that the theory

takes into account all the factors that are involved.

Reformulations of quantum electrodynamics are expected, bring-

ing with them, no doubt, new insights. Nevertheless, Dyson's

statement remains true.

No such happy situation exists in box two (or box one). In

place of a unifying theory there are islands of coherent knowledge

in a sea of uncorrelated facts. Indeed the central problem of

nuclear physics, that of understanding the forces that hold the

nucleus together, is still unsolved. Lack of a unifying theory

makes the organization of a nuclear physics text a lot more arbi-

trary than it would otherwise be. Our plan is to discuss in this

chapter, in a preliminary way, the important concepts of nuclear

physics. This should provide a language in terms of which we
can develop the more detailed material of the later chapters.

1.2- History

Nuclear physics began in 1896 when Henri Becquerel discovered

the natural radioactivity of uranium compounds (B96). During
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experiments on the luminescence of uranium salts he was keen

enough to notice a new phenomenon. In his words (M35)

:

I particularly insist on the following fact which appears to me exceed-

ingly important and not in accord with the phenomena which one might

expect to observe: the same encrusted crystals placed with respect to the

photographic plates in the same condition and acting through the same

screens, but protected from the excitation of incident rays and kept in the

dark, still produce the same photographic effects.

The luminescence of uranium salts had been known since 1852

when it was discovered by Stokes. Niepce de Saint-Victor in

1867 actually performed the essentials of Becquerel's experiment

but he misinterpreted the results. Table 1 shows some milestones

in the development of nuclear physics since Becquerel's discovery

of radioactivity.

TABLE 1

Some Milestones in Nuclear Physics

Date Event

1896 Radioactivity discovered

1898 Radium isolated

1903 Suggestion that radioactive dis-

integrations result in changes of

atomic species

1905 Equivalence of mass and energy

announced

1905 Statistical nature of radioactive

decay realized

1909 Alpha particles shown to be he-

lium nuclei

1911 Atomic nucleus hypothesized

1911 Discovery that fast charged par-

ticles leave tracks in photo-

graphic emulsions

1912 Cloud chamber used to view nu-

clear tracks

1913 Discovery of stable isotopes

1913 Discovery of cosmic rays

1919 First laboratory transmutation

1919 Mass spectrometry developed

1924 Wave nature of matter proposed

1926 Quantum mechanics discovered

1928

1928

1930

Geiger-Muller counter invented

Alpha radioactivity explained

First nuclear transmutation using

artificially accelerated particles

Experimenters

H. A. Becquerel *

Pierre Curie * and

Marie Curie *

Rutherford * and
Soddy *

EinBtein *

von Schweidler

Rutherford * and
Royds

Rutherford *

Reinganum

Wilson *

J. J. Thomson *

Hess *

Rutherford *

Aston *

de Broglie *

Schrodinger *

Born,* Heisenberg,*

and Jordan

Geiger and Muller

Gamow
Gurney and Condon
Cockcroft and
Walton

Country in

Which Event

Occurred

France

France

Canada

Switzerland

Austria

England

England

Germany

England

England

Austria

England

England
France

Germany

Germany
Germany
USA
England

Refer-

ence

B96
C98

R03

E05

S05

R09

Rll
Rell

W12

T13
H13
R19
A19
B24
S26

H25,

B26
G28
Ga28
Gu28
C32
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TABLE 1 (Continued)

Some Milestones

Date Event

1931 First useful electrostatic accelera-

tor

1932 First cyclotron

1932 Discovery of deuterium

1932 Discovery of the neutron

1932 Discovery of the positron

1932 Nuclei assumed to be composed of

protons and neutrons

1933 Molecular beams applied to nuclei

1934 Discovery of artificial radioac-

tivity

1934 Theory of beta radioactivity pro-

posed

1935 Coincidence counting techniques

used to study radioactive decay

1935 The meson predicted theoretically

1936 Compound nucleus theory of nu-

clear structure proposed

1937 Discovery of the mu meson in

cosmic rays

1938 Precise measurements of nuclear

magnetism

1939 Discovery of nuclear fission

1941 First betatron

1942 First reactor

1944 Discovery of synchrotron principle

1946 Magnetic resonance for nuclei in

solids

1947 Discovery of the pi meson

1947 Y-particle discovered

1948 First laboratory-produced mesons

1949 The shell theory of nuclear struc-

ture developed

1949 Scintillation counter developed

1952 Strong-focusing principle for the

design of high-energy accelera-

tors discovered

1952 Laboratory acceleration of pro-

tons to the billion-electron-volt

range

1953 Success of "breeding" experiments

in nuclear reactors announced

1953 The collective-shell model of nu-

clear structure developed

* Nobel laureate.

in Nuclear Physics

Country in

Which Event
Experimenters Occurred

Van de Graaff USA

Lawrence *

Urey,* Brickwedde,

and Murphy
Chadwick *

CD. Anderson *

Heisenberg *

Stern * and Ester-

mann
F. Joliot * and Irene

Curie *

Fermi *

Bothe * and
von Baeyer

Yukawa *

N. Bohr *

Neddermeyer and

C. D. Anderson *

Street and Stevenson

Rabi *

Hahn * and Strass-

mann
Kerst

Fermi * et al.

Veksler

McMillan *

Purcell *

Bloch *

Lattes, Occhialini,

and Powell *

Rochester and Butler

Gardner and Lattes

Mayer
Haxel, Jensen, and

Suess

Kallmann
Coltman and Mar-

shall

Courant, Living-

ston, and Snyder

Brookhaven National

Laboratory staff

Argonne National

Laboratory staff

A. Bohr and Mottle-

son

USA
USA

England

USA
Germany

Germany

France

Italy

Germany

Japan
Denmark

USA

USA

Germany

USA
USA
USSR
USA
USA

England

England

USA
USA
Germany

Germany
USA

USA

USA

Denmark

Refer-

ence

G33

L32
U32

Ch32
A33
H32

E33

J34

B35

Y35
B36

S37

R39

H39

K41
F47
V44
M45
P4S
B4S
L47

R47
G48
Ma49
H49

K49
C47

C52

B53

X53

Bo53
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1.3* Philosophy of science

In nuclear physics, as in all branches of science, a unified

point of view is desirable. One that is accepted by some, but by
no means all, scientists today is logical positivism whose founding

father was the Austrian physicist Ernst Mach. It was developed

in its modern form largely by the members of the so-called Vienna

Circle (K5S). It is no coincidence that this development took

place during the period that saw the rise of relativity theory and

the quantum. In our own country important contributions have

been made by P. W. Bridgman of Harvard University (B27,

Br36). Here are its main features

:

1. Quantities such as the charge, temperature, mass, and length

of a body are not thought of as things whose nature is intuitively

understood; they are defined as the objective results of certain pre-

scribed operations that can be carried out in the laboratory.

"Length of a rod" has meaning in this view; "length" as an ab-

stract concept is of less interest. This operational viewpoint is the

basis of this philosophy.

2. Physical laws are relationships between operationally defined

quantities that always occur when certain experiments are per-

formed. Laws may be expressed in symbols that are not defined

directly in an operational way (the wave function \p, for example).

However, it must be possible to deduce operationally definable

quantities from these symbols in a logical way.

3. It is the role of theory to give, on the basis of as few hypoth-

eses as possible, a simple description of as many experiments as

possible. The question of the ultimate truth of the hypotheses

simply does not arise.

4. Theories and hypotheses may be replaced at any time by

more useful ones, i.e., by ones that describe more experiments or

that describe the same experiments in a simpler way. Atoms,

nuclei, and "fundamental particles" in general are hypotheses of

greater or lesser usefulness. Dancoff has written convincingly on

this point (Da52).

A positivist, committed as he is to operationalism, sees no way

to decide whether a given theory or hypothesis represents "abso-

lute truth" or not. As a result he tends to discard such a concept.

His goal is to describe as compactly as possible the sense percep-

tions that come (or that can be made to come) within his experi-
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ence. Clearly the work of science never ends. Who would dare

to say that a given theory is the simplest possible one or that

facts at variance with it will not be discovered in the future?

At one time every physicist believed that Newton's laws of

motion represented absolute truth in the field of mechanics. We
now know that these laws do not hold for bodies whose speeds are

appreciable compared with the speed of light. Here we must use

the special theory of relativity, which arises logically when we
give operational definitions to word groups like "the length of a

body" and "the time difference between two events." The point

of view of the positivist is not that Newton's laws are untrue and

the special theory true but that the latter, which includes New-
tonian mechanics as a special case, is a forward step because it

correlates more sense perceptions.

The philosophy of science is not itself a very "sciency" subject.

It lacks, for example, the possibility of verification by experiment.

This brings in an element of appeal to authority, an element now
largely removed from science itself. Many outstanding scientists

have written down their philosophical views, among them Einstein

(£49), Heisenberg (#52), von Weizsacker (W52), Schrodinger

(551), Eddington (Ed49), Planck (P49), Bridgman (Br36), and

Born (£49). We are disappointed, but not surprised, to find that

these great men do not all agree in these matters ! Though there are

not many extreme positivists among them, most have positivistic

elements in their thinking.

The antitheses of positivism are the metaphysical philosophies

in which elements not susceptible to experiment are required and

ways are found to give meaning to "reality." The metaphysically

inclined ask such questions as "Is it not strange that the same hy-

pothesis (e.g., the electron) keeps recurring in so many contexts?"

"Do you really imagine that the atomic hypothesis will be replaced

at some future time?" and "Is it fair to settle so many questions

by simply declaring that you should not ask them?" The philos-

opher William James refers to the advocates of these opposing

viewpoints as "tough-minded" and "tender-minded" respectively.

Many learned men, among them Einstein, admit metaphysical

elements in their thinking.
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1.4- Nuclear size

Rutherford in 1911 correctly deduced from Geiger and Mars-
den's alpha-scattering experiments that the nuclear radius must
be less than 10

-12
cm. Many other operational definitions have

been advanced since then. Most give radii in accord with

r = r A l/
°

(1)

where r is a constant and A is the number of neutrons and protons

in the nucleus (the mass number). Figure 1 shows the extent to

which Eq. 1 holds in a particular case.

10

9

8

2 6

a: 4

Tb

Sn

Cu ?Zn

<A1

Mg

/Be
Li

12 3 4 5 6 7

A*

Fig. 1. Nuclear radii obtained by scattering 83-Mev neutrons from nuclei.

The straight line is Eq. 1 with r = 1.37 X 10~13 cm (C49; Fe49).

Table 2 lists by name several methods for measuring nuclear

radii along with the values r that result. The last four results

depend upon how the electric charge is distributed throughout

the nucleus. The other two methods involve considerations of
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the strong specifically nuclear forces and hence are sensitive to

the distribution of nuclear matter as distinct from charged nuclear

matter. If the neutrons and protons that make up the nucleus

are not distributed in the same way (see J54, for example) then

we should not be surprised that different kinds of operational defi-

nitions for the nuclear radius do not all yield the same result.

TABLE 2

Values of THE r OF EQ. 1 by Various Methods

Method Range of A r (X 10~ 13 cm) Reference

Neutron scattering 7-238 1.37-1.45 Fe49; De50;
Sect. 13.8

Alpha emission 206-242 1.34; 1.48 P50; BW52;

Sect. 4.12

Mirror nuclei 3-41 -4.2 Coo53; Sect. 11.4

Mesic atoms 40-210 -1.2 Fi53

Isotope effect 87-207 -4.1 Bi53

Electron scattering 64-197 -1.1 H54

McCormick and Cohen (M54) advance a different possibility to

account for the discrepancy. Many studies of nuclear radii are

in progress at the present time.

The electron-scattering method gives some detailed information

about the way charge is distributed throughout the nuclear volume.

The current picture is that the charge density is fairly uniform

throughout most of the interior but tapers off to zero gradually

at the "surface" ("fuzzy boundary model"). The measured "ra-

dius," then, is some sort of average value.

For the argon nucleus of mass number 40, Eq. 1, with r ~ 1.2 X
10~13 cm, gives r = 4.1 X 10

—13 cm. The radius of the argon

atom is about 1.5 X 10~8 cm, or 4 X 10
4 times larger. The fact

that nuclei are so much smaller than atoms means that matter

is very "open" as far as nuclei are concerned. The projected

nuclear area of an aluminum foil 1.0 mil thick is only 1 part in

10
4
of the actual area, for example. It is not surprising that neu-

trons, which have little interaction with electrons, can often move
readily through large thicknesses of matter. The form of Eq. 1

(recalling that A is closely proportional to the nuclear mass)

implies that nuclear matter has a density that is nearly constant

for all nuclei. This density can be found from the fact that the
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proton has a mass of about 1.7 X 10
24

g; from Eq. 1 (A = 1) it

has a radius of about 1.2 X 10~13 cm. The density is ~105

tons/mm3
!

1.5- Nuclear structure and nomenclature

A few months after Chadwick's discovery of the neutron in 1932

Heisenberg (H32) and, independently, Iwanenko (132) made the

very useful hypothesis that nuclei are made up of neutrons and

protons. The various nuclei can be identified by symbols such as

i 8A40 and i 5P
32

; the subscripts (usually omitted) are the numbers

of protons in the nucleus—the atomic number Z. The letters are

the chemical symbols. The superscripts are the total numbers

of particles in the nucleus, the mass numbers. By subtraction we

find that there are respectively 22 and 17 neutrons in these nuclei.

If we put together neutrons and protons at random to form

nuclei, most of our combinations would be unstable. They might

decay spontaneously by fission into two or more fragments; by

emission of a gamma ray, an alpha particle, a positive electron,

a negative electron, or a neutron; by capturing a negative electron

from the atomic shells; or by some combination of these possibil-

ities. Such unstable nuclei are called radioactive.

TABLE 3

Some Nuclear Tekms

In part from Kohman (K47)

Word Definition Exainples

Nuclide A nuclear species —
Radionuclide A radioactive nuclide —
Isotope One of several nuclides with the same

proton number
Ca40

,
Ca42

Isotone One of several nuclides with the same

neutron number
Ca40

,
K39

Isobar One of several nuclides with the same

mass number
Ca40

,
A40

Isodiaphere One of several nuclides with the same dif-

ference between neutron and proton

numbers

Ca40
,
K38

Isomer One of two nuclides with the same num-
bers of neutrons and protons but capa-

ble of existing, for a measurable time,

in different energy levels

Sect. 5.5

Nucleon A proton or a neutron —
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x positron emitter (or electron capture).

A alpha emitter.

If a nucleus has more than one mode of disintegration, the dominant one
has been used.
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As of December, 1952, there were some 280 known stable nuclei

and some 970 known radioactive nuclei. Many of them are re-

corded in Fig. 2 which is a plot of neutron number N against pro-

ton number Z. Note that the light, stable nuclei follow the line

N = Z. As A increases, the locus of stability gradually moves

towards an excess of neutrons. The electron and positron emitters

are, respectively, above and below the line of the stable types;

the alpha emitters are chiefly at its upper end. There are no hard

and fast boundaries between these regions.

The restriction of stable nuclei to a narrow strip means that

there is an essentially single-valued relationship between N. and

Z, and hence between A and Z. Were it not for this, the regular

variation of chemical properties of atoms with atomic weight that

led to the discovery of the periodic table of the elements would

not exist. Note that radioactive decay gives a product nucleus

either in or closer to the stable region. In the latter case we have

a sequence of genetically related radionuclei. Such decay chains

are found in the region of high Z and also among the active prod-

ucts formed by nuclear fission.

1.6- Nuclear forces, reactions, and models

Considering only Coulomb forces, we would say that (1) all nu-

clei should fly apart because of proton repulsion, and (2) there

are no forces holding neutrons in nuclei. Because neither state-

ment is true, there must be strong attractive forces of a specifically

nuclear sort. Figure 3 shows possible potential-energy curves for

a proton and a neutron in the field of a nucleus. The nuclear

forces (the negative slopes of the curves of Fig. 3) change very

rapidly in a certain region. This underlies the fact that nuclear

radii are rather well defined. As we will see later, a comprehensive

theory of nuclear forces does not yet exist.

Nuclei can be transformed by bombarding them with nuclear

projectiles or with gamma rays. The experimenter places a target

(often a thin foil) in a flux of the desired projectiles. He then looks

for other particles emerging from the target. Depending on con-

ditions he may find (1) single nucleons, (2) light nuclei such as

He4
or H3

, (3) gamma rays, (4) large nuclear fragments, or (5)

mesons (Table 4).

It makes a lot of difference in a nuclear reaction whether the

kinetic energy of the bombarding particle is much smaller than or
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much greater than the average kinetic energy of the nucleons in

the target nucleus. In the first case we often adopt a point of

view due to Niels Bohr (B36) called the strong coupling, the strong

interaction, or the liquid drop model. The projectile is assumed to

enter the nucleus and to share its energy rapidly with the other

nucleons; it soon loses its identity. The interaction is between

«

4

3

2

1

-1

-2

i

'

4 4
± +

5 10 15 20 25 30 5 10 15

r— 10 cm

(a) (b)

Fig. 3. Possible variation of nuclear potential with separation for a particular

nucleus and (a) a proton and (6) a neutron.

the incident particle and the nucleus as a whole. We say that a
compound nucleus with a certain excitation energy and a certain

mean life before breakdown is formed. This mean life is long com-
pared with the time it would have taken the projectile to move
through a nuclear diameter. If, for example, the mode of break-

down is to be the emission of a proton, the nucleus must stay in

this intermediate state until, by chance, one of the protons happens
to get a large enough share of the excitation energy to allow it to

escape. This accounts for the long life.

Some similarities between a nucleus and a liquid drop are:

1. Both the molecules in the drop and the nucleons in the

nucleus interact with only a small number of their closest

neighbors.

2. Both drop and nucleus show surface-tension effects.
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3. Thermal agitation of molecules in the drop has a counter-

part in the kinetic energy of the nucleons.

4. Evaporation from the drop can be compared to the loss of

nucleons that occurs during nuclear reactions.

5. A good description of nuclear fission can be given by study-

ing the stability of a vibrating drop. It is interesting that we
owe our first useful models of both atomic and nuclear structures

to the same man, Niels Bohr.

Another model that is often used in the low-energy region is

variously called the weak coupling, the individual 'particle, or the

shell model. The basic assumptions here are directly opposite to

those of the strong interaction model! The nucleons are assumed

to move in definite orbits inside the nucleus and to have very little

interaction with each other. This model too has had some impres-

sive successes. Only recently has it been made clear in a rather

convincing way how these two apparently contradictory models

can be reconciled. Aage Bohr (Niels Bohr's son) and Mottleson

have pioneered in this effort, developing and extending a concept

due in part to Rainwater (Ra50).

For reactions in the very high-energy range (>108
electron

volts) neither the liquid drop nor the shell models are useful.

The incoming particle is moving so fast that the target nucleons

may be considered as isolated and standing still. The interaction is

between the incoming particle and one or two nucleons and not with

the nucleus as a whole. Meson production (Table 4) may result.

The chance that a particular reaction will take place is meas-

ured by its cross section. This gives the area of an imaginary disk

associated with each nucleus; the area is chosen so that (using a

classical picture) if the bombarding particle passes through it the

reaction takes place; otherwise it does not. Its value depends upon

the reaction and upon the energy of the bombarding particle. It

is usually measured in barns (1 barn = 10
—24 cm2

). If boron is

bombarded with neutrons with speeds close to 103 m/sec the cross

section for neutron capture by a boron nucleus is ~1200 bn. For

neutrons at 104 m/sec the cross section drops to ~120 bn. For

the reaction in which a 2.6-Mev photon interacts with a deuteron

and causes it to break apart, the cross section is only 1.2 X 10
-3

bn or 1.2 millibarns.

For an operational definition of a cross section, consider a thin

slab of material of thickness x and area A. Let a collimated beam
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of monoenergetie projectiles strike A at a rate R , and assume that

some of these particles have interactions with the nuclei of the

target; let the rate at which these interactions occur be R. Imagine

each target nucleus replaced by its equivalent disk of area a, the

planes of the disks being perpendicular to the incoming beam. The
total number of nuclei in the slab is (nxA) where n is the number
of nuclei per unit volume. The total projected nuclear area, as-

suming no overlapping, is (nxA)c. The fraction of incident par-

ticles undergoing interaction (R/Ro ] assumed <5C1) is precisely equal

to the ratio of the total projected nuclear area to the actual area

A or
R = R n<rx (2)

This relation may be viewed as an operational definition of a since

all other quantities appearing in it can be measured. Equation

2 only holds if the slab is sufficiently thin.

From the viewpoint of theory it is convenient to consider a single

nucleus placed in a flux ip (particles/cm2 sec) of incident particles. We
can imagine this one nucleus contained in an imaginary box of area A
and thickness x and can write Eq. 2 as

<j = R/(R /A)(nxA) (3)

Since (nxA) is unity and (Re/A) is the particle flux we can say that the

cross section (in cm2
) is numerically equal to the rate at which the proc-

ess occurs (events per second) if a single target nucleus is placed in a flux

of one incident particle per cm2
sec.

Where we are concerned with the angular distribution of the

secondary particles produced in the reaction it is convenient to

define a differential cross section. Consider an element of solid angle

dO oriented in a particular direction to the incident beam. We
are interested now not in the total number of reactions R, but only

in that number dR for which reaction products lie in the solid

angle dQ. If we wish, we can say that these reactions are asso-

ciated classically with only a portion da- of the cross-section disk.

Differentiating Eq. 2 and dividing by dtt yields

dR/dQ, = R nx (d<x/dQ) (4)

where dR/dQ is the rate per unit solid angle at which reaction

products are ejected in a certain direction, and (da/dti) is the dif-

ferential cross section for the reaction. Equation 4 is the op-
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erational definition of (da/dti), which varies not only with the

nature and energy of the projectile and the nature of the absorber

but also with the angle between the incident beam and the direc-

tion in question. Evidently

a = f(d<r/dQ) dQ (5)

where the integration is carried out over all space.

1.7- Nuclear masses

The masses—strictly, the m/e ratios—of ions can be measured

by noting their deflections in various combinations of electric and

magnetic fields. J. J. Thomson, working at the Cavendish Lab-

oratory with ions produced in gas discharges, first made such meas-

urements. He showed in 1913, for example, that there are two
different forms of neon, one about 10% heavier than the other.

His pupil, Aston, greatly extended this work and laid the founda-

tions of modern mass spectroscopy. Atomic masses can be meas-

ured today to six or seven significant figures; these data are an

important part of our supply of nuclear information. Note that

the atomic rather than the nuclear mass is always reported.

The mass unit used in physics is defined so that the atomic mass
of O 16

is 16.00000 mu. This unit is about 0.03% smaller than the

chemical mass unit that underlies chemical atomic weights. This

is because the latter is defined so that 16.00000 emu is the mass of

a "mean oxygen atom" as found in nature. This mean atom is

somewhat heavier than O16
; it is influenced by the presence of

0.04% O17 and 0.20% O18
in normal oxygen. Some relationships

are

1.00000 mu = 1000.00 mmu = 0.99972 emu = 1.6599 X 10
-24

g

(6)

The abbreviation "mmu" stands for "millimass unit."

1 .8 • Mass-energy equivalence

Einstein, in 1905, first derived the relation

AE = Amc2
(7)

from his special theory of relativity. This equation says that

mass and energy are equivalent. If 1000 cal of heat are added to
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a block of copper, its mass, according to Eq. 7, should increase by
1000 cal divided by the square of the velocity of light. In an
exothermal chemical reaction, the total mass of the reaction prod-

ucts should be less than the total mass of the reactants because
erergy has left the system.

These statements seem strange; in particular the last one seems
to violate the law of conservation of mass for chemical reactions.

If we compute the changes of mass involved, however, we see

that we have no real basis here for rejecting Eq. 7. For 1000
cal the mass equivalence is 4.6 X 10~n g. A change of mass of

this amount in a system whose mass is of the order of grams could

not be measured. All scientific laws, including that of conserva-

tion of mass for chemical reactions, are based on experiment ; they
cannot be more valid than is justified by the precision of the un-
derlying experiments.

Let us discuss the energy situation for a single atom, rather than
for matter in bulk. Here both the calorie and the erg are incon-

veniently large units; they are usually replaced by the electron volt

and its multiples. An electron volt is defined as the amount of

energy acquired by a single electron that starts from rest and moves
in an unhampered way through a potential difference of 1 volt.

Some relationships are

1.00 ev = 10
-6 Mev = 10~9 bev = 1.60 X 10~12

erg (8)

We know that an energy of 13.5 ev is needed to remove the elec-

tron from a hydrogen atom. To remove all 92 electrons from a
uranium atom—a near-limiting case for atomic energy transfers

—

calls for about 300,000 ev. Even in this extreme example there is

a mass change of only 1 part in 107 . Thus, for energy transfers in

atomic experiments, as well as in experiments with bulk matter,
we cannot really tell whether Eq. 7 is true or not.

In nuclear physics energy transfers of millions or billions of

electron volts for single events are common. Some cosmic-ray
protons, for example, are thought to have energies of 1017

ev! We
may compute from Eq. 7 that 1 mu has an energy equivalence of

931 Mev. For example, the energy required to remove a neutron
from Ne21

,
leaving Ne20

, is 6.75 Mev; this means that Ne21 must
be lighter than Ne20

plus 1 neutron by 7.25 mmu. This is 350 times
the probable error of the mass measurements and thus readily
detectable.
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We can, using Eq. 7, find the relative stability of various groupings of

nucleons. The grouping with the smallest mass will be most stable

because energy must be added to it to yield the larger mass that all other

groupings have. Consider 3 protons and 3 neutrons arranged in three

ways

:

(a) 6 separate nucleons.

(b) 1 He 4 nucleus and 1 H 2 nucleus.

(c) 1 Li6 nucleus.

The masses involved are (atomic masses as always)

:

H 1 1.008142 mu; He4 4.003873 mu;

n 1.008982 mu; Li6 6.017021 mu;

H 2 2.014735 mu.

We easily find that the masses ' of the three groupings are:

(a) 6.051372 mu;
(b) 6.018608 mu;

(c) 6.017021 mu.

From what we have said, Li6 will be the most stable arrangement. We
can find the energy needed to change (c) into (6) from

AE = Arac2

= 0.00159 mu (931 Mev/mu)

= 1.48 Mev (9)

The quantity in parentheses is simply a special way of writing c2 .

1.9- Nuclear angular momentum and magnetism

A nucleus, like an electron, has an angular momentum. Its

magnitude is [/(/ + l)]
v% where 2irfi is Planck's constant h and

I is an integer or half-integer usually called the spin. 7 is a typi-

cal quantum number of which we will meet further examples later.

The maximum component that this momentum can have in any

direction is, as in the atomic case, Ifi. As for atoms, a nuclear

1 Because atomic masses are used, the masses listed for the three groupings

include, in each case, the masses of 3 electrons. However, in taking mass

differences, as in Eq. 9, these electron masses cancel out. Strictly, we assume

that differences in electronic binding energies for the configurations being

compared lead, by way of Eq. 7, to negligible mass changes; this will prac-

tically always be true.
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angular momentum may be thought of as a vector sum of the spin

and orbital angular momenta of its nucleons. Spin is not, in this

view, a good name for 7; nevertheless we shall use it, following

common practice. Nuclei, like atoms, can exist in excited quan-
tum states. Spins, as well as other properties, for nuclei in these
states may differ from their ground-state values. Nuclear angu-
lar momentum vectors, like atomic angular momentum vectors,

exhibit space quantization. A nucleus with a spin 7, for example,
can be said to take up only 27+1 orientations in an external
magnetic field. These orientations are such that the projection of

the angular momentum vector on the magnetic-field direction has
the values 1,1-1,1-2 (7 - 1), -7.

The spin may be found experimentally in several ways. The
results show a striking connection between spin and mass num-
ber; for the 125 or so cases reported up to 1953: Nuclei with odd
numbers have half-integral spins and those with even mass numbers
have integral spins. This supports the neutron-proton theory of

nuclear structure. It contradicts the earlier proton-electron the-
ory in cases such as N14

. Here, for example, the proton-electron

theory would require 14 protons and 7 electrons in the nucleus, a
total of 21 particles. Because protons, neutrons, and electrons all

have a spin of %, this would mean a half-integral spin for N14
.

The measured spin is integral (7 = 1), however; this agrees with
a postulated structure of 7 protons and 7 neutrons (14 particles).

Nuclei whose spins are not zero have magnetic moments. Many
of these have been measured to six figures. Unfortunately there
is no general theory of nuclear magnetism available to use these
fine data. The unit of nuclear magnetism is the nuclear magneton.
It is defined from

1 nm = eh/2mpc = 1 Bohr magneton (me/mp)

= 5.0502 X 10~24 erg/gauss

where mp is the proton mass, me the electron mass, and c the speed
of light. The proton moment is 2.79353 nm. The neutron mo-
ment is —1.91354 nm where the negative sign means that the
spin and the magnetic moment vectors are oppositely directed.
Although nuclear angular momenta are the same order of magni-
tude as electronic and atomic angular momenta, nuclear magnetic
moments are three orders of magnitude smaller.
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1.10- Particles

To interpret all of our material surroundings in terms of a few

elements (now 101) was a great forward step. An obvious further

step was the hope of interpreting these elements in turn in terms

of two particles, the proton and the electron. This hope of the

late 1920's slowly faded away as new particles were discovered.

Now there are about 20 of them. The number may be much larger

—conceivably infinite—because most of the new particles are un-

stable and have very short half-lives. Thus they are not easy to

detect. It is disturbing to have to hypothesize so many particles.

What we need is a theory of matter that will allow us to predict

the masses and other properties of the particles listed in Table 4.

Much of the information in the table is incomplete, and some

of it may be wrong. The k- and x-mesons, for example, may rep-

resent either two particles of slightly different mass or alternate

modes of decay of a single particle. Clearly things are in a state

of flux. The following naming scheme (A54) for new particle

groups is coming into acceptance:

Light mesons (L-mesons): pions, muons, or any lighter meson

which may be discovered.

Heavy mesons (K-mesons) : particles of mass between that of a

pion and that of a proton.

Hyperons ( F-particles) : particles of mass between that of a neu-

tron and that of a deuteron.

PROBLEMS

1. A tantalum foil (A = 181) has 1.0% of its projected area blocked out by

nuclei. How thick is the foil? Assume no overlapping. The density of tan-

talum is 16 g/cm3 .

2. Discuss the operational significance of this statement. "The atomic mass

of Al27
is 44.800 X 10~24 g." What hypothesis, definitions, and laboratory

manipulations are implied? Start from any assumptions that you care to

make.

3. Here are some representative nuclei; all are stable except the last two,

which are alpha emitters.

iH1 ioNe20
20Ca40

3oZn
M

4oZr
9° soSn

120

60,Nd
144 7oYb172 soHg200 soTh232 96Cm242

Make plots of (a) A against Z, (6) N against Z, and (c) the isotopic number

I (= N - Z) against A. On each plot show (a) the isobaric line A = 100, (6)
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the isotopic line Z = 50, (c) the isotonic line N = 50, and (d) the isodiapheric

line I = +2. On each plot locate the regions occupied by (a) negatron emit-

ters, (b) positron emitters, and (c) alpha emitters, and show what kind of dis-

placement each of these processes represents.

4. Plot the Coulomb energy (in Mev) as a function of distance when a proton

approaches an aggregate of 91 protons and 146 neutrons in the hypothetical

formation of U288
. Draw a line perpendicular to the distance axis at the proper

nuclear radius. What is the approximate Coulomb barrier height?

5. Derive the relationship between the mass unit, the chemical mass unit,

and the gram. The atomic masses of O17 and O18 are 17.00749 mu and 18.00667

mu respectively.

6. How much coal must be burned if its total energy release is to be equiva-

lent to the complete transformation into energy of 1 .0 mg of matter? Assume
the heat of combustion to be 10,000 Btu/lb.

7. Consider 12 protons and 13 neutrons, separated and at rest. What
energy transfer occurs if we form them into (a) one C 12 and one C13 nucleus

or (6) one Mg26 nucleus? Some atomic masses are:

Mg26 24.993815 mu

C12 12.003804 mu

C 13 13.007473 mu

8. Cd111 has a nuclear spin of J^. If we view this nucleus as a rigid sphere

with a radius given by Eq. 1, what rotational speed results?



2 • Elements of Quantum Mechaniics

2.1 • Introduction

We seek in this chapter to present the bare bones of quantum
mechanics. Lack of space forces us to assume that the reader
knows something about the wealth of experimental material that
demands quantum mechanics for its explanation. We include the
emission and absorption of light by atoms and molecules, photo-
electricity, chemical bonding, magnetism, specific heats, electron

diffraction, etc. None of these things can be understood in terms
of the classical physics of 1900. The reader to whom modern
physics is entirely new should do some collateral reading in books
such as those by Born (Bo51) and Richtmyer and Kennard (Ri47).

The reader who wants a fuller treatment of the theory than we
can give here can find it in books such as that by Schiff (S49).

2.2- History

Max Planck laid the foundations of quantum physics in 1900
when he assumed that light of frequency v was emitted and ab-
sorbed in packets called photons or quanta, with energy given by *

E = hv (1)

Planck made this bold hypothesis to explain the observed spectral-

emitting power of black body cavities at various temperatures.
Planck's constant h can be evaluated by confronting his theory
with the experimental data. This constant is basic to quantum
physics; in fact, letting it approach zero is a formal device for

testing quantum equations to see whether they reduce, as they
should, to classical equations under conditions for which quantum
effects are not important.

1 Sometimes written as

E = tUo
(2)

where h — h/2ir and <o = 2irv; w is called the angular frequency.

21
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From 1900 to the early 1920's, the structure of what is now called

"the old quantum theory" developed. A high spot was Bohr's

theory of the hydrogen atom (B13). Implicit in this is the impor-

tant notion that an atomic system can exist in a discrete set of

stationary states of total energy Elt E2 ,
••-, En ,

and that light is

emitted or absorbed when the system changes from one of these

states to another. The frequency of the light is found from

Bohr's frequency condition

wnm = (En — Em)/h (3)

which combines Eq. 2 and the conservation of energy principle.

In spite of the impressive successes of the old quantum theory,

there were some points of disagreement with experiment. Also,

there were a number of measurable quantities for which the theory

did not seem able to make predictions. It was slowly realized

that this theory had not made a clean enough break with classical

physics.

In 1926 Schrodinger (S26) developed an improved quantum

theory called wave mechanics; it is based on the notion that matter

can be described in terms of waves. In the same year Born,

Heisenberg, and Jordan (B26), following up an idea formulated by

Heisenberg the previous year (H25) developed another form of

quantum theory called matrix mechanics; this is based on a feeling

that the "raw facts" of atomic physics, e.g., the spectral frequen-

cies, should be built solidly into the theory in a central fashion and

that doing so is more important than hanging the theory on a

particular model. This theory is particle-oriented, in contrast to

the wave orientation of Schrbdinger's theory. Although the two

theories seem quite different, they lead to identical results.

In 1948 Feynman, then of Cornell University, invented still a

third form of quantum mechanics (F48). The operationally in-

clined reader will not spend much time wondering which of these

equivalent theories is "true." All three theories represent a fresh

start rather than an attempt to patch up classical physics. This

seems wise since classical theory is a special case of quantum theory,

rather than the converse.

Neither wave nor matrix mechanics took into account the special theory

of relativity. Dirac remedied this defect in 1928 with his relatiuistic quan-

tum mechanics (D28). With its aid he was able to predict the existence of
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the positron before it was discovered in the cosmic rays by Anderson
(A33). Dirac's theory also predicts the spin of the electron in a natural

way. Uhlenbeck and Goudsmit (U25) deduced empirically from studies

of atomic spectra that the electron must have a spin of Yz. This does not

appear without some "forcing" in the non-relativistic quantum theories,

however. Although relativistic quantum mechanics (or quantum electro-

dynamics) involved some rather arbitrary and disturbing mathematical
procedures, it did seem, up to 1947, to be in complete accord with experi-

ment when applied to systems, such as atoms, involving electrons and
radiation. In that year however, Lamb and Retherford of Columbia
University (La47) discovered a small but definite discrepancy between
theory and experiment in their careful study of the fine structure of the

hydrogen spectrum. This spurred on a reinvestigation of the foundations

of quantum electrodynamics. In the hands of Kramers, Schwinger, Bethe,

Dyson, Tomonaga, and others, it became possible to reformulate the theory

so as to account quantitatively for the results of the Lamb-Retherford
experiment. Though cumbersome in its present form, modern quantum
electrodynamics now seems to give precise answers when applied to atomic
problems. It contains what Dyson (D52) calls a built-in miracle, in that

certain expressions, whose presence in the final result would be embarrass-
ing, always conveniently cancel, even though it is not clear why they do.

Theoreticians are trying now to reformulate quantum electrodynamics

with the hope of gaining new insights. In this book, however, we will be
interested chiefly in Schrodinger's wave mechanics.

2.3 1 Waves and particles

At the close of the last century, it seemed firmly established

that matter was made up of particles and that light was an elec-

tromagnetic wave. Both "particle" and "wave," however, are

gross abstractions from our large-scale experiences with billiard

balls, water waves, etc. It is always dangerous to extrapolate

such concepts beyond the range of experiences in which they were
formulated. Let us realize, then, that our intuitive notions about
matter and light always dissolve into an appropriate haziness

when we think hard about them.

As we have seen, Planck made the first break with the matter-
particle, light-wave conceptual scheme when he advanced Eq. 2.

Note that both wave (&>) and particle (E) notions are combined
here in one equation. Additional evidence for the particle nature
of light was found by Einstein in his theory of the photoelectric

effect (Ei05), and by A. H. Compton in his theory of x-ray scat-

tering (C23), and by many others. Compton's work provided
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evidence that photons have not only a discrete energy but also a

discrete momentum given by

V = E/e (4)

Actually Eq. 4 is a classical relationship that was advanced

during the last century to explain radiation pressure. E and p
were then interpreted as the energy density and the momentum
density of the light wave; there are no implications of photons.

Equation 4, with this wave interpretation, was verified experimen-

tally by Lebedev in 1900 and with greater precision by Nichols

and Hull in 1903 (N03). Equation 4 can also be deduced from

relativity theory (Sect. 6.3) as a limiting relation that holds for

material particles of very small or zero rest mass. Compton inter-

preted E and p, in Eq. 4, as the energy and momentum of a pho-

ton. This permitted him to combine Eq. 4 with Eq. 1, yielding

p = hv/c = h/\ = fik (5)

where X is the wavelength of the light and k, the wave number,

is 2ir/X. Note again that both wave (X, k) and particle (p) aspects

appear in one relationship.

Even though the photon concept seems to be required to explain

many relatively recent experiments, the older interference, diffrac-

tion, and polarization experiments which formed the basis for the

wave concept of light are no less valid than before. Thus a wave-

particle duality for light seems well established. This causes no

confusion as far as laboratory operations are concerned. Nothing

can stop us from putting a diffraction grating into a beam of light,

which we now pretend is a wave, and measuring X. We can then,

knowing c, compute a photon energy from Eq. 1. We can now use

this same beam in a photoelectric experiment, say, and, pretend-

ing that it is a beam of photons of energy E and momentum p,

find a satisfactory explanation for our experiment. However, all

this jars our hope of having a simple mental picture of the nature

of light. As we will see later, modern quantum theory succeeded

where the old quantum theory failed in rationalizing this duality;

a complete re-examination of the wave and particle concepts from

a rigorously operational viewpoint is involved.

Prince Louis de Broglie, pondering the symmetry of nature,

speculated that if light has a particle nature, then perhaps matter

has a wave nature (B24). If matter is to be a wave, what wave-
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length and frequency will we assign it? de Broglie proposed to
evaluate these quantities from exactly the same equations used
for light, namely,

v = E/h (or <o = E/h) (6)
and

X = h/p (or k = p/ft) (7)

where E and p are here the energy and the momentum of the par-
ticle. The quantity X is now called the de Broglie wavelength of
the particle. This bold suggestion was confirmed experimentally
by Davison and Germer (D27) and by G. P. Thomson (T28) who
showed that electron beams of the appropriate de Broglie wave-
length can indeed be diffracted by crystals, just as x-rays are dif-

fracted. Electron diffraction is now a commonplace in technology.
The wave-particle duality seems just as necessary for matter as
for light.

2.4' The uncertainty principle

What is there in the newer quantum theory that makes it more
successful than the old theory? The answer is chiefly the principle

of uncertainty, deduced by Heisenberg in 1927 (H27) from the
formalism of matrix mechanics. This principle also throws light

on the wave-particle dualism problem. It does this by showing
that the concept of "particle" cannot be extrapolated without limit

from large objects to small ones.

What is an operational definition of a particle? We might say
that we have given one if we report a simultaneous measurement
of the position and momentum vectors. Given these initial condi-
tions and the laws of motion, we can then predict a trajectory in

space and time. The ability to transport momentum along such
a trajectory seems to be the essential feature of "particularity."

Heisenberg's principle asserts that it is impossible to think of a
measuring procedure in which the errors in the position and mo-
mentum measurements can each be made infinitely small at the
same time. If Ax is the uncertainty in measurement of the x
component of the position vector and Apx the corresponding quan-
tity for the momentum vector, then, according to Heisenberg,

Ax-Apx >h (8)

Similar relations hold for the y and z components. If we change
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the measuring procedure so as to give better precision in x, it

automatically results in lower precision for px and conversely.

Appropriately enough the constant in Eq. 8 is h; in a purely classi-

cal world (% = 0), there would be no limits to our ability to define

a particle operationally.

The uncertainty principle also applies to measurements of angle

<p and of the angular momentum component
-p<e

normal to the plane

of ip

A<p-Ap^>n (9)

and to measurements of energy E and the time At during which

the energy measurement is made

AE-At>h (10)

Let us avoid two common pitfalls in interpreting the uncertainty prin-

ciple. One is that this relation has something to do with the crudity of

our laboratory apparatus and that if we were to refine it sufficiently we

might be able to lick Eq. 8. This is not so; the measuring experiments of

the paragraph above are hypothetical in the sense that they assume

"perfect" instruments. The product Ax-Apx would normally greatly ex-

ceed h because of errors of this kind. For a 1.0-gm bullet traveling at 1000

m/sec, for example, we might in practice measure x to 10~3 cm and px

to, say, 0.01% which means Apx = 10 gm cm/sec. The product here

(10
-2

erg sec) is some 1025 times h so that Eq. 8 is not much of a practical

limitation for such large objects. For an electron of the same speed, how-

ever, the product is about 0.01 times h and the measurement must be

declared an impossible one.

A second pitfall is to imagine that position and momentum really

"exist" to infinite precision (i.e., the particle really "exists") but a quirk

of nature somehow prevents us from measuring them. This is not an op-

erational viewpoint; if a thing cannot be measured itself or cannot lead to

a measurable quantity it does not seem to be a very useful concept. The

proper interpretation of Eq. 8 is that it represents the limit of our ability

to associate the word "particle" with a physical system. The mental

image of the small dot or the little sphere that springs to mind when we

hear the word "electron" is simply inappropriate beyond the limits of

Eq. 8.

To see how Eq. 8 operates in a particular case, consider the diffraction

experiment of Fig. 1. It can be set up for either matter or light; we have

chosen light. The diffraction minima occur at angles a for which

sin a = iiK/d n = 1, 2, • • • (11)
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Fig. 1. A diffraction pattern is formed on screen Sc when light passes through
slit SI.

in which d is the slit width. The intensity pattern on the screen can be
computed from the wave theory of light.

Consider the beam just as it emerges from the slit. To what extent
can we say that it is made up of photons? Operationally this means:
to what extent can we assign vertical (and horizontal) position and mo-
mentum components to whatever it is that makes up the beam in this

region?

The uncertainty in vertical position is just d since all that we really

know is that the assumed photons have passed through the slit. In so

doing, the photons must receive upward or downward momentum com-
ponents; otherwise the pattern on the screen would be a geometrical image
of the slit. We cannot predict where any given photon will strike the
screen, so we must assign a vertical momentum uncertainty Apy of px sin

5 where px is the initial horizontal photon momentum (= h/X) and s is

the mean upward (or downward) deflection angle. The product of un-
certainties is

Ay Apy « d{h sin a/A) (12)

From Eq. 11, however, dsin s/X must lie between and 1 since a lies

within the large central maximum; actually its value is 0.65. Equation
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12 then reduces to
AyApv ~ OMh

which is consistent with Eq. 8. If we try to fix y more closely by narrow-

ing the slit, the diffraction pattern broadens; this makes py more uncer-

tain just as Eq. 8 predicts.

2.5- Complementarity principle

Niels Bohr (B28) threw new light on the wave-particle duality

problem by pointing out an interesting consequence of the un-

certainty principle. It is this : we cannot prove, in a single experi-

ment, that matter (or light) has both wave and particle natures.

The two descriptions complement rather than contradict each other

in the sense that each represents a limiting case of "something"

for which no classical model can be given. This is not surprising

when we consider that by a "model" we mean something that re-

minds us of our everyday, large-scale experiences. The behavior

of light and matter in its finest detail, however, is precisely outside

the limits of these experiences.

The experiment of Fig. 1 seems to demonstrate the wave nature of light

rather conclusively. Clearly, it is the diffraction pattern and its quanti-

tative interpretation in terms of wave optics that makes us so sure that

this is so. How can we modify the experiment to bring out the photon

aspect of light? If we replace the screen by a photosensitive surface we

can show that the diffraction pattern, now observed in terms of ejected

photoelectrons, has a discrete character. This does not prove the particle

nature of light, however; we would like in addition to be able to trace a

trajectory, i.e., to be able to tell just what part of the slit a given photon

passed through. Unless we can do this we have not really made much of

an argument for particles.

To localize a photon more closely without changing the slit dimensions

calls for some modification of the experiment. Following Schiff (<S49,

p. 9) let us sprinkle some "photon indicators" in front of the slit. These

might be electrons, for example, whose recoil would identify the photon

position (Compton effect). Let Ay be the uncertainty in vertical position

that we seek; let us say that we wish to have Ay = O.W so that we can

speak with some meaning of the part of the slit through which the photon

passed.

Applying the uncertainty principle to the collision between the photon

and the indicator shows that the photon must have a vertical momentum

uncertainty associated with the collision of

APy > h/Ay = h/O.ld (13)
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This means that an uncertainty in the angular position of the photon of

6 «= Apv/px > h/O.l dpx (14)

is caused by the collision with the indicators. From Eq. 7 we can write
this as

6 >X/0.2xd= 1.6(X/d) (15)

But, from Eq. 11, \/d is the angular distance from the central maximum
to the first minimum. Thus the uncertainty in angle introduced by the
collisions with the indicators tends to destroy the diffraction pattern. In
striving to change the experiment so as to emphasize the photon nature
of light we find that we are no longer demonstrating its wave nature.
We can thus progress from a pure diffraction (wave) experiment at one
extreme to a pure Compton scattering (particle) experiment at the other.
We cannot perform both experiments simultaneously.

2.6- Wave mechanics

de Broglie concerned himself mostly with the wavelength of
matter waves; Schrodinger set himself the task of worrying about
their amplitude, which he called *(x, y, z, t) where x, y and z are
space coordinates and t is time. What equation must ^ obey,
if it is to describe matter in all its phases, including electrons bound
to atoms, free particles, molecules, crystals, etc.? We can arrive
at the famous Schrodinger wave equation in the following way.

Consider a particle of mass m moving with respect to a set of
xyz axes. Let its potential energy at any point and at any time
be described by a function V(x, y, z, t). We can write the con-
servation of energy equation:

p
2/2m + V(x, y, z,t)=E (i6)

where the first term is the kinetic energy and E the constant total
energy. Let us now reinterpret Eq. 16 with the help of the fol-
lowing flight of fancy: we will regard the symbol p not as the
momentum but as the momentum operator. An operator is a code
symbol telling us to do something; d/dx, log, and -\/~ are exam-
ples. We will replace p, completely arbitrarily, by the vector
operator

P=-^(l— + m hn— (17)
\ dx dy dz/

K
'

where 1, m, and n are unit vectors along the x, y, and z axes. Now
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p appears as a square in Eq. 16; we will form the scalar operator

p
2 by multiplying Eq. 17 into itself as a scalar product. This

yields
32 ^2 a2 >

h
2V2

(18)
dy* --Vdz2 dy2

dz
2
/

where V2
is called the Laplacian operator. We will also arbitrarily

regard E as a (scalar) operator, given by

E = ih d/dt (19)

An operator must have something to operate on so we introduce

the wave amplitude or the wave function ¥(#, y, z, t) on each side of

Eq. 16. This gives us the time-dependent, one-particle, Schrodin-

ger equation

n2 W
V2* + V(x, y, z, *)¥ = in— (20)

2m dt

We certainly have not derived Eq. 20 from the classical Eq. 16

because of the arbitrary way in which we introduced the operators.

Equation 20 is, indeed, the fundamental hypothesis of non-rela-

tivistic wave mechanics; it cannot be derived from coarser assump-

tions and so must stand or fall on the strength of the agreement

with experiment of predictions deduced from it.

Let us restrict our interest to solutions of Eq. 20 in which the

space- and time-varying parts can be separated by factoring, or

¥(*, y, z, t) = f(x, y, z)T(t) (21)

where i//(x, y, z) and T(t) are functions as yet unknown. Sub-

stituting in Eq. 20 and rearranging leads to

h2 1 IdT
_ VV + V(x, y, z, t) =*&-- (22)
2m ^ T dt

Notice that, if we assume the potential V to be time independent,

the left-hand side of Eq. 22 depends on x, y, z only while the right-

hand side depends only on t. But the space and time coordinates

are independent of each other. How can this equality always

hold? The only possibility is that each side must equal the same

constant, say, e. Thus two equations flourish where one did be-
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fore. Solving one of them

:

1 dT
ih = e
T dt

leads to

T{t) = e
-i(e/*)(

(23)

We can rewrite this as

T(t) = cos (e/K)t - i sin (e/K)t (24)

which shows that T(t) is a periodic function whose angular fre-

quency « is just z/h. Comparison with Eq. 6 then suggests that
e can be interpreted as the energy E associated with the system.
Comparison with Eq. 21 shows that since T{t) is periodic, we are
dealing with a standing matter wave. The equations for the dis-

placement of a vibrating violin string or a drumhead can, for
example, be written in just this form. In wave mechanics, situa-

tions of this kind are described as stationary states; they are ap-
propriate to describe static systems such as non-radiating atoms
or molecules.

The second equation to be derived from Eq. 22 can now be
written as

2w
VV + -^-[E- V(x, y, e)]+ = (25)

This is the well-known time-independent Schrodinger wave equa-
tion. Different functions V(x, y, z) define different physical
problems.

2.7- Statistical interpretation of *(x„ y, z, t)

What meaning can be given to the wave amplitude ^? Born
first suggested the answer: the product

\*(x,y,z,t)\ 2
dv (26)

was interpreted by him to be the probability that the particle

under discussion is to be found in the particular volume element
dv (located at x, y, z) at the time t. For stationary states, since

|
T{t)

|

2 = 1, we can write the above probability as

\4>\
2
dv or ypyp* dv (27)

where ^* is the complex conjugate of ^.
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This interpretation suggests that, since ^ always contains an

arbitrary multiplying constant, we choose this constant so that

the normalization condition

/W* dv = 1 (28)

is satisfied. This integral, carried out over all space, measures

the probability that the particle will be anywhere; we logically

assign the value unity to this probability.

This statistical interpretation of the wave function shows one

way in which the wave and particle concepts are rationalized.

Since we can only know the average behavior of a particle this

interpretation keeps faith with the uncertainty principle.

2.8- Correspondence principle

Niels Bohr has given us still another useful principle, the correspondence

principle. It has to do with the way in which quantum mechanics, which

we must normally use for electrons and atoms, merges with classical

mechanics, which we use for gross objects. Is it not reasonable that as

we proceed steadily from electrons to larger objects there should be no

abrupt change in the nature of the laws governing the motion? Thus

classical mechanics is a limiting case of quantum mechanics. It bears in

fact the same relationship to it that geometrical optics bears to physical

optics. The correspondence principle thus provides a test of any quan-

tum-mechanical expression, namely, that of seeing that it is correct in its

classical limit. Although this principle is not really needed once the valid-

ity of quantum mechanics is established, it was an invaluable aid during

the development of quantum theory.

2.9- Free particle

The simplest form of matter is a single particle moving with no

forces acting on it; let us assume that the motion is along the

positive direction of the x-axis. If we put V = in Eq. 25, the

solution is of the form

^(X) = e
±i(V2^E/»* (29)

From Eq. 5 we see that 'V^mE/h is just the wave number k,

since E is entirely kinetic energy in this problem and thus V2mE
is the momentum p. The complete solution, including time de-
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pendence, is then 2 (see Eqs. 21 and 23)

*(x, t) = e
+i(kx~at)

(30)

Eq. 30 describes a matter wave moving in a positive ^-direction
with speed oi/k; its wave fronts are planes normal to the direction
of propagation.

Note that Eq. 30 tells us absolutely nothing about where the
"particle" is along the x-axis at any time. ty(x, t) is a doubly
periodic function extending from -x to +« in both x and t; it

shows no "clustering" or any non-repetitive feature that we can
identify with the particle. This is entirely in accord with the un-
certainty principle. We have here assigned a linear momentum
with perfect precision; it is in fact just kh. Equation 8 then tells

us that Ax must be infinitely great, so that we have no knowledge
of position at all.

If we want, we can make a Fourier sum of infinite wave trains that, at
a given time, will interfere constructively in a certain region of the x-axis
and destructively elsewhere. This reminds us a bit more of a particle.

We pay a price, however, in that we have to combine waves with a defi-

nite spread of wavelengths (and hence momenta) to make up this Fourier
sum. In fact, the sharper we want the wave packet to be, the greater is

the spread of wavelengths that we must use. Since no unique wavelength
can be assigned, the momentum is now somewhat uncertain. Equation
8 then indeed allows us to have some knowledge of position. We can in
fact (£49, p. 13) show that the mean wave-packet width Ax and the mean
spread in momentum of the infinite wave trains making up the packet
are related by

Ax-Ap^h (31)

thus demonstrating the uncertainty relation for a particular case. Such
wave packets are not, in practice, much used to represent particles; for
one thing, the different infinite subwaves all travel with different speeds
so that the packet deteriorates as it moves along.

2.10* Boundary and continuity conditions on wave functions

In solving any differential equation the question always arises:

are there any special conditions that the problem forces us to re-

2 We have chosen the positive exponent only in Eq. 29. The negative ex-
ponent would have led us to a description of a particle moving in the negative
^-direction
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quire of proposed solutions? Consider the classical equation

d
2
y 1 d

2
y

dx2
s
2

dt
2
= (32)

which describes the transverse displacement y of a string stretched

along the z-axis; s is a constant, related to the tension t and the

mass per unit length p of the string by

s = (t/p) 1a (33)

It will turn out to be the speed of the waves propagated along

the string. The most general solution 3 for y(x, t) is

y = A sin (kx + cot) -\- B sin (kx — cot) (34)

This describes two traveling waves of speed s( = co/k), one of ampli-

tude A moving to the left and one of amplitude B moving to the

right. Note that only the speed of the waves is fixed; any wave-

length, or correspondingly any frequency, can be propagated along

the string.

As an example of a boundary condition, suppose that we cut

the string at x = and x = I, keeping the tension unchanged.

Let us clamp the string at these two points and throw away all

of it except this piece of length I. The boundary condition that

we must impose is that y(x, t) must vanish at x = and at x = I,

for all values of t. This leads in a very direct way to the following

y — 2A sin kx cos cot < x < I (35)

where the wavelength is no longer arbitrary but must be given by

X = 2l/n n = 1, 2, 3 • • • (36)

Since s is still fixed by Eq. 33, the frequency can only have values

chosen from a discrete set. Note also that Eq. 35 is of the form

of Eq. 21 ; we are dealing here with the well-known case of stand-

ing vibrations in strings.

We wish especially to emphasize that the appearance of the dis-

crete set of frequencies for the string is a direct consequence of

imposing a boundary condition. The similarity of the standing

3 Actually any function of (kx ± at) is a solution; the function is determined

by how the string was set into vibration, i.e., by the initial conditions. We
choose the sine for simplicity.
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vibrations in problems of this kind to stationary states in atomic
systems is clear. Schrodinger was guided by analogy with these
boundary-value problems in setting up his wave mechanics.
Wave-mechanical problems such as that of atomic structure

essentially deal with only a small region of space; an obvious
boundary condition is

<Kr) —
> as r —» °o (37)

where r is the vector from the origin to any point x, y, z. Imposing
this requirement turns out to mean that we cannot solve Eq. 25
for arbitrary values of E. We can obtain acceptable wave func-
tions only if E has one of a discrete set of values Elt E2 , , En .

These are called eigenvalues of the problem and the corresponding
wave functions are called eigenfunctions. Sometimes several eigen-
functions have the same eigenvalue, a situation called degeneracy.
Once the energies of the stationary states have been found, the
emission and absorption frequencies follow from the Bohr fre-
quency condition, Eq. 3.

Equation 37 is not appropriate for problems such as the scat-
tering of electrons, protons, etc., from some other particle. Here
we do not wish the wave function to vanish at infinity but rather
to describe a free particle. This boundary condition imposes no
restrictions on E, which agrees with our notion that a particle of
any energy can be scattered. A one-dimensional classical analog
is the reflection of waves in a composite string formed of two
semi-infinite lengths of different densities joined together. Waves
of any frequency (or any wavelength) can be reflected from such a
junction. Scattering problems are very important in nuclear
physics. Structure problems, in which Eq. 37 applies, are less
important in nuclear physics because (1) the simplest nucleus,
the deuteron, turns out to have only one stationary state, and
(2) we know so little about nuclear forces that it has not been pos-
sible yet to make detailed quantum-mechanical predictions about
the eigenvalues of more complicated nuclei.

A second requirement that we place on wave functions is that
they and their (spatial) first derivatives must be everywhere con-
tinuous. Wave functions with abrupt "jumps" or "kinks" are
assumed to have no physical meaning. This is important in nu-
clear physics because we often, for simplicity, assume a nuclear
potential function that is discontinuous; see Fig. 1, Chapter 3.
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We will see in Chapter 3 that imposing the continuity condition

on the wave function is a vital step in the solution of Schrodinger's

equation in such cases. Another characteristic demanded of

physically meaningful wave functions is that, at any point in

space, they have only one value.

2.11- Two-body systems

Equation 25 is the Schrodinger equation for one particle only;

most problems in atomic or nuclear physics, however, involve two

or more particles. Equation 25 is approximately true for two-

particle problems if one of the particles is very much heavier than

the other. Examples are the behavior of the electron in the hy-

drogen atom and the scattering of alpha particles by heavy nuclei.

For problems such as that of the structure of the deuteron or the

scattering of protons by neutrons this condition is not met at all,

and we are forced to construct and use a two-particle Schrodinger

equation. Fortunately, as we shall see, it is possible to devise a

formalism such that the two-particle wave equation in many cases

reduces to an equivalent one-particle equation.

Let xiyiZi and x2y2z2 be the coordinates of the two particles and

let mi and m2 be their masses. By extension of Eq. 20, we can

write for the two-particle, time-dependent, wave equation

/a2* a
2* a

2*\ n2 /a2* a
2* a

2*\
y^

i \dx~f
+

~dy72
+
i^V 2m2 \dx2

2 dy2
2 bz2V

a*
= m— (38)

at

The wave function * in Eq. 38 involves seven variables, the six

space coordinates and the time. We assume that the potential is

time independent so that it depends only on the six space coordi-

nates.

Now let us introduce an equivalent set of six new space coordi-

nates, defined from

x = Xl - x2 X = (m 1/M)x 1 + (m2/M)x2

y =
2/i
- 2/2 Y = (m1/M)y1 + (m2/M)y2 (39)

z = Zi - z2 Z = (mi/A/>! + (m2/M)z2
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The set x, y, z is called the relative coordinates; the set X, Y, Z
gives the position of the center of mass of the two particles, M
being just m f + m2 . Finally let us make the important assump-
tion that the potential energy depends only on the relative coordi-
nates, being independent of the location of the center of mass of
the system.

Under the above conditions we can show (Appendix 1) that the
following time-independent Schrodinger equation can be deduced
from Eq. 38

w +
Ihf

+
dz^J

+
#

This equation describes the internal behavior of the system, i.e.,

the behavior that an observer stationed at the center of mass of

the system would see. E is the system energy that such an ob-
server would measure; both \p and V depend only on x, y, z. Fi-

nally, the mass m is the reduced mass of the system, defined from

mim,2
m =

(41)
mi + m2

Note that, as promised, Eq. 40 is exactly in the form of Eq. 25.

A further simplification of Eq. 40 is possible if the potential

V is not only independent of time and dependent only on the rela-

tive coordinates—as we have already assumed—but also depends
only on the magnitude of the vector separating the two particles

and not on its orientation. This condition of spherical symmetry
is common in nuclear physics at low energies. The simplification

is best carried out if Eq. 40 is expressed in spherical polar co-

ordinates. We carry out the calculation in Appendix 2 and ob-
tain, in the simplest case,4

d2u 2m

dr2 ti
2
+ — [E- V(r)]u = (42)

4 By "simplest case" we mean that the orbital angular momentum quantum
number I of Appendix 2 is zero. This means that we are considering only those
two-body interactions in which there is no orbital angular momentum of the
system about its center of mass. This is indeed the case in the lowest energy
state of the hydrogen atom, in the deuteron problem, and in neutron-proton
and proton-proton scattering at energies below about 10 Mev.
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where u{r), sometimes called the radial wave function, is defined

from . .

$(r) = ^6>

r

Equation 42 is a Schrodinger equation of the one-body, one-dimen-

sional form. We will use it often later.

2.12- Parity

Parity is a property possessed by wave functions; it has no classical

analog. Because it is an important concept in nuclear physics we wish

to define it. Let *(*, y,z) be a wave function describing a system What

happens to * if we arbitrarily change the sign of x, y, and z? For a function

chosen at random (say x* -\ogy- 8z3) such a change of sign makes

quite a difference in the function.
_

Let us restrict our consideration to problems in which the potential

energy function V(x, y, z) remains unchanged if the signs of all the space

coordinates are changed. We can show (Appendix 3) that the wave func-

tions in such problems have the property that such a transformation can

either (1) leave + unchanged, or (2) change * to its negative. In the farst

case, where ,..-.

^{x, y, z) = -hK-z. -v, -*) {Vt)

we say that f has even parity In the second case, where

ftx, y, z) = -iK-x, -v> -*) (45)

we say that + has odd parity. In the more general case of many-body

systems x, y, t are to be taken to represent all of the space coordinates of

the system. Note that the parity operation is equivalent to reflecting

the wave function through the origin of coordinates. Note also that the

important quantity H* » not changed by the parity operation.

Parity is an interesting property because of the law of conservation of

parity This states that the parity of an isolated system cannot change,

no matter what transformations or recombinations take place within it.

Suppose, for example, that a nucleus in an excited state is described by a

wave function with even parity. If it emits a gamma ray and goes over

to a lower-energy state the system "recoiling nucleus + gamma ray must

continue to have even parity. This imposes some restrictions on the

gamma-ray emission process; the conservation of parity, in other words,

has led to some selection rules. Note that the parity of the nucleus alone

may or may not change. Similar parity restrictions are placed on radio-

active-disintegration processes and on nuclear reactions.



3 • Two-Nucleon Systems

3.1 • Introduction

Much of what we know about atomic structure came from a

study of the simplest atom, hydrogen. It would seem wise, then,

to find out all we can about the simplest nuclear interaction, that

between a neutron and a proton. This can take the form of study-

ing the deuteron or of seeing what happens when neutron or pro-

ton beams of various energies are allowed to scatter from protons

in a target. These problems will serve to illustrate many of the

quantum-mechanical principles of the preceding chapter.

In situations where we wish to emphasize the similarities be-

tween neutrons and protons rather than their differences we de-

scribe them generically as nucleons. To treat two-nucleon prob-

lems quantum mechanically we must start in general from the

two-body Schrodinger equation (Eq. 38, Chapter 2). However,

throughout this chapter, except where specifically mentioned, con-

ditions will be such that the much simpler Eq. 42 of Chapter 2

can be used.
dru 2m

- dr2 fi
2

where
u(r)

*(r) =— (2)
r

The necessary conditions for the use of this relationship are (1)

that the potential V depend only on the magnitude of the distance

between the nucleons (not on their relative angular positions, on

the position of their center of mass, or on the time), and (2) that

we consider only those interactions in which there is no orbital

angular momentum of the system about the center of mass, i.e.,

the quantum number I will be zero. The situation I = is often

described as an <S-state, the I values 1, 2, 3, 4, etc., being described

as P, D, F, G states respectively; this nomenclature is a carry-over

from atomic spectroscopy.

39
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The reduced mass m in Eq. 1 is, in this case, just half the mass

of a neutron or a proton, assuming them equal. We will replace

the quantity 2m, then, by the mean nucleon mass M

.

3.2- The deuteron

A deuteron is a proton and a neutron in stable combination.

The energy W needed to separate them (the binding energy) is

2.225 ± 0.002 Mev. Since the energy needed to pull a nucleon

out of a typical medium-mass nucleus is about 8 Mev, we must

regard the deuteron as loosely bound. Its spin is unity, which

suggests a parallel alignment of the neutron and proton spins,

which are each }/2, and no orbital motion of the two nucleons about

their common center of mass.

If we wish to apply Eq. 1 to the deuteron problem, we must

first decide what to choose for V{r). Let us try the square-well

assumption, in which V(r) has a constant negative value — V for

separations less than a certain value R and the value zero for all

greater separations. There is no dependence of V on angle.

(3)

The word "square well" might be misleading; actually there is

a spherical region of space of diameter R centered on the center

of mass and having the property that, if both particles are inside

it, the potential has the constant value — V - Other potential

forms than the square well are possible. However, the experimen-

tal data are not yet precise enough to allow one to make a very

clear choice from among the many possible and reasonable forms

of V(r) ; the square well will serve to illustrate the main features

of the problem.

The configuration of zero energy in the deuteron case is, by defi-

nition, that in which the two nucleons are separated to infinity

and at rest. The total system energy E is therefore negative and

equal to —W. We make this substitution in Eq. 1.

We recall that we can only use Eq. 1 if we have I = 0. Re-

member that lh refers only to the orbital motion of the nucleons

and not to any intrinsic spins that the nucleons may have. W«e

account for the deuteron spin of unity as simply the sum of the

intrinsic nucleon spins which are each Yi. Thus the notion I =

V(r) = -Fo for r < R

V(r) = for r> R
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is acceptable, at least provisionally. The lowest state of the hy-
drogen atom also has I = 0, and indeed is described by Eq. 1 with
the Coulomb potential substituted for V(r). In line with prac-
tice in atomic spectroscopy we would describe the deuteron ground
state as 3

Si where the S means I = 0, the subscript refers to the
deuteron spin of unity, and the superscript refers to the three ways
of orienting such a unit angular momentum. 1

Our plan is to write Eq. 1 twice, once for r < R and once for r > R.
We will then solve each equation for u(r) and require that the two solu-
tions join smoothly at r = R. In other words we will invoke the contin-
uity requirement for wave functions. For r < R Eq. 1 becomes

d?u/dr 2 + k2u =
(4)

where

k = [M(V - W)/h*]'A
(5)

and the solution is of the general form

«(r) = A sin nr + B cos kt (6)

as we may verify by trial. From Eq. 2 we see that u(r) must approach
zero as r —> or else ^(0) will be infinite. This requires us to set B =
in Eq. 6.

For r > R Eq. 1 becomes

(Pu/dr* — y2u =
(7)

where

7 = [MW/h2YA (8)

The solution here is of the form

u(r) = Ce-T" + De~^r
(9)

We put D = because u(r) must not increase with r faster than r itself

does or f(r) will not vanish at infinity (see Eq. 2).

We now demand that Eqs. 6 and 9, with B = D = 0, match in both
amplitude and first derivative at r = R. Stated more succinctly we re-
quire that each equation provide the same value of (du/dr)/(u) at r = R.
This leads to

k cot kR = —y (10)

Examination of Eqs. 10, 8, and 5 show that they constitute a relationship
between the radius of the well R and its depth V . For R = 2.1 X 10~13

1 The superscript is actually 25 + 1 and not 21 + 1, where S is the resultant
of the nucleon spins, excluding orbital motion. Because there is no orbital
motion in this case S and / are identical. See, however, other examples in
Sect. 3.3.
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cm, a value consistent with the n — p scattering experiments, 7 proves
to be ~34 Mev, as can easily be verified; the angle kR is ~105°.

Figure 1 shows a plot of the deuteron wave function u(r) (Eqs.
6 and 9) for R = 2.1 X 10

-13
cm. Note that the two particles

have a high probability (>50%, see problem 2) of being separated
by a distance greater than the range R of their mutual force. This
is consistent with our notion that the deuteron is loosely bound.

r(10~ 13
cm)

Fig. 1. The deuteron wave function u(r) for R = 2.1 X 10~13 cm. Note
that the wave function is continuous (by specific requirement), even though

the potential (Eq. 3) is discontinuous.

That separations >R can occur is a purely quantum-mechanical
idea, this region being a classically forbidden one since it would
correspond to a negative kinetic energy.

We can show (£47) that the deuteron has no bound states other
than the one we have been discussing (the ground state). Con-
trast this with the hydrogen atom, with its infinite number of

states arranged neatly in recognizable series. Small wonder that
study of the deuteron has not yet proved as profitable for nuclear
physics as study of the hydrogen atom has for atomic physics.

3.3* The deuteron—a second look

The treatment of the preceding section seems reasonable on most counts.
There are, however, two facts that speak against it. One is that the elec-

trical charge of the deuteron is known experimentally (see Sect. 15.8) to
be non-spherical; it is in fact somewhat elongated along the spin axis, and
we say that the deuteron has a small positive electric quadrupole moment.
Such a non-spherical charge distribution is hard to reconcile however with
the spherically symmetric (I = 0) wave function derived in the previous
section. Another is that the magnetic moments of the neutron and the
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proton do not quite add up to give the deuteron moment, as we might
expect that they should. The discrepancy is ~3%.

Schwinger and Rarita (Ra41) first suggested how these discrepancies
might be resolved. They assumed that the potential between the two
nucleons depends not only on their separation r, but also on the angles
that the nucleon spins make with the vector r. This tensor interaction, as
it is called, leads to this important result: the solutions of the wave equa-
tion are not "pure states," described by unique sets of quantum numbers
such as I, m, etc., but are mixtures of pure states. One can say that the
deuteron alternates between the states that make up the mixture, spend-
ing a definite fraction of the time in each.

One of the states in the mixture must surely be the 3
<Si state that has,

by and large, proved so reasonable. Other possibilities are 3Ph lPh
and 3Di, all of which are consistent with the observed deuteron spin of

unity. The two P (I = 1) states, however, have the opposite parity to
3
»Si; we must then exclude them since the conservation of parity principle

will not permit an isolated system to switch back and forth spontaneously
between states of different parity. 3Di then, which has the same parity
as 3

Si, is the only possibility.

The orbital potion of the proton in the 3Di state (I = 2) corresponds to

a circulating current; it can produce magnetism which can be used to

explain the lack of additivity of the magnetic moments. Further, the
3Di wave function does not have spherical symmetry and will thus de-

scribe a non-spherical charge distribution. A tensor force so adjusted as

to require the deuteron to spend about 4% of its time in the 3
Z)i state

does not seem at variance with the facts.

3.4 • Neutron-proton scattering—center-of-mass

coordinates

Equation 1 also describes neutron-proton scattering. We simply
put E as a positive number, corresponding, at large separations,

to the (positive) total kinetic energy of the n-p system as seen by
a center-of-mass observer. In practice the protons are at rest in

the laboratory and the neutrons are allowed to scatter from them.
Thus the center of mass, which we may take as being half-way

between them, is not at rest in the laboratory. We need to know,
then, the relationships between quantities such as energy and angle

measured by observers in each of these two reference systems.

Consider a proton, at rest in the laboratory, that is struck by a

neutron that had an initial speed v along the x-axis of Fig. 2
and a corresponding initial energy E . After the collision a labora-

tory observer would report a speed vn for the neutron and a speed
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vp for the proton; he would note that these two velocity vectors

are always at right angles. In Fig. 2 then,

<p' 4. e' = tt/2 (11)

To show this, apply conservation of momentum and total energy

to the collision. Because the masses are equal, the first law re-

-x-axis

Mvn

MC *
'p^JMvn

Pig. 2. A neutron-proton collision as viewed by an observer in the laboratory

system. Below is shown the closed momentum triangle; corresponding vectors

are parallel in the two figures.

quires that the three vectors v , vp , and v„ must form a closed tri-

angle as shown. Also, because the masses are equal, the second

law requires that

v
2 = < + vn

2
(12)

The closed triangle must thus be a right triangle, and Eq. 11 is true.

Consider how this collision would appear to a center-of-mass

observer. He would say initially that the proton and neutron

were each approaching his co-

"o/2 ordinate-system origin from

opposite directions with speed

x-axis J^jfn- After collision, both

particles would move directly

away from the origin with the

_ „. . same speed }/2V . There would
* ig. 3. A neutron-proton collision as , , . , ,

,

,

viewed by an observer in the center^f-
be an an8le 6 between the COm-

mass system. mon initial and the common
final directions of the particles

(Fig. 3). To prove these statements, apply first the law of con-

servation of linear momentum. Because the resultant momentum
is zero before collision it must be zero after the collision ; this can

mean only that the final velocities are equal and opposite. Con-

«o/2
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servation of energy leads us to conclude that this common final

speed must be }4v . The total kinetic energy for the system is

*AM(v /2)
2 + V2M(v /2)

2
or y2E . Of the energy E measured

by the laboratory observer, only half then is available in the
center-of-mass system; the rest represents the motion of the center
of mass in the laboratory.

What is the relationship between 8' and 0? The x-components
of any velocity vector in the two systems differ by the separation
velocity of the two systems {%po) ; we can then write, for the it-com-

ponent of the proton velocity vector,

\v cos = vp cos 6' — \v (13)

Realizing that (Fig. 2)

vp = v cos 0'
(14)

we have

cos = 2 cos2 6' — 1 = cos 20'

or

= 20'
(15)

3.5- Neutron-proton scattering theory

We can now return to the Schrodinger equation (Eq. 1) and
solve the n-p scattering problem in the center-of-mass system.
The results of the previous section will allow us to express our
conclusions in terms of laboratory measurements. We will keep
the square-well assumption for the potential V(r).

If we are to use Eq. 1 it remains only to convince ourselves that the
requirement I = is really being met in this case. Recall that, contrary
to classical expectation, only discrete values of the angular momentum
are allowed (0, h, 2h, 3h, etc.) when one nucleon is scattered from another.
In a scattering problem I = would correspond classically to a head-on
collision, or a zero impact parameter* However, this is a classical concept
and can be given only a rather loose meaning in quantum mechanics be-
cause of the uncertainty relation. Alternatively, the correspondence prin-
ciple ensures us that impact parameter must have some meaning, if only
a fuzzy one. Thus I = may be viewed, if we wish to use a classical

picture, as compatible with small impact parameters. For any given
bombarding energy (i.e., any given linear momentum p) an angular mo-
mentum of h can only result if the impact parameter exceeds a certain
minimum value given by h/p. This ratio is just the moment arm of the

2 This is defined as the perpendicular distance from the target, assumed at
rest, to the initial line of flight of the projectile.
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linear momentum p. If this quantity happens to be greater than the

finite range of the nuclear forces, however, the particles will be so far

from each other as they pass that they can exert no forces on each other!

This critical impact parameter can always be made larger than the range

of the forces by using low enough bombarding energies. For nucleon-

nucleon scattering a laboratory projectile energy of <10 Mev ensures

that any nucleon pair having an impact parameter large enough to give

any of the allowed angular momenta except zero will have to be so far

apart that they will never interact. Under these conditions it seems rea-

sonable that all of our collisions will be of the I = kind.

For r > R Eq. 1 becomes, with E positive,

d2u/dr2 + k2u = (16)

where

k = [ME/h2]™ (17)

and the solution is

u(r) = A sin kr + B cos kr (18)

which can be written as

u(r) = C sin (kr + 6) (19)

What is the significance of the "phase shift" 5? We can see this by

asking what the wave function would be like if there were no scattering.

The appropriate Schrodinger equation would be Eq. 1 with V(r) = but

the solution would have to be of the form

u(r) ~ sin kr (20)

because it must vanish for r = 0. Equation 19, which only applies for

r > R, does not come up against this requirement. Thus 8 is the phase

shift of the wave function u(r) at large distances that comes about when

the scattering potential is switched off and on. The concept of phase

shift is a quite useful one. We show in Appendix 4 that it is related to

the scattering cross section by

<r = (4w/k2
) sin2 S (21)

Equation 21 shows that u vanishes if 5 is zero. This is reasonable because

a zero phase shift means that the scattering potential has no effect on

the incident beam, which is consistent with a vanishing scattering cross

section.

Let us now examine the region r < R. The equation here is

dhi/dr* + K*u = (22)

where

K = [M(V + E)/h*]X (23)

and the solution

u(r) = D sin Kr (24)
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vanishes as it must (Eq. 2) for r = 0. We now require that Eqs. 19 and
24 join smoothly at r = R. To simplify the matching process let us

assume that inside the well the scattering wave function is not much dif-

ferent from the deuteron wave function. This seems reasonable because
the two situations differ only in that the total energy E is shifted upwards
from —2.23 Mev to a small positive value and the shift is fairly small

compared to the depth Vo of the well. We assume then that the ratio

{du/dr)/u at r = R is just the same in the scattering problem as it was
in the deuteron problem. From Eqs. 9 and 19 we have

k cot (kR + 5) = -y (25)

A convenient further assumption at this point is that R = 0. This
"zero range approximation" is not as drastic as it seems; in the deuteron

problem, for example, the square well could have been made much nar-

rower (and necessarily correspondingly deeper) without changing the

main features of the deuteron wave function very much. Inspection of

Fig. 1, for example, shows that the range of the n-p force R is consid-

erably smaller than any number we might assign to the "size" of the

deuteron, measured by its wave function. With R = 0, then, we can
recast Eq. 25 as

sin2 6 ~ kW+72)' 1

(26)

We finally have for the neutron-proton scattering cross section,

from Eqs. 21, 26, 17, and 8

4x 4tt^
2

1

<7 =
fc
2 + T

2
=
^~FT^ (27)

a result first derived by Wigner (W33). Although Eq. 27 agrees

with experiment at high energies, it fails badly at low energies. For
E « W for example, Eq. 27 predicts a « 2 bn which is far from
the experimental value (M49) of 20.36 ± 0.1 bn due to Mel-
konian.3

Wigner first showed the way out of this discrepancy. He pointed

out that in n-p scattering the spins of the colliding nucleons can be
either parallel or antiparallel. Equation 27 probably holds only for

the parallel case, since we have made use of an analogy with the

3 This value is measured with neutrons whose energies are in the range 0.5-15

ev. This energy is <KW, as required, but is large compared with the energy
of the chemical bonds by which the proton is held to its neighbors in the
target. If we had used thermal neutrons the proton would not appear to be
free, a tacit assumption that we have made in all our derivations. Such ener-

gies are called epithermal.
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deuteron, which has parallel spins, and have thereby intruded the

deuteron binding energy W into Eq. 27.

The parallel spin (or triplet) case has a statistical weight of

three, corresponding to the three allowed orientations for an angu-
lar momentum vector of unit length (^ + y2 = 1) in quantum
mechanics. The antiparallel (or singlet) case has a statistical

weight of unity, corresponding to the lack of orientability of a
vector of zero length Q4, — XA = 0). Thus the n-p scattering

cross section can be written

a = i<rt + he (28)

where <r t is the triplet scattering contribution, given closely by
the right-hand side of Eq. 27, and a„ the singlet scattering contri-

bution, is as yet unknown.
Let us express as in the form of Eq. 27 with W, the deuteron

binding energy, replaced by \WS \, where Ws is an unknown char-

acteristic energy—perhaps positive, perhaps negative—associated

with the singlet n-p interaction. If the singlet and triplet inter-

actions are completely analogous, Ws (positive) will be the binding

energy of a stable neutron-proton structure with antiparallel spins.

Since we do not know any of such structure we must consider

seriously the possibility that Ws is negative (which defines what
one calls a virtual state rather than a bound one). In Sects. 3.8

and 3.9 we will describe some of the experimental evidence that

Ws is indeed negative.

We can now write Eq. 28 as

Sirh
2

1 wh2 1
<T =

1
: (29)M E+W M E+ \W.\

where
|
Ws \

remains undetermined. To make this equation yield

the experimental value of 20.36 bn at epithermal energies, we
must put

|
Ws |

~ 70 kev. The agreement at high energies is pre-

served because Eq. 29 reduces to Eq. 27 for energies much greater

than either W or Ws .

Equation 29 is approximate in the sense that we have assumed zero

range for the scattering potentials 4 from Eq. 25 on. A more exact deri-

4 There are now two scattering potentials to be considered, one for the
singlet and one for the triplet interactions. These must be different; other-

wise Eq. 27 would have agreed with experiment.
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vation (see, for example, Ra53) leads to
|
Ws |

« 66 kev for the singlet
state. See Fig. 5 for a comparison of this more exact cross-section expres-
sion with experiment.

3.6- The scattering length

Another concept of interest in describing nuclear scattering is

the scattering length a. In n-p scattering there are two such lengths,
at and as , corresponding to the triplet and singlet scattering situa-
tions respectively. They are defined in terms of the scattering
cross sections (assumed evaluated at very low energy) from

o- ( (0) = iva? and <rs (0) = 4xas
2

(30)

Note that these equations do not determine the signs of the scat-

tering lengths since only their squares are measured.
Comparison of Eqs. 21 and 30 shows that the scattering length

must be related to the phase shift by (dropping subscripts)

a = ± sin S/k (31o)

Note from Eq. 21 that S must approach either zero or * as k2

approaches zero (i.e., as the energy approaches zero; see Eq. 17).

Otherwise the cross section at zero energy would become infinite.

At low energies then we can write Eq. 31a as

a = -S/k (316)

The minus sign has been chosen arbitrarily, as part of the defini-

tion of a. k is always positive, but 8 may have either sign, thus
permitting the scattering length to have either sign.

For a simple graphical interpretation of the scattering length, let us
combine Eqs. 19 and 316 to yield

,
«(r) = C sin k(r - a) (32)

Thus a can be interpreted as the radius at which the wave function passes
through zero. Figure 4 shows this graphically. It represents a plot of
the wave function for n-p scattering for a laboratory neutron energy of
~200 kev and a well radius of 2.1 X lO"13 cm. Note the positive scat-
tering length in Fig. 4a and the negative scattering length in Fig. 46.
The former describes triplet n-p scattering; note that the wave function
inside the well (r < R) does indeed resemble that for the deuteron. Fig-
ure 46, as it happens, describes singlet n-p scattering. Note that the
internal wave function just does not manage to "bend over" far enough
to match at r = ft with a negative slope. It represents a virtual state.
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Thus a t is a positive quantity and as a negative one. We will describe

the evidence showing that this is so in Sects. 3.8 and 3.9.

Fig. 4. (a) Wave function for triplet n-p scattering for a laboratory neutron
energy of ~200 kev and a well radius of 2.1 X 10~13 cm. Note the positive

scattering length. (6) Wave function exhibiting a negative scattering length.

This happens to be the case for singlet n-p scattering.

3.7'• Neutron-proton scattering—experimental

Williams and co-workers (Ba46) among others (Haf53, e.g.)

have measured the n-p scattering cross section as a function of

energy, using the transmission method. The neutrons were gen-

erated in reactions such as those of Eq. 4, Chapter 9. Neutrons
from the target passed through the scatterer and entered the de-

tector, an ionization chamber in which ions are produced by pro-

tons which are "knocked forward" by the impinging neutrons.

For neutrons below 1 Mev, the chamber was 2.5 cm in diameter,

1.0 cm deep, and filled with methane to 60 lb/in.
2 For higher

energies, deeper chambers were used, filled with argon at pressures

up to 100 lb/in.
2

; a layer of paraffin inside the front face provided

the knock-on protons.

The scatterers were either thin-walled copper cylinders filled

with liquid cyclohexane (C6Hi2) or machined graphite cylinders.
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The graphite gave the cross section for carbon <rc . The value for

cyclohexane o-ch being known, that for hydrogen is found from

o-eh = 12<7h + 6o-c (33)

Let us work through an example, using 2.0-Mev neutrons. The carbon
scatterer was 4.0 cm in diameter and 4.6 cm long; the detector opening
was 4.0 cm across; the detector was 90 cm from the target, and the car-

bon block was half-way between. The measured transmission was 0.535.

A geometrical correction for departures from ideal geometry changed
this to 0.534. For ac , Eq. 2, Chapter 1, gives 1.63 bn. The next step is

to substitute a cyclohexane scatterer, 4.0 cm in diameter and 2.5 cm long.

For a target-detector distance of 60 cm, the transmission (allowing for

the copper container) was 0.433. The geometrical correction this time
is larger and brings this value down to 0.426. The cross section of a
cyclohexane molecule turns out to be 45.30 bn. Finally, Eq. 33 gives

2.96 bn for hydrogen. Figure 5 shows the results along with a theoretical

curve. (See Ad50.)

Fig. 5. The n-p scattering data of Williams et al. (Ba46). The curve is a
theoretical plot, including finite range effects. The ranges assumed are
R = 2.1 X 10~13 cm for the triplet interaction and R ~ 1 X 10~13 cm for

the singlet interaction. As E approaches epithermal values, a must approach
20.36 bn. See Adair (Ad50) for a more extensive compilation of data from

many workers.
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3.8* Neutron scattering in ortho- and parahydrogen—
theory

In 1935, Teller suggested a way to verify that n-p scattering does in-

deed depend on how the nuclear spins are aligned: study how slow neu-

trons are scattered by ortho- and parahydrogen. Not only will we be

able to verify that the scattering is spin-dependent but also we will be
able to show that the singlet-state scattering length is negative.

In the parahydrogen molecule the proton spins are antiparallel; the

molecule can rotate with energies given by

Ej = J(J + l)h2/2I / = 0, 2, 4, • • • (34)

where J is the moment of inertia. At low enough temperatures (<20°K)
practically all the parahydrogen will be in the state / = 0. In ortho-

hydrogen, the proton spins may be thought of as parallel; the rotational

states are given by / = 1, 3, 5, - • in Eq. 34. If the temperature is low

enough, practically all the orthohydrogen will be in the state / = 1.

Slow enough neutrons can have de Broglie wavelengths greater than
the proton-proton distance in the hydrogen molecule (0.76 A). Such
neutrons interact with the molecule as a whole; this is so because a par-

ticle cannot be given a "position" with any better precision than its

de Broglie wavelength. The scattered neutron waves from the two pro-

tons in the molecule will combine coherently. If the triplet and singlet

scattering cross sections are different we can perhaps convince ourselves

that the cross sections of the two types of molecules for neutron scattering

will be different.

Schwinger and Teller (Sc37) have worked out the detailed theory. For
the special case of a neutron energy of 0.001463 ev and for a gas tempera-

ture of 19.5°K the theoretical expressions for the total cross sections are

(Su47)
<Tpara = 6.69(3ffl( + Os)

2
(35ffl)

<rortho = 6.69[(3ot + as)
2 + 2(a t

- a„) 2
] + 1.74(a (

- as)
2 (356)

where at and a s are the triplet and singlet scattering lengths. The last

term of Eq. 356 represents inelastic scattering in which, as a result of the

encounter, a proton spin is "flipped" and simultaneously the molecular

rotation quantum number changes from / = 1 to J = 0. This is known
as ortho-para conversion. The reverse process cannot occur because

the neutron does not have enough energy to start the molecule rotating.

Note that o-para and o>>rtho become identical if a t and as are not different.6

5 This is strictly true only in the limit of very slow neutrons, so that the

molecule makes many revolutions during the neutron transit time; otherwise

the scattering from a rotating molecule (J = 1) is slightly different from a non-

rotating one (/ = 0). If 4 significant figures were computed in the "6.69" of

Eq. 35, the difference would become apparent.
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For the conditions mentioned the experimental values of (rpara and
ffortho are 4.19 bn and 128 bn respectively. We can now solve Eqs. 35
for at and as . Actually, because of the quadratic nature of Eqs. 35, there
are four pairs of au as values. Two can be discarded immediately because
they have negative a t values. A third pair can be shown to be incon-
sistent with the n-p scattering data of Fig. 5 and discarded on this basis.

The remaining solution is

a t « 0.52 X 10~12 cm and a s « -2.3 X 10~12 cm

Note that a s is negative as promised.

Measurements of <7-para and o-ortho were carried out by Sutton et al.

(Su47) at Los Alamos, using the time-of-flight procedure (Sect. 9.13).

Their values for a„ and a t , based on measurements at twelve energies in
the range 0.0008 - 0.0025 ev, are

at = 0.522 X 10-12 cm and a. = -2.34 X 10~12 cm

These values lead, by way of Eqs. 30 and 28, to the value 19.8 bn for
the epithermal n-p scattering cross section, in fair agreement with the
experimental value (20.4 ± 0.1 bn).

3.9- The n-p scattering lengths—two other methods
Another way of investigating the scattering lengths depends on

measuring the limiting angle at which neutron beams are reflected

from a mirror containing hydrogen. We will explain this method
in the chapter on neutrons. After an extensive series of measure-
ments using liquid hydrocarbon mirrors, Burgy, Ringo, and
Hughes (Bu51) obtained the result —(1.89 ±0.01) X 10~13 cm
for the effective coherent scattering length y±a t + }ias . Using
Eqs. 28 and 30, and assuming Melkonian's value of 20.4 bn for
the epithermal n-p scattering cross section, we can find

a t = (0.5378 ± 0.0021) X 10~12 cm

as (2.369 ± 0.006) X 10~12 cm

These values, although they differ somewhat from those found by
the two other methods (see below), have been adopted because
of their expected greater freedom from systematic errors.

Still a third way to investigate the spin dependence of n-p scattering
is to study the diffraction of thermal neutrons by crystals such as NaH
that contain hydrogen. Again we will explain the method in more detail
in Chapter 9. We are dealing here with coherent scattering from many
protons, rather than just two, as in the experiment of Sect. 3.8. The basic
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measured quantity, as in the mirror experiment, is the effective coherent

scattering length a ( = %a t + \ias) which can be evaluated from the

intensities of the diffraction peaks and other data. Shull, Wollan, Mor-

ton, and Davidson (Sh48), working at Oak Ridge, have measured a value

for o of -(1.98 ± 0.10) X 10~ 13 cm. Combining this with Eqs. 28 and

30 with a again set equal to 20.36 ± 0.1 bn allows one to deduce

at = 0.520 X 10~12 cm

as = -2.35 X 10"12 cm

in good agreement with the ortho- and parahydrogen values.

3.10- Proton-proton scattering

p-p scattering differs from n-p scattering in at least two ways.

First, the Coulomb repulsion between the charges is superimposed

on the specifically nuclear interaction. The second difference

comes about because, contrary to the n-p case, the particles are

identical. This leads to the conclusion (Appendix 7) that only

singlet nuclear scattering will occur in the S or I = state.

Breit and his co-workers have developed the theory of p-p scat-

tering in a series of classic papers (Bre36, Br39, see also JaoO).

Their result, simplified a little, is

da e
4

WE2

r 1 1 1

dO _ sin
4
6»/2 cos

4
0/2 sin

2
0/2 cos2 0/2

Afiv sin 8 cos 5 /4fiv\
2

H— ) sin
2

5

e
2

sin
2 0/2 cos

2
0/2 \ e

2
/ J

(36)

This gives the differential scattering cross section in the center-

of-mass system. E is the incident energy; v is the proton speed;

6 is the scattering angle; and 5 is a phase shift. S should vary

with energy but not with 0. All quantities are given in the cen-

ter-of-mass system.

The first term in Eq. 36 is a Coulomb scattering term (compare

Eq. 36, Chapter 13. The second term in Eq. 36 is also a Cou-

lomb term; it enters because, every time a proton is scattered

through an angle 0, a recoil proton is scattered through (x/2 — 0).

There is no way of telling which proton is which—indeed, from

an operational viewpoint this distinction has no meaning. The

third term, also a Coulomb term, enters because the projectile

and target are identical particles. The fourth term is a so-called
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"cross term" between the Coulomb and the nuclear scattering;
it would vanish if either the Coulomb or the nuclear potential
vanished. Note that, contrary to the n-p scattering situalion, sin
S appears here linearly (in the cross term) so that we can hope to
determine the phase shift without the ambiguity of sign that ap-
pears in Eq. 21. The last term is the pure nuclear scattering.
The last two terms vanish if we put 5 = 0; the first four terms
vanish if we put e = 0.

Putting e = really reduces Eq. 36 to the case appropriate to n-p
scattering. One gets

da-

da ME sin2
o

which is independent of angle. The total cross section a is simply found
then by multiplying the above by 4?r, obtaining a result that agrees with
Eq. 21, bearing in mind the definition of k (Eq. 17). The independence
of da/dQ on angle for n-p scattering has been checked experimentally.
The agreement is usually interpreted as strong evidence that nuclear
forces have a short range (sharp cutoff might be a better expression). If
the forces did not have this character but rather diminished very slowly
with distance, it would not have been possible for us to have separated
out only the I = encounters, disregarding the others as being "beyond
the range of the nuclear forces."

The test of Eq. 36 is this: can the experimental scattering re-
sults be represented (for all angles) by one value of 8 for each

2 3
Energy, Mev

Fig. 6. The S-wave phase shift for p-p scattering as deduced from the experi-
mental results of several workers.

energy? Figure 6 shows the consistent results obtained by differ-

ent workers. Another question is: can we reconcile the experi-
mental data with a particular potential curve for the two particles?
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We are particularly anxious to know how the p-p interaction po-

tential, after subtracting its Coulomb component, compares with

the singlet state n-p interaction potential. There is a growing

body of evidence that these two are identical, leading to the appeal-

ing hypothesis of the charge independence of the nuclear forces.

The next section will deal more fully with the basis of comparison.

3.71- Effective-range theory

The conventional approach to nuclear scattering problems, upon which

all the material given up to this point has been based, is this:

1. The scattering cross sections are measured experimentally.

2. From equations like Eq. 21 or Eq. 36 the phase shifts are found for

various energies.

3. On the theoretical side, we assume a potential of some kind (perhaps

a square well) and deduce theoretical phase shifts from it. The para-

meters of the potential curve (force range and well depth for a square

well, for example) can be treated as variables.

4. By manipulating the potential parameters we hope to fit the theo-

retical phase shifts to the experimental ones. In the words of Blatt and

Jackson (B149) the phase shifts are the common meeting ground of theory

and experiment.

It has been realized for some time that, following the above procedure,

it is very hard to fix uniquely more than two parameters of the potential

curve. Breit and his collaborators, for example, have shown by explicit

calculation that quite a few reasonable potentials can represent the p-p

scattering data almost equally well. It seems to be impossible to find

out much in fine detail about the potential curve. This suggests that we

should seek to express the experimental material in terms of a small num-

ber (say two) of properly chosen generalized parameters rather than in

terms of the phase-shift curves. Presumably these parameters, because

there are only two of them, can be compared more readily with the pre-

dictions of theory than can the phase shifts.

The basic relation of the new method, derived by Schwinger and by

Bethe (Bet49) and applied to S-scattering, is

k cot 5 = - \/a + hrok2+ (37)

The higher terms of Eq. 37 can be shown to be small for situations of

interest here. The generalized parameters are a, the scattering length,

and r , the so-called (zero energy) effective range, a quantity that we have

not yet defined. It is not the same thing as the width of a square well,

for example. It is of basic significance for the theory that both a and r

are uniquely determined from the experiments and are (in the approxima-

tion of Eq. 37) independent of assumptions about the potential. In
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principle we can plot the experimental quantity k cot 5 against k2
(i.e.,

against the energy); from the slope of the straight line so obtained we
can find r

; from the intercept we can find a. In practice the procedure
is complicated because, in n-p scattering, we must consider both the
triplet and the singlet interaction; there are two a's, two r 's, and, for

each energy, two 5's. For p-p scattering there is the extra complication
of the Coulomb potential. These difficulties can be overcome, however
(see Bet49).

Once we have found experimental values for a and for r we can, if we
wish, pick a particular potential curve and compute theoretical values of

a and r from it, in terms of two of its parameters. As we said above, the
meeting ground of theory and experiment is now the generalized para-
meters and not the phase shifts. The effective range, for example, is

defined from

r = 2
J

[v
2
(r) — u\r)\ dr (38)

where u(r) is the wave function for the limiting case of zero energy; v(r)

is a wave function that coincides with u{r) at large r but continues in to
r = unaffected by the potential. It is clear that v(r) and u(r) differ

only within the range of the nuclear forces. Since both functions are
solutions of the Schrodinger equation, a theoretical value of r can be
computed. The scattering length can also be computed once a particular

potential has been assumed.

From a different point of view, one can ask, why bother with a poten-
tial at all? Why not be content with the not-inconsiderable feat of ex-
pressing a vast body of experimental data by means of two constants?

It is the philosophy of the effective-range theory that this point of view
is profitable; in first approximation nothing can be gained by introducing
the potential, because, as we have seen, it cannot yet be uniquely deter-

mined from the experiments. The higher terms of Eq. 37 (neglected so

far) do require particular assumptions for the potential. They are small,

however, save for very precise measurements, especially at higher energies.

The shape-independent approximation that we have been discussing

serves for many purposes and we avoid introducing a potential until the
experimental data actually require it.

To show how a and r can be evaluated for n-p scattering in the shape-
independent approximation, let us compare Eq. 37 with Eq. 25 (with
R = 0). This allows us to write

-7 = - l/a t + \ruk~1- (39)

where the subscripts refer to the triplet state. Substituting this in Eq. 27
leads to

4:ir

*m =
y + [i/«,-Wv (40)
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for the triplet state cross section. By analogy we can also write

°°iE) - y + uaT- rrfp
(41)

for the singlet cross section. Note that these equations reduce to Eq. 30

for k = 0. The measurement of the scattering lengths has already

been described; rot can be found from Eq. 39 since y is known in terms

of the deuteron binding energy (Eq. 8); the value (1.702 ± 0.029) X 10~13

cm results. Only r0s remains. In principle we can find it from

<r(E) = \<j t + !<rs (42)

if we know the value of a(E) at any one energy. Comparison with Eqs.

40 and 41 shows that r0s will then be determined by c(E); it is, however,

rather insensitive to it so that a very precise measurement of o(E) is

necessary. Several satisfactory measurements have been made. Hafner,

Hornyak, Ealk, Snow, and Coor (Haf53), for example, measured

o- = 1.690 ± 0.008 bn at a neutron energy of 4.749 Mev. This yields

T-o, = (2.39 ± 0.20) X 10-13 cm.

In the shape-dependent approximation a small term ar 3
fc
4

, where a is

a coefficient that depends on well shape, must be added inside the square

brackets of Eqs. 40 and 41. The relationship between <r(E) and r0s will now

be slightly different. For a square well the value (2.47 ± 0.20) X lO" 13

cm results. This agrees within experimental error with the effective range

for (singlet) p-p scattering which is, for the square well, (2.60 ± 0.07) X 10
-13

cm (Ja50). This important result suggests that the n-p and p-p inter-

actions are equal, i.e., nuclear forces are charge independent. The com-

parison is not quite so favorable if well shapes other than square are

assumed. Although the charge-independence hypothesis seems fairly

secure, no unique potential has yet been established from studies of two-

nuclear systems.

3.12- High-energy n-p and p-p scattering

At high enough energies (> say 10 Mev) we can no longer re-

strict ourselves to considering only S or I = scattering; it is nec-

essary to consider the contributions associated with the higher

angular momentum components of the incident beam (P-scatter-

ing, Z>-scattering, etc.). There is hope, because the de Broglie

wavelength is smaller, that it will be possible to learn something

in finer detail about the nuclear interaction. Is the force repulsive,

for example, at small distances?

Because we no longer have pure /^-scattering the n-p scattering

is not expected to be spherically symmetric in the center-of-mass
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system, n-p differential scattering cross sections have been meas-
ured by workers at the University of California for neutron ener-
gies of 40, 90, and 260 Mev (Had49, K50, W51). Note (Fig. 7)
that there is strong scattering in both forward and backward
directions in the center-of-mass system (forward and 90° in the

20 40 60 80 100 120 140 160 180
Scattering angle, degrees

Fig. 7. The n-p scattering differential cross sections in the center-of-mass
system for 40 and 260 Mev (from C50).

laboratory system). The implications of the backward scattering

are interesting. The ordinate of Fig. 7 refers to scattered neutrons;
backward scattering of a neutron implies a forward scattering of
the associated proton (Fig. 3). It is as if a neutron in the incident
beam passed close to a target proton, exchanged charge with it

somehow, and continued forward as a proton. It has often been
suggested that the nuclear force has exchange characteristics of this

kind, just like the forces of chemical bonds. In such bonds it is

the exchange characteristic that accounts for the saturation of
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the bond, i.e., for the fact that a given atom can interact with only

a finite number of other atoms. The force in the nuclear interior

is also saturated (Sect. 11.2) so that the exchange hypothesis is

welcome. The difficulty is that the n-p experiments do not re-

quire enough of an exchange character to permit saturation (G50).

The forward neutron scattering in Fig. 7 for example suggests a

force of a non-exchange type since the neutron moves forward

without "being converted into a proton." This difficulty has not

yet been resolved. There is a growing body of opinion that forces

in the nuclear interior are "many-body forces," i.e., that more is

involved than interactions between pairs of nucleons. If this is

so a lack of saturation in the n-p interaction need not rule out

saturation in many-nucleon systems. Much more work, both ex-

perimental and theoretical, remains to be done.

p-p scattering data up to 340 Mev have been reported by a

number of workers and have been analyzed by Christian and

Noyes (Ch50). Again it seems a little early to draw unequivocal

conclusions from a comparison of theory and experiment.

3.13- Meson theory of nuclear forces

Even if it had been possible (as it has not) to assign a definite

potential to the two-nucleon interaction, there would still remain

this question: is the potential understandable in terms of more

fundamental assumptions about the nucleons? Yukawa (Y35) pro-

posed a theory along these lines that has survived some twenty

years in one form or another and is the subject of a great deal of

current attention. Although the theory has not yet proven suc-

cessful quantitatively it has had a remarkable influence on the de-

velopment of nuclear physics.

We have mentioned some of the evidence that nuclear forces are

like molecular bonds in that they have at least in part an exchange

characteristic. In^nuelear bonds, the valence electrons are avail-

able for exchange. What is being exchanged in the nuclear bond?

It cannot be electrons because this assumption leads to a nuclear

bond that is far too weak. In 1935, Yukawa pointed out that an

exchange particle of mass <~200me would give the right nuclear-

bond energy. Such particles were not known at this time; the

theory languished until particles with about this mass (mesons)

were actually found in the cosmic rays.

Yukawa used the analogy between the Coulomb force (explained
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by the virtual absorption and re-emission, i.e., by exchange, of
photons by charged particles) and the nuclear force, which he
hoped to explain by the absorption and re-emission of mesons by
the nucleons. The potential form that results from this analogy is,

V(r) = - (s/r)e-«*°l*> r
(43)

where r is the distance between nucleons and g is a constant, m
is the meson rest mass. This equation describes what is called
the meson potential. The variation with r is mostly in the ex-
ponent; "the range of the force" must be something like h/mc.
If we set this equal to 2.0 X 10

-13
cm, we find m ~ 200me .

It is easy to verify that the force range is of the order h/mc. Suppose
a meson of mass m is created; this represents an energy expenditure of
mc2

. Since the meson will have some kinetic energy, we can ask how
long it will take to move a distance equal to the range R of the force.

This time is bound to be at least R/c where c is the speed of light. After
this time the meson is presumably reabsorbed. Therefore the time R/c
is available to measure the energy mc2 and from the uncertainty relation

(mc2)(R/c) « h (44)

or R « h/mc. We will discuss further the current status of Yukawa's
hypothesis in Sects. 16.10 and 16.11. Bethe has given an excellent review
(B54) of the 1954 status of meson theory.

PROBLEMS

1. Equations 5, 8, and 10 constitute a relationship between V and R.
Prove that, approximately

V R* « A2/4M

2. What fraction of the time do the neutron and proton in the deuteron
spend outside the range of their forces? Assume R = 2.1 X 10-13 cm.

3. Plot Eq. 29 with
|
W„

|
=70 kev, against energy up to 10 Mev in the

laboratory system; compare with Pig. 5. Repeat, plotting Eq. 27. What are
your conclusions?

4. Put <rpara = 4.19 bn and aortho = 128 bn in Eqs. 35, and solve for the
scattering lengths a t and os . Can any of the extraneous solutions be discarded
on the grounds that they are not consistent with Eq. 28, using Melkonian's
value for <r? If as were positive rather than negative (but of the same magni-
tude) what values of <rpar3 and <7 rtho would be expected?

5. In the ortho- parahydrogen experiment of Sutton et al. what is the
velocity of the incident neutrons at 0.00146 ev? How does this compare with
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the thermal speed of the molecules at 19.5°K? This is a complicating factor

in the interpretation of the experiment.

6. Derive a relationship between dtr/dQ in the laboratory and in the center-

of-mass systems.

7. Worthington, McGruer, and Findley (W53) measured, among other

data, a p-p differential scattering cross section of 0.11104 =fc 0.00037 bn/stera-

dian (center-of-mass system) for a proton energy of 4.203 Mev (laboratory

system) and a scattering angle of 60.0° (center-of-mass system). What phase

shift results, using Eq. 36? Compare with Fig. 6.

8. Show that a(E) in Eq. 42 is not very sensitive to the value chosen for

the singlet effective range.

9. Prove that, in n-p scattering, if the incident neutron energy is <10
Mev (laboratory system) the condition I = is satisfied for the scattering.



4 • Radioactive Decay and

Alpha Emission

4.1 • Radioactivity

If uranium and thorium minerals were not radioactive, we
would probably not know much about nuclear physics today.
These minerals contain radioactive substances whose half-lives

(Sect. 4.2) are of the order of or somewhat greater than the age
of the universe (3 X 109 yr). This suggests that these materials,

along with the stable nuclei, are survivors of a distant period
when, perhaps, nuclei were formed by aggregation of nucleons.

All shorter-lived nuclei have long since died away. This suggests

that there is no basic difference between natural and artificial

radioactivity. Indeed, most of the naturally occurring radio-

nuclei have also been produced in the laboratory. If it were not
for the chance fact that the U235

, U238
, and Th232

half-lives are

as long as they are there would not be any nuclei at all in nature
with Z > 82 (also no atom bombs !)

.

The first laboratory-produced radionucleus was P30
, which emits

positrons with a 2.5-min half-life. It was produced by Irene
Curie-Joliot and Frederic Joliot in 1934 when they bombarded
aluminum with alpha particles from polonium (J34). In their

words:

Our latest experiments have shown a very striking fact: when an
aluminum foil is irradiated on a polonium preparation, the emission of
positrons does not cease immediately when the active preparation is

removed. The foil remains radioactive and the emission of radiation

decays exponentially as for an ordinary radioelement.

Inspection of the heavy end of a nuclear chart shows that there

are four genetically independent decay series (Table 1). Figure 1

is a plot of one of them, the thorium series.

63
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TABLE 1

Some Characteristics op the Heavy Disintegration Series

Longest-Lived

Member
Final

Nucleus Half-Life,

Name of Series Type* (Stable) Nucleus years

Thorium 4ra pb208 Th232 1.39 X 10 10

Neptunium 4ra + 1 Bi20» Np237 2.20 X 106

Uranium-radium 4n + 2 pjr,206 TJ238 4.50 X 109

Actinium 4n + 3 pb207 TJ235 8.52 X 108

* n is an integer.

208 212 216 220 224 228 232
Mass number, A

236 240 244

Fig. 1. The thorium or in series as of December, 1952. The double square

marks the longest-lived member; the shaded square is a stable end product.

The heavy lines with arrows mark the main sequence; nuclei not in this

sequence do not occur in nature.
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The neptunium series (H47, E47) does not occur in nature be-
cause the half-life of its longest-lived member is three orders of
magnitude shorter than the age of the universe. In Table 1,

the column headed "Type" refers to the fact that all mass numbers
in a series must belong to one of the four classes listed. This is

so because the only changes in A that can occur are AA = —4
(alpha emission) and AA = (beta decay or electron capture).
Gamma emission is simply a change to a lower state of nuclear
excitation without any change in A or Z. All integers must belong
to one of the above four classes.

For many heavy nuclei there are two sets of symbols, one of which
does not agree with the scheme outlined in Chapter 1. Most of these
symbols were assigned before the isotope concept was developed. For
example, ThB is not an isotope of thorium, but of lead. The word
"thorium" may mean (1) Th232

, the natural parent of the thorium series,

or (2) any or all of the following atoms (isotopes) for which Z = 90: Th232
,

RdTh, UX1, UY, RdAc, etc. We will use the new symbols (see H53 for
a parallel listing). The word isotope was coined by Soddy in 1913 to
describe the then puzzling fact that two or more radionuclei often seemed,
by their chemical properties, to fit in the same place in the periodic table!
Just a few months later J. J. Thomson discovered that stable nuclei also
possess this characteristic.

A number of lighter radionuclei, not members of the heavy dis-

integration series, are long-lived enough to occur in nature. Those
so far discovered are: K40

, Rb87
, La138

, Nd150
, Sm147

, Lu176
, and

Re187
. The first two activities were discovered by Thomson (T05)

in 1905. Another example of natural radioactivity is C 14
(5568

yr) made by cosmic-ray bombardment of nitrogen in the at-
mosphere.

4.2 • The radioactive-decay law

Three years following the discovery of radioactivity Elster and
Geitel noted that the strength of a pure radioactive substance
falls off with time according to an exponential law. It took four
more years to realize that radioactivity represents changes in the
individual atoms and not a change in the sample as a whole. It
took still two more years to realize that the decay is statistical in
nature, that it is impossible to predict when any given atom will
disintegrate, and that this hypothesis leads directly to the expo-
nential law. This lack of predictability of the behavior of single
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particles does not bother most scientists today, but this early

instance of it apparently went down rather hard at the time. Let
us not underestimate the labor required of good men to establish

what now may seem like evident facts.

If N radioactive nuclei are present at time t and if no new
nuclei are introduced into the sample, we may put

X = -(dN/dt) /N (1)

in which X is a constant called the disintegration constant. The
right-hand side of Eq. 1 is the probability per unit time for the

decay of an atom. That this probability is constant, regardless

of the age of the atoms, is the basic assumption of the statistical

theory of radioactive decay. Human lifetimes do not follow this

law.

Integrating Eq. 1 leads to

N = N e~u (2)

The half-life T (or the period) is found by putting N = N /2 for

* = T. The relation is

T = 0.693/X (3)

Either dN/dt or something proportional to it is almost always
observed rather than N. Differentiating Eq. 2 and using Eq. 1

yields

dN/dt = (dN/dt) e~u

or

R = R e~u (4)

The disintegration rate R is called the activity of a sample. T can
be found from the slope of a plot of log R against t. Measured
periods range from 10

-11
sec to 1013

years, a factor of 1031 . Clearly

only an intermediate range of periods can be measured in this

direct way.

Long periods can be measured by direct application of Eq. 1. Mac-
Gregor and Wiedenbeck (M52), for example, in a redetermination of the

period of Rb87
, measured a specific activity of 478 disintegrations/g sec

for RbCl samples. A 1.00-g sample of RbCl contains (6.02 X 1023

atoms/mole)/(120.9 g/mole) or 4.97 X 1021 atoms of rubidium. The
isotopic abundance of Rb87

, however, is 27.85% so that No in Eq. 1 must



Sect. 2] RADIOACTIVE DECAY AND ALPHA EMISSION 67

be 0.279 X 4.97 X 1021 or 1.39 X 1021 atoms. Putting 478 sec" 1
for

dN/dt yields

X = (dN/dt)/N

= 478 sec-yi.39 X 1021

= 3.44 X 10-19 sec-1

From Eq. 3 we find a half-life of 6.3 X 1010
yr. In this method, one has

to determine the absolute disintegration rate for a sample containing a

known number of radioactive atoms. This is usually not an easy meas-

urement. Another method for long periods is given in Sect. 4.5. Methods
for very short periods appear in Sect. 5.5.

There are two sets of units for reporting disintegration rates.

These are the curie, with its submultiples the millicurie and the

microcurie, and the rutherford with similar submultiples. The
curie, first defined as the amount of radon in equilibrium with 1

g of radium, is the older unit. It is convenient when dealing with

radium and its decay products. When dealing with other radio-

nuclei, a much more common situation today, the use of the curie

has led to some confusion. For this reason, the curie has been re-

defined simply as 3.7 X 10
10

disintegrations/sec (Ev47). This

value is consistent with the older definition, but there is no refer-

ence to radon or radium. The rutherford, proposed by the Na-
tional Bureau of Standards (C46), is defined as a disintegration

rate of 106 disintegrations/sec.

For radionuclei with two or more modes of decay, three or more
disintegration constants are involved. Consider N atoms of Bi212

,

which decays by alpha emission to Th208
in 34% of the disintegra-

tions and by beta decay to Po212
in the remaining 66%. From

Eq. 1

X0 = -(dN/dt)p/N

K = -idN/dt)JN
and

Xi = \j + K (5)

where X^, Xa , and X< are the disintegration constants for the beta,

the alpha, and the combined decay. From data given above:

X/s/X, = 0.66 and \a/\ t
= 0.34
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Given further that the period (= 0.693/X<) is 60.5 min, we find

Xp = 1-26 X 10~4 sec
-1

Xa = 0.65 X 10
-4

sec
-1

(6)

X ( = 1.91 X 10
-4

sec
-1

No matter what the nature of the detector, i.e., whether it

counts alpha particles only, electrons only, or each partially, a
plot of the logarithm of the activity against time always gives the
same period (0.693/X (). The period 0.693/Xa = 173 min, for ex-

ample, is that which we would observe if the beta decay did not
occur simultaneously; we cannot arrange this condition. Partial

disintegration constants can often be predicted theoretically, how-
ever, so that it is of much interest to measure them.

4.3- Mixture of simple activities

We may have a sample with two or more radionuclei with genetically
unrelated decay schemes. Consider a mixture of Cu64 (12.8 hr) and
Cu61

(3.3 hr); such mixtures cannot be chemically separated of course.

Fig. 2.

15 20
Time, hours

Hypothetical decay curve for a sample containing Cu64 (12.8 hr)

and Cu61
(3.4 hr).
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The activity of a particular mixture is plotted against time on semilog

paper in Fig. 2. At the right end of the curve we assume (because the

curve is linear) that only one activity is present; the limiting slope shows

a 12.8-hr period. By (1) extending this limiting slope backwards, (2)

taking differences between the curve and this straight line at various

abscissas, and (3) plotting these differences on the same scale, we get the

dashed straight line which represents the 3.3-hr period. The intercepts

of both straight lines on the vertical axis give the initial counting rates

for each component. This method can be extended to mixtures with

more than two periods.

4.4 -Chain disintegration

In chain decay Eq. 2 holds for the first member; let us discuss

the second member. Let species 1 decay into species 2 with dis-

integration constant Xi; let 2 decay into 3 with disintegration

constant X2 ; we do not care what happens to 3. Let Ni and JV2

be the number of 1 and 2 atoms present at time t. For Ni we
have from Eq. 2

Ni = JVi. e-Xl '

(7)

The net rate at which N2 is changing (dN2/dt) is the difference

between the rate at which it is being produced (—dNi/dt) and the

rate at which it is decaying (X2iV2; see Eq. 1). Using Eq. 7 this

gives . ,

dN2/dt = XiJVll0«
_x" - X2JV"2 (8)

Solving this differential equation for N2 and assuming that we
start with N2 = at t = leads to

N2
= — Nx, (e-x '

( - e-V) (9)
X2 — Xi

As a special case, consider that 1 is much shorter-lived than 2,

i.e., that Xi » X2 . Equation 9 then reduces, at large enough t, to

N2 = Nuoe-
Mt

(10)

Reflection will show that this is reasonable.

4.5- Secular equilibrium

Another limiting case of Eq. 9 is that in which 1 is very long-

lived, or Xi <K X2 . At large enough t we can always neglect e~Xj '

compared with e~Xlt
. N2 then approaches

#2 = N^e-^'iXM (11)



70 INTRODUCTORY NUCLEAR PHYSICS [Ch. 4

at large t. If the period of 1 is not only much larger than that of

2 but also is large compared with the time during which we make
our observations, e~Xl(

will not change much during the experi-
ment and N2 will approach a constant secular equilibrium value
N2x given by

N2x = 2Vi(XiAa) (12)

This same value is approached no matter what the initial value
of N2 is.

Secular equilibrium occurs when a radioactive substance is being
made at a constant rate, either by the decay of its long-lived parent
(as above) or by bombardment in a cyclotron or nuclear reactor.
In either event, after waiting a few half-lives of 2, N2 would ap-
proach its equilibrium value, at which its decay rate (N2xX2 )

would equal its constant production rate (iViXi) ; see Eq. 12.

Consider the deuteron bombardment of Ni61 in the cyclotron to make
the 3.3-hr positron emitter Cu61 (X = 5.8 X 10~6 sec-1

). Suppose that
5.0 X 10s new Cu81 atoms are made during each second of the bombard-
ment. If decay did not occur, the number of Cu61 atoms, N, would in-
crease linearly with time at this production rate R . However, decay
does occur. According to Eq. 1, the disintegration rate at any time is

proportional to N. Thus the disintegration rate is small at first but it

increases with N until N reaches its secular equilibrium value.

Nx = R /X

= (5.0 X 108 atoms/sec)/5.8 X 10~5 sec" 1

= 8.7 X 1012 atoms or ~10~3 g of copper

Figure 3 is a plot of N during and after the bombardment. In view of
Eq. 1 this same curve, except for a constant factor, also represents that
part of the target activity due to Cu61

; the equilibrium activity is 13 mc
or 500 rd.

Let us apply secular equilibrium ideas to very old thorium- or uranium-
containing minerals. Referring to Th232

, Ra228
, Ac228

, etc. (see Fig. 1),

as 1, 2, 3, etc., in their genetic sequence, we see that N2 must be constant
in amount; the amount can be found from Eq. 12. Because N2 is fixed,

the decay rate of 2 must also be constant; hence 3 is in secular equilibrium
too; so is every other radioactive member of the series. Thus

Ni\i = N^ 2 = A3X3 = • • •

(13)

In such a sequence (1) every member is present in constant but different
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amount, (2) the numbers of atoms of the various members present are
proportional to their half-lives, and (3) every radioactive member is

decaying and (with the exception of the first) being produced at the same
rate JVAi. Equation 13 holds provided no chemical or physical separa-
tions have been made on the sample for a period that is long compared
with the second largest half-life in the sequence. Equation 13 is some-
times used to measure long periods. If there is secular equilibrium, we

20 25

Time, hours

Fig. 3. A hypothetical plot of the number of radioactive Cu61 atoms present
in a Ni target at various times during and after bombardment with deuterons

in a cyclotron.

need only to measure the period of the separated daughter, the number
of daughter atoms in the sample, and the number of parent atoms in the
same sample.

4.6* Transient equilibrium

It might happen that even though Xi <K X2 the period of 1 might not
be long compared to the time during which we observe the sample. In
Eq. 11 this means that we cannot assume e~Xlt

to be constant, as we did
above, but must leave it as it stands. This is called transient equilibrium;
N2 varies with time but exhibits the period of 1. An example is the
decay of the 3.64-day Ra224 to form the 54.5-sec Tn220

. Starting with a
pure Ra224 sample the activity due to Tn220 would increase for several
minutes and then would decrease steadily with a 3.64-day period.
Whether an equilibrium is called secular or transient depends on the
duration of our observation of the sample.
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ALPHA EMISSION
4.7- General

Rutherford, in 1903, succeeded in deflecting the alpha particles

from radium in electric and magnetic fields. He measured a pre-

liminary e/m value of <~6000 emu. Considering the difficulty of

this early experiment the agreement with the modern value (4850

emu) is not bad. In 1909 Rutherford and Royds (R09) proved in

a very ingenious way that alpha particles were helium nuclei, a

fact suspected from other evidence. They allowed the particles

to enter an evacuated thin-walled glass chamber by penetrating

its walls; after waiting several days they could detect helium spec-

troscopically inside the vessel.

Alpha emission is a Coulomb repulsion effect. It becomes in-

creasingly important for heavy nuclei because, as we will see in

Sect. 11.3, the disruptive Coulomb force increases with size at a

faster rate (namely, as Z2
) than does the specific nuclear binding

force, which increases approximately as A.

Why is the alpha particle chosen as the agent for the spontane-

ous carrying away of positive charge? When we call a process

spontaneous we mean that some kinetic energy has suddenly ap-

peared in the system for no apparent cause; this energy must come

from a decrease in the mass of the system. The alpha particle,

because it is a very stable and tightly bound structure, has a rela-

tively small mass compared with the mass of its separate constitu-

ents. It is particularly favored as an emitted particle if we hope

to have the disintegration products as light as possible and thus

get the largest possible release of kinetic energy.

For a typical alpha emitter U232 (~70 years) let us compute,

from the known masses, the kinetic energy release for various

emitted particles. Table 2 summarizes the results. Of the par-

ticles considered, spontaneous decay is energetically possible only

for the alpha particle. A positive disintegration energy results

for some slightly heavier particles than those listed, Be8
for ex-

ample. We will show, however (Sect. 4.11), that the partial dis-

integration constant for emission of such heavy particles is nor-

mally vanishingly small compared with that for alpha emission.

Such decays would be so rare that in practice they would never be

noticed. This suggests that if a nucleus is to be recognized as an

alpha emitter it is not enough for alpha decay to be energetically
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possible. The disintegration constant must also not be too small

or else alpha emission will occur so rarely that it may not be de-

tected. With present techniques this means that the half-life

must be less than about 10
16

years. Also, beta decay, if it has a

much higher partial disintegration constant, can mask the alpha

decay. Most nuclei above A > 190 are energetically unstable

against alpha emission but only about half of them can meet these

other requirements.

TABLE 2

Kinetic Energy Release for Various Modes op Decay of U232

(Computed from known masses)

Kinetic- Kinetic-

Energy Energy
Emitted Release, Emitted Release,

Particle Mev Particle Mev
n -7.15 He4 +5.38
H 1 -6.05 He6 -2.28

H2 -10.5 He6 -5.82

H3 -10.1 Li6 -3.78
He3 -9.6 Li7 -1.83

The two things most characteristic of alpha decay are the half-

life (or disintegration constant) and the disintegration energy E.

E is the sum of the kinetic energy Ea of the alpha particle (mass

ma ) and that of the recoiling daughter nucleus (mass mi). From
conservation of momentum we can show that

E = Ea (l + mjmd) (14)

For Bi212 the factor in parentheses is (1 + 4/208) = 1.019.

Ea can be measured absolutely by magnetic deflection of the

emitted alpha particles (see Br54); this method serves largely to

provide reference standards for the calibration of secondary meth-

ods. E„ can also be measured in terms of the range of the alpha

particle in air, making use of the known relationship between

these quantities (Sect. 7.4). A third possibility is to measure E
in terms of the height of the electrical pulse produced in a cali-

brated ionization chamber (Sect. 8.4) when a single alpha particle,

and possibly its recoil nucleus, are completely absorbed in the

chamber gas. Seaborg and his collaborators at the University of

California (see Pe50) have developed this last method to a high
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degree of usefulness (Fig. 4). They can measure E for a sample

containing as few as 105 atoms (~10-17 g) ! The number of known
alpha emitters has increased rapidly in recent years, from 24 in

1940 to about 150 in 1953.

If we know the disintegration energy for an alpha transition we
have only to divide by c

2
to get the mass difference between the

i 1 r

U230
series

3 4 5 6 7

Channel number

6.00 7.00

Energy, Mev
8.00

Fig. 4. Alpha peaks for the chain U230 -> Th226 -* Ra222 -* Em218 ->

Po214 —» Pb210
. The abscissa measures the height of the pulse produced in

an ionization chamber by the alpha particle; this is proportional to the energy.

The ordinate is the rate at which the indicated pulse heights occur. From
Perlman (Pe50).

initial and final products. We can thus find accurate masses

for an entire chain of alpha emitters if we know all of the disinte-

gration energies and the accurate mass of one member only of the

chain. Once the masses are known it is possible to answer various

questions about stability, such as the stability against beta decay.

4.8* Alpha decay systematics

One feature of alpha decay is so striking that it was noticed as

long ago as 1911, the year that Rutherford "discovered" the nu-



Sect. 8] RADIOACTIVE DECAY AND ALPHA EMISSION 75

I I 1 I I I I I I I

m £?=r
r- O US

o 11
r~

fe; „o-
>
2
Si

* S
in

<o c •3 3
3 a
« -3

5
o >> X
IO

a
» .

B.9
ie> s- —

'

m >3
aj O

03
5 J3
in

o

o
"ft,

m bo
* .s

I I I I I I I I I I I I I I lo
N O CM •* ID

I I I

sjea4'9j!i-j|Eq8o-|

CO

1

o
1

CM

1

1—4

1

*-*

1



76 INTRODUCTORY NUCLEAR PHYSICS [Ch. 4

200 205 210

Mass number, A

Fig. 6. A plot of energy versus mass number for alpha emitters. Isotopes
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9.0

230 235
Mass number, A

240

are connected by lines. From Perlman, Ghiorso, and Seaborg (Per 50).



78 INTRODUCTORY NUCLEAR PHYSICS [Ch. 4

cleus. Geiger and Nuttall noticed that alpha emitters with large

disintegration energies had short half-lives and conversely. The
variation is astonishingly rapid as we may see from the limiting

cases of Th232
(1.3 X 10

10
yr; E = 4.05 Mev) and Po212

(3.0 X
10~7

sec; E = 8.95 Mev). A factor of 2 in energy means a factor

of 1024 in half-life! The theoretical explanation of this Geiger-

Nuttall rule in 1928 was one of the first triumphs of quantum

mechanics.

A plot of log T against E in which all alpha emitters are included

shows a considerable scatter about the general Geiger-Nuttall

trend. Very smooth curves result, however, if we plot only alpha

emitters with the same Z and if further we select from this group

only those with Z and N both even (Fig. 5) . Even-odd, odd-even,

and odd-odd nuclei obey the general trend but do not plot into

quite such smooth curves; their periods are 2-1000 times longer

than those for even-even types with the same Z and E.

It is interesting that J7
235 (even 2-odd N) is one of these "extra-long-

life" types. If its half-life were 1000 times shorter, this important nucleus

would not occur in nature, and we probably would not have an Atomic

Energy Commission today! We will see in Sect. 14.5 that the same

feature that apparently accounts for the long life against alpha decay,

namely, the odd neutron, also makes ?7
236 very susceptible to fission by

thermal neutrons.

Figure 6 shows another important systematic relationship for

alpha emitters. Looking for the moment only at the data for

A > 212, we see that adding neutrons to a nucleus reduces the dis-

integration energy, which, because of the Geiger-Nuttall rule, in-

creases the half-life. The nucleus becomes more stable. We will

show later (problem 10, Chapter 11) that this behavior is consistent

with many other known facts about nuclear stability.

The striking dip near A = 212 comes at about N = 126 and

shows that nuclei with N < 126 are especially stable. We meet

here the first of many facts successfully correlated by the shell

theory of nuclear structure. The substance of these facts is this:

nuclei with N or Z equal to or somewhat less than one of a set of

"magic numbers" are exceptionally stable; for N and Z somewhat

greater than numbers in this set, the nuclei are relatively unstable.

The magic numbers are 2, 8, 20, 50, 82, and 126. The analogy to

filled shells of atomic electrons is clear. The proton shell Z = 82
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also exerts an influence on alpha stability. There are, in fact, no
alpha emitters at all with this atomic number; three of the heavy
disintegration series terminate with Z = 82 (the neptunium series

terminates with Bi209 which has N = 126). There are only eight
or nine known alpha emitters with Z < 82. Most of them are in
the rare-earth group, lying rather well below Z = 82 but just above
the neutron shell N = 82. There are no known alpha emitters
with N < 82. Thus closed shell effects have an important modify-
ing influence on the general tendency of nuclei to become alpha-
unstable as they become heavier.

4.9* Fine structure

We have implied that every alpha emitter has but one associated
alpha energy. This was thought to be true until accurate energy
measurements by Rosenblum (R30) showed that a number of

alpha emitters have more than one alpha energy. This fine struc-

ture in the alpha spectrum comes about because an alpha emitter
may go over to any one of several discrete energy levels of its

daughter. Each such process has a different disintegration energy
and a different partial-disintegration constant measured by

X„ = -{dN/dt) n/N (15)

There may also be beta decay, described by

h = -W/dth/N (16)

N is the number of parent nuclei present when (dN/dt) n and
(dN/dt)$ are measured. The total disintegration constant is

X, = -(dN/dt) t/N = £ \ re + X^ (17)
n

The sum is taken over all lines of the alpha spectrum. The partial-

disintegration constants can be found from

K = Xtfn (18)

where /„ is the fraction of the disintegrations (including all modes
of decay) that yield the alpha line in question.

Figure 7 shows the alpha spectrum of Bi212
. Consider the most ener-

getic line, associated with the so-called ground-state transition. Some
27.2% of the alpha particles belong to this line. Bi212 also decays by
beta emission in 66.3% of the cases. The /„ of Eq. 18 for this line is then
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0.272 X 0.337 or 0.0918. Since the half-life of Bi212
is 60.5 mm we find,

from Eq. 18, a value of 1.75 X 10~6 sec
-1

for the partial-disintegration

constant of this line. Each line in an alpha spectrum contributes a sepa-

rate point to a Geiger-Nuttall plot.

Fig. 7. The sloping lines represent alpha transitions from Bi212 to various

states of Tl208
. The vertical lines represent gamma transitions between these

latter states.

Differences between pairs of disintegration energies (not alpha energies)

in the fine structure give directly the energy differences between excited

levels of the daughter nucleus, Tl208 in Fig. 7. A daughter nucleus formed

in an excited state sooner or later normally passes to its ground state by
the successive emission of one or more gamma rays. In the Bi212 —» Tl208

transition, the energies of the emitted gamma rays have been measured;

they coincide, within experimental error, with some of the level differ-

ences (Fig. 7) found from the fine structure. Not all the gamma rays

that we might expect actually occur. Evidently the others are effectively

forbidden by some selection rules. Table 3 shows how very good the

agreement is between level differences from the alpha and from the gamma
spectra.
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TABLE 3

Tl208 Energy-Level Differences

From Gamma From Alpha
Spectrum Spectrum

Gamma Line (S46), (R51),

Designation kev kev

1 40 40
2 144 144
3 164 165
4 288 287
5 328 327
6 432 433
7 452 452
8 472 473

4.10- Long-range alpha particles

Two alpha emitters, Po212 and Po 214
, have alpha spectra in which there

are a very few particles with energies much greater than those of the
main group. The explanation has something to do with the fact that
these alpha emitters have very short periods (3.0 X 10

~7 sec and
1.6 X 10-" sec). Table 4 shows some data for Po212

.

TABLE 4

Long-Range Alpha Particles from Po212

Disinte-

gration

Energy, Relative

Line Mev Intensity

8.945 106

1 9.671 40
2 10.617 20
3 10.738 170

Because Po212
is so short-lived, we can study it only in equilibrium

with its parent, Bi212
, from which it is formed by beta decay (see Fig. 1).

Some of the Po212 nuclei are formed in excited levels. Normally these

excited nuclei would pass to a lower level (within 10 -12 sec or so) by
gamma emission; then the normal alpha emission of Po212

(line 0, Table 4)

would occur. However, for nuclei in which the ground state is so very
short-lived the excited states (because of their greater potential disinte-

gration energies) will be even shorter-lived. Nuclei in these higher states

will be very unstable against alpha emission; sometimes alpha emission
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will actually occur before the gamma emission (i.e., in a time normally

<10~12
sec); this gives an alpha particle of more than normal energy.

Study of long-range particles tells us about the energy levels of the alpha

emitter itself rather than its daughter.

4.11 • Theory of alpha emission

The general features of Fig. 5 can be accounted for by a quan-

tum-mechanical theory developed in 1928 almost simultaneously

by Gamow (Ga28) and by Gurney and Condon (Gu28). In this

theory an alpha particle is assumed to move in a spherical region

determined by the daughter nucleus. The central feature of this

one-body model is that the alpha particle is preformed inside the

parent nucleus. Actually there is not much reason to believe that

alpha particles do exist separately within heavy nuclei; neverthe-

less, the theory works quite well, especially for even-even nuclei.

This success of the theory does not prove that alpha particles are

preformed, but merely that they behave as if they were. A theory

that did not make this assumption would be preferable (see D53).

Figure 8 shows a plot, suitable for purposes of the theory, of

the potential energy between the alpha particle and the residual

Fig. 8. An assumed plot of V, the potential energy of an alpha-particle

daughter-nucleus system as a function of r, the distance between centers.

The potential energy is taken to be zero when the particles are a large distance

apart. E is the disintegration energy.

nucleus for various distances between their centers. The horizon-

tal line E is the disintegration energy. Note that the Coulomb po-

tential is extended inward to a radius a and then arbitrarily cut

off. The radius a can be taken as the sum of the radius of the re-

sidual nucleus and of the alpha particle. There are three regions
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of interest. In the spherical region r < a we are inside the nucleus
and speak of a potential well of depth - U , where U is taken as a
positive number. Classically the alpha particle can move in this

region, with a kinetic energy E + UQ but it cannot escape from
it. The annular-shell region a < r <b forms a potential barrier
because here the potential energy is more than the total available
energy E. Classically the alpha particle cannot enter this region
from either direction, just as a tennis ball dropped from a certain
height cannot rebound higher; in each case the kinetic energy would
have to be negative. The region r > b is a classically permitted
region outside the barrier.

From the classical point of view, an alpha particle in the spheri-

cal potential well would sharply reverse its motion every time it

tried to pass beyond r = a. Quantum mechanically, however,
there is a chance of "leakage" or "tunneling" through such a
barrier. This barrier accounts for the fact that alpha-unstable
nuclei do not decay immediately. The alpha particle within the
nucleus must present itself again and again at the barrier surface
until conditions are right for penetration. In U238

, for example,
the leakage probability is so small that the alpha particle, on the
average, must make ~1038

tries before it escapes (~1020
per

second for ~109
years) ! However, if the disintegration energy is

greater than the barrier height, the barrier offers no hindrance to
the escape of the particle.

The "reality" of the barrier and of leakage through it is demonstrated
by bombarding TJ238 with 8.8-Mev alpha particles from Po212

. The par-
ticles are scattered by these nuclei in a way that can be accounted for if

we assume that they always move in a repulsive Coulomb field centered
on the U238 nucleus. The bombarding particles seem always to be in
the region r > b, i.e., there seems to be a barrier whose height exceeds
8.8 Mev. However, U238

itself spontaneously emits alpha particles whose
energy is only 4.1 Mev; they must have penetrated this barrier in some
way. As we have said, this is not surprising in quantum mechanics.

The disintegration constant of an alpha emitter is given on the
one-body theory by

X = coP (19)

where o> is the frequency with which the alpha particle presents
itself at the barrier and P is the probability of transmission through
the barrier.
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Equation 19 suggests that our treatment is going to be semi-

classical in that our discussion of the situation for r < a is very

"billiard-ballish." A rigorous wave-mechanical treatment, how-

ever, gives about the same results for this problem. The quantity

co is roughly of the order of v/a where v is the relative velocity of

the alpha particle as it rattles about inside the nucleus. We can

find v if we know Ek , the kinetic energy of the system, from

v = (2Ek/m)
y*

(20)

where m is the reduced mass of the alpha particle in the residual

nucleus. Ek is just E + U . If we are satisfied with a rough value

of oj we can assume that E is, say, 5 Mev and can guess that C/o

does not differ too much from E. Putting Ek ~ 10 Mev in Eq.

20 then, and putting a ~ 9 X 10~13 cm leads to w « 2 X 1021 /sec.

We will see later that we do not need to know co very precisely to

check the theory.

P, which varies from to 1, is shown in Appendix 8 to be given

by

where

P = e~x (21)

x = 2(2m)M/T1 f [V(r) - E] 1A dr (22)

V(r) is the Coulomb potential energy given by

V = zZe2/r (23)

In the above, z is the atomic number of the alpha particle (2)

and Z is that of the residual nucleus.

The barrier height Eb is determined by putting r = a in Eq. 23.

For the typical alpha emitter U238 (Z = 90, a = 9 X 10~13 cm)

we calculate a barrier height of 29 Mev; this is much greater than

the disintegration energy of any known alpha emitter. The ratio

y = E/EB = Ea/zZe2
(24)

is a convenient parameter; it involves the effective nuclear radius

a. For our typical nucleus, y = 0.14. b, the upper limit of the

integral in Eq. 22, can be found by putting V(b) equal to E in

Eq. 23:

b = zZe2/E (25)
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From Eq. 22, we see that a long period (large x) corresponds to
a large mass for the escaping particle, a small radius for the re-

sidual nucleus, a small disintegration energy, a large atomic num-
ber for the residual nucleus, or a large atomic number for the
escaping particle. These conditions seem reasonable because, with
the exception of the first, each means a thicker barrier which must
be tunneled; the penetration probability is very sensitive to the
height and width of the barrier. Putting h = in Eq. 22 gives
P = in Eq. 21 which means X = (Eq. 19). This result is to be
expected from the correspondence principle in this classical limit.

The integral in Eq. 22, when evaluated, leads to

x = 2(2m) J%-1 (zZe7^)[arc cos y
A - y\\ - y)*] (26)

The theory gives a satisfactorily rapid variation of X (or T) with
the parameters E, a, z, Z, and m as Table 5 shows. The first

TABLE 5

Sensitivity of Alpha-Decay Theory to Various Parameters

m, T,

a E, rela- from
z Z 10 _13 cm Mev tive theory

2 86 9.00 5.00 4 25 yr
2 86 9.00 5.50 4 19 days
2 86 9.90 5.00 4 1.3 yr
2 87 9.00 5.00 4 30 yr
3 86 9.00 5.00 6 ~1080 yr

row of this table represents an average alpha emitter; the remain-
ing five rows show the effects of changes in the parameters. The
last row of the table describes the emission of Li6 , in place of an
alpha particle, with the same assumed daughter nucleus and dis-
integration energy.

4.12- Comparison of alpha-decay theory with experiment
A comparison of theory with experiment can be done in two

ways. One is to substitute radii calculated from Eq. 1, Chapter
1, into the theory and make a theoretical plot, for various Z
values, of X (actually log X, or log T) against E. The experimental
values of X and E for various alpha emitters can then be entered
on the graph and a comparison made. The solid lines of Fig. 5
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were calculated in this way, using r = 1.48 X 10~13 cm in Eq. 1,

Chapter 1, along with a somewhat more sophisticated value for

w (P50). The agreement for these even-even nuclei is remarkably

good. We must realize, however, that an error of a factor of 2

in co would only move the curve up or down by about 1 mm in

this figure, because of the logarithmic nature of the scale. This

is why we can get away with using a crude value of co. Note that

nuclei Po208 and Po210 fall definitely above their curve. The
daughters of these nuclei (see also Fig. 6) have Z = 82 and N =
122, 124, and 126. The daughter nuclei are thus "doubly magic"

and might be expected, because of their tight binding and stabil-

ity, to have slightly smaller radii than normal. Eq. 1, Chapter 1,

does not consider radius variations, if any, due to nuclear shells.

Another way to check the theory is to substitute experimental

values of X and E into the theory and solve for the nuclear radius.

As above, the sensitivity of the formula works to our advantage

and we can get rather precise radii from a rough knowledge of co.

Kaplan (K51) has done this for some even-even alpha emitters,

using a more rigorous form of alpha-decay theory developed by

Preston (P47). Table 6 shows Kaplan's results. Note that, as

expected from the discussion above, Po210 and Po208 exhibit smaller

radii than normal.
TABLE 6

ro for Some Even-Even Alpha Emittees (K51) *

Disinte-

gration

Parent Energy, Logio X, ro,

Nucleus Mev sec 10-13 cm

Cm242 6.18 - 7.242 1.55

pu240 5.20 -11.437 1.60

pu236 5.85 - 8.090 1.56

^J238 4.25 -17.312 1.59

1J232 5.40 - 9.504 1.57

JJ228 6.83 - 3.017 1.53

Th226 6.41 - 3.426 1.5S

Ra222 6.62 - 1.745 1.59

Em220 6.39 - 1.896 1.58

Po218 6.12 - 2.421 1.56

Po214 7.83 3.666 1.56

Po210 5.40 - 8.765 1.43

Po208 5.24 - 9.867 1.43

' Only about half of the nuclei reported by Kaplan are included here.
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What now about the fact that nuclei that are not even-even
have somewhat longer half-lives than the theory predicts? One
suspects here a failure of the hypothesis (already shaky for the
even-even types) that the alpha particle is preformed before emis-

sion. Any lack of preformability would tend to slow down the
decay process.

Let us note one final point: The alpha decay might take place in such
a way that the alpha particle-residual nucleus system would have angular
momentum as the two components fly apart. Quantum mechanically
the values Ih, where I = 0, 1, 2 , are allowed for this quantity. If

there is angular momentum the effective barrier height can be shown to

be a little greater. However, the effect is not enough to cause much
difference in the emission probability unless I is rather large (>3, say;

seeBW52, p. 577).

PROBLEMS
1. Hull and Seelig (H41) measured the half-life of I128 . Here are some of

their data. The decay rates have been corrected for background and for

counter dead-time losses. What half-time and disintegration constant result?

Time, Decay Rate, Time, Decay Rate,
min counts/sec min counts/sec

4 392.2 108 21.5
12 315.1 116 17.6
20 251.1 124 14.0
28 202.9 132 10.9
36 161.4 140 8.84
44 128.3 148 7.05
52 102.7 156 5.72
60 82.1 164 4.56
68 65.5 172 3.78
76 52.6 180 2.88
84 41.6 188 2.39
92 33.9 196 1.86
100 26.8 204 1.56

2. Hosemann (H36) has reported that samarium emits low-energy alpha
particles at the rate of 89 ± 5 particles/g sec for the element. Weaver (W50)
has verified that Sm147 (abundance 15.1%) is the responsible isotope. What
half-life can you calculate from these and other data?

3. A cyclotron-produced radioactive sample is a mixture of Cu64
(12.8 hr)

and normal copper. The sample mass and activity are 100 mg and 28 mc,
respectively. What is the ratio of the number of stable to the number of radio-

active copper atoms in the sample?

4. A sample of BaS04 in which some of the sulfur atoms are S35
(87.1 days)

has a specific activity of 70 rd/mg. Suppose we make a 5.0 ml saturated
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aqueous solution of this material, evaporate it to dryness, and measure its

activity with a Geiger-counter arrangement. What counting rate will result?

The geometrical and other conditions are such that 1 disintegration out of

100 is recorded by the counter; the solubility of BaS04 in water at 20.0°C is

19.8 X 10~6 equivalent per liter. This suggests a method for measuring

small solubilities.

5. The mean life of a radionucleus, as its name implies, is the life expectancy

of an average nucleus. Show that its value is 1/X.

6. In following a decay curve with a Geiger counter we observe the number

of counts N that arrive between two intervals of time h and h- Usually

t2 — ti - A is very much less than the half-life T, and we associate the rate

A/A with the midpoint of this interval. If A is small with respect to T, but

not negligible, with what time should the rate be associated?

7. Among the products of uranium fission are several radioisotopes of iodine.

It has been observed that radioactive xenon is produced by and emanates

from these chemically separated iodine preparations. Dodson and Fowler

(D40) have collected this xenon in a specially designed Geiger counter and

have followed its activity for a number of days. Here is a sample of their

data. What half-lives result for the two xenon activities that are present?

Time, Activity, Time, Activity,

days counts/min days counts/min

0.5 3600 5.0 71

1.0 1500 7.0 52

2.0 310 9.0 38

3.0 130 12.0 23

4.0 90 15.0 13

8. U236
is an alpha emitter (8.5 X 108 yr). Its daughter is the beta emitter

Th231 (25.7 hr). Assume that we mix various initial amounts of Th231 with

1.0 mg of U 235
;
plot the beta activity of the mixture (due to Th231

) as a func-

tion of time for a 100-hr period. As initial amounts of Th231 choose 0, 0.5, 1.0,

and 1.5 times the amount that corresponds to secular equilibrium.

9. The nucleus Th234
is normally present in uranium compounds, in secular

equilibrium with its parent, U238
. When separated chemically from uranium

it decays with a period of 24.1 days into Pa234
. This in turn decays with a

period of 1.14 min into U234 (2.4 X 105
yr). At a certain time let us remove all

the Th234 from 10 g of U238
(4.5 X 109

yr). Plot, in rutherfords, the activity

due to Pa234 as a function of time over (a) a 10-min period, and (b) a 5-day

period. Discuss from the point of view of secular and transient equilibrium.

10. Prove Eq. 14.

11. For the alpha decay of Ra226 compute the half-lives that are expected

on the one-body model for assumed Rn222
radii of 8.0, 9.0, and 10.0 X 10~13 cm

respectively. The measured kinetic energy of the alpha particle is 4.791 Mev.

What radius must be used to give the measured half-life (1622 yr)? What

percentage change in period corresponds to a 1.0% change in radius at this

"correct" radius?



5 * Gamma Radiation and

Internal Conversion

5.1 • Introduction

Gamma emission, which was discovered in 1900 by Villard,

represents a way of getting rid of nuclear excitation energy; as

such it must compete with other processes such as particle emis-

sion, beta decay, or fission. Gamma radiation, like ordinary light,

is electromagnetic in nature; it differs in that its wavelength is

much shorter or, correspondingly, its quantum energy much

larger. A nucleus may also transfer surplus energy directly to

one of its atomic electrons, causing it to be ejected from the atom

with a kinetic energy Ee given by

Ee = E - EB (1)

E is the available excitation energy and EB is the binding energy

of the ejected electron in its shell of origin. This process, called

internal conversion, is often numerically competitive with gamma
emission. Note that E is the energy of the gamma rays that

accompany the conversion electrons. Since internal conversion

and gamma emission are often alternate ways of accomplishing

the same nuclear transition we will describe them both in this

chapter.

GAMMA EMISSION

5.2- Energy measurement (C53)

Just as for alpha decay, two measurable characteristics for

gamma emission are the disintegration energy and the disintegra-

tion constant (or the mean life). Let us discuss the former first,

noting at once that the disintegration energy is practically the

same thing as the energy of the gamma ray. Consider, for ex-

ample, the emission of a 1.0-Mev gamma ray from a nucleus with
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A = 50. From conservation of momentum we can show that

the ratio of the recoil energy to the photon energy fia is feo/2mc
2

in which m is the nuclear mass and c the speed of light. For our

example this ratio is only 1.1 X 10
-5

.

One method of energy measurement is based on the fact that

when gamma rays pass through matter they are attenuated by

several processes. Theories giving the attenuation as a function

of the gamma-ray energy have been developed and will be dis-

cussed in Chapter 7. Thus we can find the energies by compar-

ing experimental and theoretical absorption coefficients.

A second energy-measuring scheme is to transfer the gamma-
ray energy quantitatively to a charged particle or particles; the

energy of the latter can then be measured by magnetic deflection.

Nature in effect provides this in the internal-conversion process.

If internal conversion does not occur, the gamma rays can be

allowed to strike a thin radiator and eject monoenergetic photo-

electrons from it. This method, called external conversion, forms

the backbone of modern precision gamma-ray spectrometry.

Equation 1 holds for it, with EB taken as the binding energy of

the appropriate level in the radiator atoms. The precise measure-

ment of the electron energies will be discussed in Chapter 6. The

pair spectrometer (Sect. 5.4) is another instrument in which the

gamma quantum is "transformed" into a more tractable form (a

negatron-positron pair) for measurement.

If gamma rays are allowed to produce secondary electrons in a

suitable fluorescent transparent crystal (Sect. 8.8), their energy

can be determined by measuring the light emitted from the crys-

tal. The light originates in excited atoms produced by the sec-

ondary electrons as they are brought to rest by collisions in the

crystal. Another technique, suitable for low energies, is based

on a proportional counter (Sect. 8.5). This is a gas-filled device

that delivers an electrical pulse proportional to the total number

of ions initially formed in the gas. The ions are produced by

gamma-induced secondary electrons which, if their energy is low

enough, can dissipate all their energy in the counter gas. Another

method of energy measurement involves measuring the associated

gamma-ray wavelength by crystal diffraction.



Sect. 3] GAMMA RADIATION AND INTERNAL CONVERSION 91

5.3- Wavelengths by crystal diffraction

The associated wavelength of a photon is related to its energy
Ehy

E = hc/X
(2)

For photons in the characteristic x-ray region the wavelength is

of the same order as interatomic distances in crystals. The crys-
tals can thus serve as three-dimensional diffraction gratings in a
way first suggested by von Laue in 1912. For photons in the 1-Mev
region, however, the wavelength is only ~10-10

cm, so that the
method becomes difficult. Nevertheless Rutherford and Andrade
(R14) were able to make some definitive measurements of this

sort in 1914, thus demonstrating that gamma rays have a wave
characteristic.

More recently DuMond and his co-workers at the California

Institute of Technology (D47, Mu52) have been able to achieve
excellent precision with the

diffraction method, using a ,''~~ ~~"x
large curved-crystal spectrom- S'/^«__ \
eter of the Cauchois-DuMond / ^"^~""""""?-——Vc
type (Fig. 1). The source is

x
-* ^^i^rp^^T ^^

placed at S and the diffracting \ ^^^^—--^^i^^ D /
crystal C is bent so that the SK^^ / ^=^vV
diffracting planes intersect,

v
xv ,'

when extended, in a line at x,
'

normal to the plane of the
FlQ

\
1

-

f
curved-crystal gamma-ray

„,, spectrometer; 6 is the Bragg angle
figure, lhe radius of curva-

(see D47)
ture of the crystal is then

equal to the diameter of the focusing circle (2.0 meters). If the
usual Bragg condition is satisfied there will be a diffracted beam
as shown; it will enter the detector D as if it came from a virtual

source at S'. For every wavelength there is a source position

somewhere on the focusing circle that will yield a diffracted beam.

Figure 2 shows the counting rate as a function of position as the source
is moved through the point at which a diffracted beam occurs. The
figure refers to the 411-kev gamma ray from Au 198

. Although a strong
source (~1 curie) must be used, the precision is excellent and a wave-
length of (3.0105 ± 0.0003) X 10"10 cm is quoted. This corresponds to

a quantum energy of 411.770 ± 0.036 kev. The energy found for this

gamma ray by magnetic analysis of photoelectrons knocked out of a
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radiator is 411.75 ± 0.10 kev (L52). The agreement is excellent. The

diffraction technique can be applied for energies as high as 4 Mev if strong

enough sources are available (Ho53).

2000

1500

•E 1000

500

11
H

1XU

Equivalent to one turn -

of screw or 1 mm
travel of carriage

A t

-31.00 -30.50 -30.00
XU

-29.50

Fig. 2. Some data taken with the instrument of Fig. 1. 1XU = 10 u cm.

(D47.)

5.4* Pair spectrometer (M47)

While this device does not seem capable of exceptional precision

it is one of the few methods that can be used at higher energies

(>3 Mev, say). To understand it we must say something- about

pair production, a phenomenon dealt with more fully in Chapter

7. A gamma ray, in passing near a nucleus, sometimes disappears

and converts its energy into the creation of a negatron-positron

pair. A photon must have at least 2mc2 («1.0 Mev) of energy,

where m is the electron mass, or it cannot create the pair; any

surplus appears as kinetic energy.

Figure 3 shows the apparatus of Walker and McDaniel (Wa48)

.

Gamma rays enter as shown and strike a thin radiator foil, occa-

sionally producing pairs. A magnetic field B is normal to the paper,

and we see the paths of a positron and a negatron. Let the radii

of curvature of these tracks be p
+ and p~

. If the gamma-ray
energy Ey is high enough, the sum 2(p

+ + p~) turns out to be

approximately constant, no matter how the available kinetic en-

ergy is shared between the positron and the negatron.
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Scale: cm

Fig. 3. A pair spectrometer. The numbered blocks at L and R are sets of
Geiger counters (Wa48).

To show this, assume that the electron energies are so high that the
energy associated with their rest mass (roc

2 = 0.51 Mev) can be neglected
in comparison to their kinetic energies E+ and E~. We can then write

Ey « E+ + E-
(3)

Guided by Eq. 4, Chapter 2, which is true not only for photons but for
fast particles of negligible rest mass, we can also write

E+ « p+c and E~ « p~c (4)

where p+ and p~ are the momenta. The momentum of a charged particle
is given by Bpe, where p is its radius of curvature in a magnetic field
(Sect. 6.3). Thus, to the extent that our approximations are valid

Ey = (p+ + p~)c = Bec(p+ + p~) = aB

which proves that (p+ + p~) and hence a are constant.

(5)



94 INTRODUCTORY NUCLEAR PHYSICS [Ch. 5

The radiating foil is placed between two Geiger counters, oper-

ated in coincidence. Equation 5 tells us that for a given gamma-
ray energy there will be a certain value of B at which pairs will be

880

800

720

640

560

j2 480
c

<S 400

320

240

160

80

17.60 Mev

]

1

1'1.65 M ev y fl

" >

0/ i

o ^l>- •^\ o
o

38 42 46 50 54 58 62

B(p+ + p~), 103 gauss cm

66 70

Fig. 4. Some data taken with the instrument of Fig. 3 (Wa48).

recorded by the counters. Note especially that a pair can be re-

corded from any part of the radiator if the energy division is

"right."

For the instrument of Fig. 3 the radiator was 6.3 cm X 12.8

cm in size. The quantity (p
+'+ p~) is constant to 0.9% across

this radiator for a 3-Mev gamma ray and to 0.2% for a 6-Mev

gamma ray. Two banks of four counters each, rather than a single

pair, are used, permitting greater speed of recording. Figure 4

shows a plot of the coincidence counting rate as a function of the

strength of the applied magnetic field for gamma rays from the

reaction

Li7 + V ->• Be8 + y
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The proton energy is 0.46 Mev, and the radiator was a 4.0-mil

copper foil. Two gamma rays are evident, at energies of 17.60

Mev and 14.65 Mev.

5.5- Mean lives for gamma emission; isomers

Gamma emission often occurs with a very short mean life

(<10
—13

sec, say). We can then only observe it in virtual co-

incidence with the preceding process, which might be beta or

alpha decay or a nuclear reaction. If, for example, such a fast

gamma process follows a beta decay, the half-life measured with

a gamma-sensitive detector would be that of the beta process.

Sometimes, however, the gamma half-life is long enough to be

measured directly or to affect other related half-lives. The two

states involved in the gamma transition are then called isomers.

The definition is not rigorous since it requires that we define what
we mean by a measurable half-life.

The first known example of isomerism was Pa234
, discovered in

1921 by Hahn (H21). A recent table of nuclear data (H53) lists

some 120 isomeric transitions, ranging in mean life from 10
—10

sec

to 4 yr. If the mean life for the gamma transition is too great the

system may decay, meanwhile, by beta emission. Isomerism can

then be deduced from the presence of this "extra" beta process

and from the absence of the direct gamma transition.

Natural bromine has two stable isotopes, Br79 and Br81
. If a bromine

solution is bombarded with slow neutrons and a chemical extraction of

bromine carried out, a beta and a gamma activity remain. If the activity

is analyzed by the methods of Sect. 4.3, periods of 18 min, 4.5 hr, and

34 hr, associated with beta rays, are found. This is at first surprising; if

the reactions are

Br79 + n -> Br80 + y

and Br81 + n -> Br82 + 7

only two periods are expected. Isomerism of Br80 explains the results.

Figure 5 shows what had been deduced about the decay of Br80 by

studying its radiations. Three bromine levels are hypothesized, with

spins as marked; the state marked "5" is metastable, with a half-life for

gamma emission of 4.5 hr. When bromine is bombarded with slow neu-

trons some of the Br79 nuclei will capture them, forming Br80
. These

nuclei will be formed in highly excited Br80 states, not shown in Fig. 5.

However, these states will decay very rapidly by prompt gamma emission

until finally the available nuclei are roughly equally divided between



96 INTRODUCTORY NUCLEAR PHYSICS [Ch. 5

states 5 and 1 of Fig. 5. There will be very few in state 2 because the

gamma transition to state 1 is not highly forbidden. Nuclei from the

ground level (state 1) decay partially by positron emission to Se80 and

partially by negatron emission to Kr80
. The half-

life of this state is 18 min.

At first, after neutron bombardment, most of

the transitions are from the level 1; the 18-min

activity then predominates. As time goes on, the

number of nuclei in this level comes into transient

equilibrium with the number of nuclei in the

metastable state 5. The activity then has a 4.5-

hour period. State 2 plays no essential' role.

DeBenedetti and McGowan (D46; D48)

extended the limit of detectability of isomeric

decays down to about 10~7
sec and discovered

a number of new isomeric pairs. One of
181

Fig. 5. Levels asso-

ciated with the iso-

meric decay of Br80
.

The spin-5 and spin-2

levels are, respec-

tively, 86 and 37 kev
above the spin-1

level.

them, Ta , has a period of 22 /isec and a

gamma energy of ~140 kev. Ta181
is pro-

duced in a metastable state by the beta decay

of Hf181
. The sample was placed between

two Geiger counters (Fig. 6). There was an

arrangement for delaying the voltage pulses

from counter A by a controllable interval t

(variable at will from 1 /usee to 104 yusec)

before passing them on to a coincidence circuit. This unit

records events in which (1) an ionizing particle passes through A,

and (2) at a time t later, a second ionizing particle passes through

B. Figure 6 shows a semilog plot of the coincidence counting rate

against delay setting t. Analyzing this as a simple decay curve

yields a 22-jusec period. The student should convince himself

that the decay curve should be so analyzed. These electronic

methods have been pushed to about 10
—9

or 10
—10

sec, which seems

a limit because the detecting and amplifying channels themselves

contain inherent delays which are uncertain by about this amount.

Jacobsen, in 1924, devised an ingenious "time-of-fiight" method to

measure the mean life of excited nuclei produced by radioactive decay

(J24). It takes advantage of the fact that the excited nuclei are moving,

as a result of recoil following the decay, and therefore will travel a certain

distance before they emit a gamma ray. The mean distance traveled,

which can be determined by a suitable movable screen or collimator, is



Sect. 5] GAMMA RADIATION AND INTERNAL CONVERSION

0.01 r

97

0.001

Delay -^

Source

^
iff

^-h

Coincidence

circuit
V

Tv ~Z2»szc

10 20 30 40 50 60 70 80

Delay in /isec

Fig. 6. Above: An apparatus used to study an isomeric transition in Ta181
.

Below: A semilogarithmic decay curve for this transition. (D46.)

proportional to the mean life. This method has been applied recently by
Thirion and Telegdi (T53) to excited nuclei produced by nuclear bom-
bardment. If Be9

, for example, is bombarded with deuterons, B 10
will

be formed from the reaction

Be9 + d -> B 10 + n (6)

The B 10 nuclei will have some forward momentum and will decay in flight

a certain distance in front of the beryllium target.

^
E^

\ Pb ZL
Pb r

1'

Fig. 7. B is a deuteron beam striking a beryllium target at T. A tungsten-

lead collimator allows gamma rays to be detected by scintillation counter D.

(T53.)

Figure 7 shows the arrangement. Deuterons with 1.32 Mev of energy

struck the thin beryllium target (40 Mg/cm2
) at T. The rest of the ap-

paratus is a collimator with tungsten jaws, arranged so that the gamma-
ray detector D can "peep" at the recoiling atoms as they go past the
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collimator. Figure 8 shows a plot of normalized detector reading versus

source position. The steep curve A was found by covering the target

with a nickel foil thick enough to stop the recoils. It measures the pOSi-

CD —

1.0
:">

1 1 1

0.5

-

:

r

^H» -

- X. 1 1 1 I12 3 4
Source position, mm

Fig. 8. The normalized gamma intensity measured by the detector of Fig. 7

for various target positions. The curve B is calculated for a mean life of

7 X 10"10
sec (T53).

tion of the plane from which the recoils start. Curve B is taken without

a source covering; it shows gamma emission in flight. Analysis yields

(7 ± 2) X 10"10 sec.

Several other ingenious, non-electronic methods have been used to

extend mean life measurements down, in some cases, to ^lO -14
sec (M53,

Ma53, K54).

5.6- Electric multipoles

The rigorous treatment of gamma emission by quantum mechan-

ics is difficult because we do not know enough, about nuclear struc-

ture to treat the problem on a very fundamental basis. We will

therefore proceed by easy stages, according to the following

scheme. (1) We will first show how an arbitrary stationary dis-

tribution of point charges can be described formally as the super-

position of a series of simple standard distributions called the

electric multipoles. (2) We will next derive an expression for the

energy that such an arbitrary charge distribution has if it is placed

in an external electric field of known characteristics; the electric

multipoles will also figure in this description. (3) Next we will

modify and extend the remarks in (1) and (2) above to describe
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the static distribution of electric charge in nuclei. (4) We then

consider the classical equivalent of gamma emission, namely, the

production of electromagnetic waves by oscillating charge distribu-

tions, among other ways. (5) Finally we make the transition to

a quantum-mechanical description of gamma emission, guided by
analogy with the classical description just given.

Let us proceed to examine the properties of static charge

distributions. Let the charges, assumed to be point charges of

magnitude g,, be grouped about the origin and let r t
- be the vector

that describes the location of each charge. If R is a vector that

describes a typical observation point, assumed distant from the

group of charges, we can ask: How does the electrostatic poten-

tial due to the charges vary with R? The answer is

*<E) =?ra (7)

where the sum is taken over all the charges in the group. The
denominator is the magnitude of the vector difference between

R and r,-; this is simply the distance from the z'th charge to the

field point.

The components of R are X, Y, and Z; those of r are x, y, and
z. Equation 7 then becomes

tfX, Y,Z) = Z qJi(X - xd 2 + (F - Vi)

2 + (Z - ztf}-*
i

= £ QiWi (8)
i

We can expand the quantity Wi in a three-dimensional Taylor

series about the origin according to the scheme

Wi(X, Y, Z) = [TFJo +

+

—) *< + (—) Vi + (~) «]
, dx /o V dy / V dz /o \

2\dx*)
Xl +

2\dy2 )
Vl +

2V Wo*
/d

2Wj\ /d
2WA /d2WA

\dxdy/ \dxdz/o \dydz/o

The subscript indicates that these coefficients are to be evaluated
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at the origin. Carrying out the algebra finally yields

<p(X, Y,Z)=\
K

Uli +
R2

l
I X 1ixi + »>I qiVi + n £ qtZi

1

- (31
2 - 1) E «,*,

2 + - (3m2 - 1) E »(2

2 i 2 i

+ - (3n2 - 1) ^2 lit? + 3lm S liXi^i
*> i i

+ din X) QiXiZi + 3mn }£ qojiZi + • (10)

where I, m, and n are the direction cosines of the vector R, i.e.,

I = X/R, etc. The quantities indicated by the summation signs

depend on the charge distribution only and not on the location

of the field point. The first square bracket is simply the net charge

which we can call the mono-pole moment of the distribution. The

second square bracket contains the three components px , py, pz

of the electric dipole moment vector, defined as follows

Px 7 ' Hv^i > Py X) qiVi; Vz = Z) q#i (ii)

Similarly, the third bracket contains the six components pxx ,

Vmi Pzz, Vxy, Pxz, and pyz of the electric quadrupole moment, a ten-

sor. These are defined from

Pxx = H Qixi

2
Pvv = H ItVi

2
Pzz = 23 Ii**

Vxy s < Qi%iVi Px — /
K t Qi%i%i Vyz 2 * QiVi^i

(12)

The term in R~4 would contain the electric octupole moment com-

ponents as coefficients, etc.

For particular charge distributions some of these moments may
vanish. A charge at the origin (Fig. 9a), for example, has a mono-

pole moment but no higher moments. The distribution of Fig.

96 has no monopole or quadrupole moment but it does have a

dipole moment (= 2ea). For Fig. 9c the first two moments van-

ish but there remains a quadrupole moment, with all terms save

Pzz(= 2ea
2
) equal to zero. The displaced charge of Fig. 9c? has
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three moments with respect to origin, a

monopole moment e, a dipole moment

p z = ea, and a quadrupole moment
j>zz = ea

2
. This emphasizes that the

magnitude of the multipole moments
depends on the origin. Note that this

displaced charge is exactly equivalent

to the charge distribution of Fig. 9e

which shows that structures with 1, 2,

and 4 "poles" can actually be imagined.

Indeed, for any arbitrary charge distri-

bution, it is possible to find an array of

electric multipoles that yield the same
electric potential at all distant points.

Closely analogous to the static electric

multipoles are the static magnetic multipoles.

These are composed of non-varying, circular

current loops. A single such loop, as is well

known, constitutes a magnetic dipole; two

such loops, placed near each other but not

coinciding, constitute a magnetic quadrupole,

etc. The magnetic field at distant points set

up by any arbitrary non-varying distribution

of current loops can always be reproduced

by replacing the actual current distribution

by a properly chosen assembly of magnetic

multipoles. Although we give most of our

attention to charge distributions in our de-

velopment, the equally important parallel

remarks about current loop distributions

should be borne in mind.

(a)

(b)

+ e

! +e

" + e

(c)

-2e

+ e

+e
(d)

(e)

+e/2 +e/2

+e a| a\-e/2
° -e/2j<

-e/2

a

+e/2

Pig. 9. Some charge distri-

butions, used to illustrate

their electric moments. In
(e) all the charges are to be
imagined projected to the

left onto the vertical axis;

they are shown as extended
horizontally for clarity.

5.7- Electric multipoles in an external electric field

Another question that we can ask about our static charge dis-

tribution is: What electrostatic energy will it have if we place it

in an electric field? This is important for nuclei because they are

immersed in the electric field set up by their orbital electrons.

The energy the nucleus has depends on its orientation in this

field, a fact that we can use to measure nuclear electric quadrupole
moments (Sect. 15.8). Though this section is somewhat apart from
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our main argument we include it here for completeness and for

later use.

Let the external field be described by a potential V(x, y, z). The
energy is then

E = Z ViVixt, Vi , Zi) (13)

where X{, yi, and Zi are the coordinates of the ith. charge. We can

expand V(x, y, z) in a Taylor series about the origin, according

to the scheme

V{x, y, z) = [V] +

l/d2V
+

+

2W
\dx/o \dy/ \dz/ J

\dydz/ J

2W/0
/d2V\

(
dV \ __

\dxdyJo \dxdz/o
+ (14)

where the subscript means that the quantity is evaluated at the

origin. Combining Eqs. 13 and 14 leads to

E = [(y)„2g<l +
\ dx J

/dV\
+ Vv (

—
) +P

\dy/o \dz) \

+
1 /d2V\ 1 /d2V\ 1 /d 2V\

2^\^) + 2^W)o+
2
P
"\-^)o

/d2V\ /d2V\ /3
2^\1

+ ^Wo+ ^Wl+ ^Wo J
+ • (15)

The energy is given, as we see, in terms of the electric multipole

moments of the charge distribution and the external potential

and its derivatives at the origin. We will find the results of this

section useful in later sections when we discuss the measurement

of the nuclear electric moments.

In a similar way the energy of an arbitrary assembly of current loops

in an external magnetic field can be expressed in terms of the magnetic

multipole moments and the external field and its derivatives at the origin.
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5.8- The electric multipole moments of nuclei

If our charge distribution is continuous rather than discrete,

the moments must be redefined; taking the dipole moment as an

example, we have (compare Eq. 11)

Px =
f P (r)x dv; py =fp(r)ydv; p, =Jp(r)«d» (16)

in which p(r) is the charge density and dv a volume element.

For nuclei, we can take as a model an ellipsoid of revolution with

the z-axis as a symmetry axis. Taking the center of mass as an

origin we see that the electric dipole moment integrals (Eq. 16)

vanish because of this symmetry. Also, all of the quadrupole-

moment elements vanish except p zz and pxx (= pm). Whether

the nuclear electric dipole moment does indeed vanish is a test

of the correctness of our model.

Let us inspect the special form taken by Eq. 15 for nuclear charge

distributions. The first term is just the energy that the nucleus

would have in the field if it were a point charge. The next three

terms are zero because the dipole moment is assumed zero. The

quadrupole energy terms are

We can now apply Laplace's theorem to the external field. Evalu-

ated at the origin it states

Combining Eqs. 17 and 18 yields

1 /d2V\ 1 /d2V\

for the quadrupole energy. Thus only the difference

q = 2(p« - pxx)
(!9)

appears in the expression for the energy; we need report only one

number, q, for the nuclear quadrupole moment. Note from Eq.

19 (see also Eqs. 12) that q is zero for a spherical charge distribu-

1

~Vxx
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tion; it is positive for a distribution that is prolate (cucumber-

shaped) about the 2-axis and negative for one that is oblate (ham-
burger-bun-shaped) about this same axis.

Actually quantum mechanics requires that the nuclear quadrupole

moment be defined by a slightly more complicated relationship than
Eq. 19. To derive it, let us first write q in a different way.

q = 2(Pzz - Pxx)

= %Pzz — Pxx — Pyy (since px

=
J*p(r)(2*

2 - x2 - y
2
) dv

Pw)

(20)

The last step involves a modification of Eqs. 12 for continuous charge

distributions; compare Eqs. 11 and 16, for example. Since

x2 + y
2 + z2

Eq. 20 can be written as

q =fP(t)(3z
2 - r2) dv

(21)

(22)

So far this is simply a new method of writing Eq. 19.

Let us now consider that angular momentum vectors can never, accord-

ing to quantum mechanics, line up perfectly in any given direction, say

that of an external field, but always precess around it at some angle /3

(Pig. 10a). If the spin is I the magnitude of the angular momentum is

--<

Z> (b)

Fig. 10. (o) An angular momentum vector and its maximum projection on
the z-axis. (fe) A charge distribution symmetrical about the z'-axis is shown

precessing about the z-axis.
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[7(7 + l)]'
Ah and the maximum projected value is Ih. Thus the smallest

possible value of (3 is given by (assuming I > 0)

cos jS = I/[I(I + 1)]
H = (7/7 + 1)

«

(23)

Nuclear quadrupole moments are denned by applying Eq. 22 not to the

"body axis" of the charge distribution («' in Fig. 106), but to the preces-

sion axis (z in Fig. 106). For the charge distribution of Fig. 106, the

result of applying Eq. 22 (or Eq. 19) to the g'-axis is

q' = (3a2 - a2
)e + (3a2 - a2

)e = 4ea2
(24)

Applying it to the «-axis yields

q = 2ea2(3cos2 /3- 1) (25)

or

? = i
9'(3cos

2 /3-l) (26)

We can show that Eq. 26 applies to any charge distribution that has

rotational symmetry about the 2'-axis. Reverting to nuclei and using

Eq. 23 yields

t/(3z
' 2

~~ r2)p(r) dv (27)
127-

1 = o2 7 +

Note that if 7 = y2 ,

Also, there can be no quadrupole moment for 7 = because there is no

symmetry axis in this case. Thus the smallest spin for which q does not

inherently vanish is 7 = 1. This is one case of a general rule for multi-

poles: to have a magnetic dipole moment we must have 7 > J^; for an

electric 16-pole moment we must have 7 > 2, etc. Actually, the q of

Eq. 27 is usually divided by e and the resultant quantity, measured in

cm2
, is called the nuclear quadrupole moment.

The definition of Eq. 27 must still be regarded as semiclassical because

it does not contain the nuclear wave function. To modify the definition

still further, let us consider a nucleus in which all of the neutrons and

all of the protons but one are distributed with spherical symmetry so

that the quadrupole moment, if any, is due to the time-averaged posi-

tion of this single extra proton. Let i^(r) be the wave function whose

square measures the probability per unit volume that this extra proton

will be at position r. In other words, if \j/ is properly normalized,

p(r) = ^(r)^*(r)e (28)

The quadrupole moment for this one-proton situation is then (dividing

bye)

q =
\ ^^J>(r)(3*'

2 - r2W*(r) dv (29)
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Proceeding as above we could also give semiclassical and quantum-
mechanical definitions for the higher electric moments and for the mag-
netic moments.

5.9* Classical treatment of gamma emission (S47, S49)

The emission of electromagnetic waves a la Maxwell or Hertz

is the classical analog of gamma emission. We can produce such

waves in two ways. One is to set up a system of charges that os-

cillates with time in a periodic way or, what amounts to the same
thing, a system of time-varying current elements; the current

elements can be either linear (Fig. 11a) or circular (Fig. 116).

The other way to produce electromagnetic waves is to cause an

intrinsic magnetic dipole, i.e., a bar magnet, say, to vary period-

ically in orientation or strength. Either of these situations will

cause electric and magnetic fields to be set up at distant points,

and we will have an outgoing electromagnetic wave. For the

time being we will ignore radiation due to intrinsic magnetic

dipoles.

Consider the two classical radiators of Fig. 11; both consist of

an oscillator which provides a sinusoidally periodic potential at

an angular frequency co to the lead-in wires. Figure 11a represents

an alternating electric dipole. In essence it is a short vertical piece

of wire in which electrons surge periodically from one end to the

other. If we assume the wire to have no net charge this means
that each end becomes alternately positive and negative as time

goes on. Alternatively, we can focus attention on the currents

that bring about this charge alternation and describe the dipole

as a linear current element whose intensity varies periodically

with time. The current loop in Fig. 116 is equivalent to an al-

ternating magnetic dipole.

The radiation patterns for the two dipoles of Fig. 1 1 are identi-

cal save that the roles of the electric and magnetic fields are inter-

changed. For each the power per unit solid angle radiated in a

direction making an angle 6 with the 2-axis is proportional to

sin
2

0. It is not possible to distinguish these two configurations

by making only power measurements at , distant points ; a meas-

urement of polarization (i.e., the orientation of one of the fields) is

also needed. Note that, for the electric dipole H(r) = —H(— r)

where r is a radius vector from the origin to any distant point;

for the magnetic dipole, H(r) = +H(-r). Thus, (Sect. 2.12) the
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Fig. 11. (a) The two short vertical rods at the origin are connected to an
oscillator of angular frequency o> and constitute an alternating electric dipole.

(6) The small loop in the x-y plane is connected to an oscillator of angular fre-
quency u and constitutes an alternating magnetic dipole. The magnetic force
lines near the dipoles and the fields at a distant point r (in the x, z plane, for
convenience) are shown in each case. The lead-in wires in (a) and (6) should
be imagined to be twisted so that they do not contribute to the radiated field.

The student should consult, say, (S47, p. 148) for a discussion of the relation-
ship between the near field of a dipole (where E and H are 90° out of time
phase and not exactly at right angles to each other) and the radiation field at
large distances (where E and H are in time phase and essentially at right angles
to each other and to r). We are concerned largely with the radiation field.
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magnetic field can be said to have odd parity in the first case and
even parity in the second.

Oscillating charges and current elements not only radiate energy
but, in general, they also radiate angular momentum. If, for

example, we surround the radiator with a large perfectly absorb-
ing spherical shell of radius R, the shell will not only heat up
but may also be made to spin. The rate at which angular mo-
mentum is radiated is proportional to the rate at which energy
is radiated. For electric or magnetic dipoles the proportionality

constant is l/oi so that in a time during which an energy of fua

is radiated an angular momentum of fi is also radiated.

Actually the dipoles of Fig. 11 do not radiate angular momentum.
We can associate angular momentum with the photons that make up
the radiated fields in each of these cases, to the extent of Ih per photon
where I — \, but we must also assign the quantum number m ;

= which
tells us that the angular momentum vector, processing about the z-axis,

has no projection on it. This is consistent with the fact that no angular

momentum is radiated.

It is possible, however, to construct dipole arrangements with I = 1,

mi = ±1. What we need (in the electric case) are two linear current

elements, one oriented in the ^-direction and one in the x-direction. Let

each of them be periodically oscillating at frequency o>, but lei them be
90° out of phase with each other in time. A little consideration will

show that this is equivalent to a static dipole rotating in the x-y plane

at frequency u> about the z-axis. We are not surprised to learn that the

radiation from such a dipole would cause an absorbing shell to spin about

the z-axis. The radiation is said to be circularly polarized, contrasted

with the plane polarization associated with the dipoles of Fig. 11.

Thus we should say that 1/co is the proportionality constant that ap-

plies to dipole radiation in the case for which the radiated angular mo-
mentum about the z-axis is a maximum. For quadrupole radiation the

proportionality constant is 2/co, etc. The maximum radiated z-axis angu-

lar momentum per photon is h, 2h, 3h, etc., for dipole, quadrupole, octu-

pole, etc., radiations respectively.

5.10- Gamma emission—transition to quantum mechanics

Let us consider pure electric dipole radiation of frequency o>. The rate

of energy emission can be shown to be (S47, p. 159)

where pz is the amplitude of the (time-varying) electric dipole moment
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(assume px = py = 0). The probability per unit time that this oscillator

will emit a photon of energy hu is then

is?*
1

(31)

This is just the disintegration constant X for the transition, however,

and we see that it is proportional to the square of the dipole moment.

To make a proper transition to quantum mechanics we must realize

that the emission of a gamma ray corresponds to a transition from an

initial to a final state. To which state then does pz in Eq. 31 refer? We
find it necessary to redefine y z for this purpose in a way that will em-

brace both states. Classically, we recall that

/p(r).z dv (32)

Let us again assume that all of the particles in a nucleus, except a single

proton, are symmetrically distributed and that the dipole moment, if

one exists, is due entirely to this odd proton. We can write the charge

density due to this proton as

p(r) = e^(r)^*(r) (33)

where r is the vector position of the proton; W* is the normalized prob-

ability per unit volume that the odd proton will be at point r. To bring

in both states, Eq. 33 suggests that we redefine pz for this odd proton

case as

pz = e|V/*(r)«fc(r) dv (34)

where <pf* refers to the final state and ^,- to the initial one. The transi-

tion from Eqs. 32 to 34 is plausible if not rigorous; it is the penalty that

we must pay for not having started with quantum mechanics from the

very first. The quantum-mechanical dipole moment (Eq. 34) involves

a sort of weighted mean value of z between the initial and final states.

The integral in Eq. 34 is called the matrix element of z for the two states

involved. The disintegration probability X is proportional to its square,

as suggested by Eq. 31. Even though static dipole moments for nuclei

(Eq. 16) are zero, the dipole moment matrix elements (Eq. 34), which

involve two nuclear states, often are not zero.

The other electric and magnetic multipole moments must be similarly

redefined. Unfortunately we cannot evaluate these matrix elements

because we do not know the nuclear wave functions. However, we can

make some rough estimates based on particular models. The electric



110 INTRODUCTORY NUCLEAR PHYSICS [Ch. 5

quadrupole matrix element for example, which in the odd-proton case

has the form (cf. Eq. 29)

ejiPf *(3z
2 -r^idv (35)

cannot be greater than (but may be much less than) eR2
,
where R is

the nuclear radius. To have this value, the odd proton would have to

get as far from the center of mass as possible, namely, it would have to

lie on the nuclear surface.

By making estimates of this sort, based on the independent-

particle model of the nucleus, Blatt and Weisskopf (BW52, p.

627) were able to derive the following approximate expressions for

the disintegration constants for electric and magnetic multipole

radiation

where X « 10
21

sec
-1

, E « 197 Mev and R = 10~13 cm. The

double factorial symbol means, for example,

7!! = 7-5-31

The effects of intrinsic magnetization have been included in these

equations.

Eqs. 36 and 37 are expected to be correct only to within several

orders of magnitude. Table 1 shows some predicted mean lives,

for a nucleus with R = 6X 10
-13

cm. Note that the decay prob-

TABLE 1

Theoretical Mean Lives fob Multipole Radiation

(Eqs. 36 and 37)

I

Photon energy

Radiation Type 1000 kev 200 kev 50 kev

Electric dipole 1 4 X 10
~ 16 sec 5 X 10

~ 14 sec 3 X 10" 12 sec

Magnetic dipole 1 3 X 10
" 14 sec 4 X 10

" 12 sec 2 X 10" 10 sec

Electric quadrupole 2 2 X 10-n sec 6 X 10
"8 sec 6 X 10" 6 sec

Magnetic quadrupole 2 2 X 10"9 sec 5 X lO
-6

sec 5 X 10~ 3 sec

Electric octupole 3 2 X 10~4 sec 2 sec 70 hr

Magnetic octupole 3 2 X 10~2 sec 3 min 200 days
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abilities for either electric or magnetic radiation fall off rapidly

with increasing multipole order and with energy. It was Weiz-

sacker (W36) who first suggested that the finite lives of gamma-

emission processes (i.e., isomerism) could be accounted for if, for

any reason (Sects. 5.11 and 5.12) multipole radiation of lower

order was prevented from occurring.

Figure 12 shows a plot of t(R/Rq) 6 against log E for a certain

group of isomeric transitions J (Go51). The straight line is a plot

16

14

•^ 12
O

£ io
h-

00
o
-J 8

6h

25 75 100

Energy, kev

200 300 400 500 750 100XT

Fig. 12. A plot of log t(R/Ro)6 versus E for a group of isomeric transitions.

The straight line is a plot derived from Eq. 37 with 1 = 4. From Goldhaber

and Sunyar (Go51).

of Eq. 37 with I — A. The agreement is excellent so that the

transitions are evidently of the magnetic, I = 4 type. This hap-

pens to be exactly the transition type that nuclear shell theory

predicts for all of these nuclei. The agreement for other transition

types, particularly for electric transitions, is not nearly so good.

However, the agreement is quite often good enough to provide a

clear indication of the multipole order and type of the transition

(see Go51).

1 t is not the observed mean life but rather that quantity corrected for the

internal conversion effect as discussed in Sect. 5.13.
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5.11* Selection rules—angular momentum
Every conservation law that applies to a reaction limits the reaction

in some way. In gamma emission, for example, the initial and final

states differ in energy by Ef — Ei. Conservation of energy then restricts

the process to photons whose energy hu is given by this difference. Sim-

ilarly conservation of charge requires that the final state must have the

same charge as the initial state, since none is carried away by the photon.

Less obvious are the restrictions (selection rules) imposed by the con-

servation of angular momentum and of parity for the system nucleus +
photon. We know that angular momentum to the amount of Ih is carried

away by each photon in multipole radiation of the lth order. This means

that the magnitude of the vector difference of angular momentum for the

initial and final nuclear states must be Ih. If the final and initial nuclear

spins are 5 and 3, for example, any multipole order from I = 5 — 3 = 2

to £ = 5 + 3 = 8 can be radiated. Since we have seen that the disinte-

gration constant falls off rapidly with I (Table 1) we can normally ignore

all the Z's except 2 and we will expect largely quadrupole radiation.

Whether it will be electric or magnetic quadrupole radiation will be deter-

mined by parity considerations (see below). Note also that, since the

smallest value of I is unity (there is no monopole radiation) there is no

way for gamma emission to occur between states both of which have

zero angular momentum. Such — transitions, as they are called,

are completely forbidden.

5.12* Selection rules—parity

To see how parity considerations enter let us examine the odd-proton

model matrix element

f+f*(r)zMr) dv (38)

whose square determines the disintegration constant for electric dipole

radiation. Each of the three quantities in the integrand, if//*, z, and ifrh

has either even or odd parity. Thus the integrand itself has either even

or odd parity. If we represent an even-parity function by (+) and an

odd one by (— ), we can find the parity of the integrand by the rule for

the sign of a product. A little consideration will show that unless the

integrand has even parity the value of the integral, and hence the dis-

integration constant, will be zero; every contribution at position r will

be exactly cancelled by a contribution of opposite sign at position — r.

These considerations allow us to conclude something about the parities

of the nuclear wave functions. We cannot determine the nuclear parities

but we can answer the question: does the nuclear parity change during

the transition? In Eq. 38, for example, the parity of z is odd, because
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2 = — (— z); to make the integrand have even parity the parities of the

final and initial states must differ. We can say then that during an elec-

tric dipole transition, assuming one occurs, the answer to the above ques-

tion is "yes." During a magnetic dipole transition, governed by a dif-

ferent matrix element, the answer proves to be "no." We are not sur-

prised at this difference in parity behavior between electric and magnetic

dipoles if we recall (Sect. 5.9) that the parities of the radiated magnetic

fields are different in the two cases. Table 2 shows the result of a more

extended parity analysis of the matrix elements.

TABLE 2

Properties of Multipole Radiation

Angular Does the

Momentum Nuclear Parity

Type per Quantum Change?

Electric dipole h Yes
Magnetic dipole h No
Electric quadrupole 2h No
Magnetic quadrupole 2h Yes
Electric octupole 3h Yes
Magnetic octupole M No

INTERNAL CONVERSION

5.13* Nature of the process

In internal conversion an excited nucleus interacts directly with

an orbital electron, transferring its excitation energy to it. It is

not a two-step process in which a photon is first emitted and then

knocks out an orbital electron. Suppose, for example, that Ny

photons and Ne conversion electrons emerge from a radioactive

sample. We can predict that, if we could observe only the com-

pletely stripped nuclei, the number of photons that would emerge

would still be JV7 and not (Ny + Ne). A more practical test is

this: Eqs. 36 and 37 as they stand do not agree well with experi-

ment; we must multiply the right-hand side by (1 + Ne/Ny) to

take into account the extra transitions caused by internal conver-

sion. The theoretical disintegration constants, when so corrected,

agree reasonably well with experiment.

The transition energy is equal to the energy Ey of the accom-

panying gamma rays

Ey
= Ee + Ex (39)
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a relationship first investigated thoroughly by Ellis (E21), working
in Rutherford's laboratory. Ee is the energy of the conversion

electron and Ex is the binding energy of this electron in the atom.
Ex is equal to fiwx , where wx is the angular frequency corresponding

to the proper x-ray absorption edge. There may be as many as

seven or eight conversion electron lines for each gamma ray. The

3300 3400
Bp, gauss cm

3500

Fig. 13. The K-, L-, and M-conversion lines associated with the 660-kev
isomeric transition in Ba137

. From Langer and Moffat (L50). The abscissa

is proportional to the momentum (see Sect. 6.3).

procedure is: (1) measure all the electron line energies, (2) guess at

a level of origin for each, and (3) compute for each line, from Eq.

39, the expected Ey . If the Ey values agree with each other, the
guesses have been good.

Figure 13 shows three conversion lines associated with the 660-

kev isomeric transition (2.6 min) in Ba137
. This nucleus is formed

TABLE 3

Ba137 Gamma-Ray Eneeqy (Li53)

Method Ee , kev Ex , kev

Internal X'-conversion

External .Reconversion in

uranium radiator

624.33 ± 0.20 37.44

Ey , kev

661.77 ± 0.20

545.26 ± 0.30 115.59 661.85 ± 0.30
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by the beta decay of Cs137
(33 yr) ; only the three conversion lines

shown appear in the radiations from Cs137
. At the other extreme

is Th227 with 32 conversion lines belonging to 10 different transi-

tions. Table 3 shows how accurately the energies of conversion

electrons and gamma rays can be measured, using both internal

and external conversion.

Internal conversion coefficients ax, <*l, etc. are denned from

ax = Nx/Ny (40)

Nx is the number of electrons that come from shell x, and Ny is

the number of accompanying nuclear photons. The photons and

the conversion electrons must belong to the same nuclear transi-

tion. A total conversion coefficient is defined from

a = Vax (41)

For the Ba137 transition we have a# «* 0.095 and a « 0.12.

5.14* Internal conversion—theory

The precise calculation of internal-conversion coefficients is

laborious. Fortunately, high-speed electronic computors are now

3

2

1

s-l = 5

\K*

-1

-2

N<f3

2>V

i-^""
:^^

-3 12 3 4 5

Ey/mcz

Fig. 14. Some theoretical K-conversion coefficients for magnetic radiation of

various Z-values and for various transition energies. Curves for Z = 78.

(Ro51.)
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being used to attack the problem. The variables are (1) the en-

ergy change, (2) the nuclear spin change, (3) the nuclear parity

change, and (4) the atomic number. One hopes, by comparing
measured conversion coefficients with theory, to find the multipole

order and type of the transition.

According to theory, the conversion coefficient will be high when
Z is high, the transition energy is low, and the spin change is

large. Figure 14 shows some theoretical results (a small part

only) computed by Rose and his co-workers at Oak Ridge and
Harvard (Ro51).

5.15- The -> transitions

In Sect. 5.11 we pointed out that if the initial and final nuclear states

each have spin zero, gamma emission is impossible. This is so because a
photon must carry away at least one unit of angular momentum. Another
way of looking at this situation is this. A nucleus of spin zero has no
symmetry axis and hence can be viewed as a sphere of charge, with no
electric moments other than its monopole moment. Since the final spin

is also zero, the only equivalent classical motion available to it is a periodic

spherical pulsation. Such a motion, however, will not set up an alter-

nating potential at points outside the sphere. This is so because the

potential at all such outside points has the value that it would have if

all the charge were concentrated at the center, no matter what the radius

of the sphere. Since there is no alternating potential at distant points

there will be no radiation.

These —> transitions can occur, however, by internal conversion,

provided the electronic wave function does not vanish at the origin. This

is equivalent to saying that the electron has a finite chance of being within

the nuclear volume. At internal points the pulsating sphere does set up a

fluctuating potential which makes possible a direct transfer of energy

from the excited nucleus to the electron.

The conversion electrons for —> transitions have no accompanying
gamma rays (a = =o). Transitions of this type are another convincing

argument against the hypothesis that internal conversion is a two-step

process.

PROBLEMS

1. A resting nucleus of mass number A emits a gamma ray of energy hu.

This gamma ray is then reabsorbed by a similar resting nucleus. Find an ex-

pression for the energy difference between the levels associated with the first

transition and the energy that the gamma ray can deliver as internal energy

to the second nucleus. These are not quite the same because of recoil effects.
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2. Gamma rays of 511-kev energy are reflected from the 310 planes of a

quartz crystal in DuMond's large crystal spectrometer. What glancing angle

corresponds to a first-order Bragg reflection? The 310 interplanar spacing is

1.1776 X 10
-8

cm. If the quantum wavelength changes by AX the focal spot

moves a distance Ax along the focal circle. Find dx/dX for the instrument of

Fig. 1.

3. What mean life would a gamma transition need to have in order for

there to be a spread in the gamma energy of, say, 10 ev, according to the

uncertainty principle?

4. Co60 has a metastable level of spin 2, 59 kev above its lowest level which
has spin 5. The observed half-life of the upper level is 10.7 minutes. Some
90% of the decays from the metastable level occur to the spin-5 level by
gamma emission or internal conversion (a ~ 50); the remaining 10% go by
beta decay to Fe60

. What half-life does Eq. 36 predict for the upper level?

How does this compare with the data just presented?

5. A cube of edge a has a charge +e at each of its corners. Compute the

components of its dipole and quadrupole moments with respect to the center

of the cube.

6. An alternating electric dipole of the I = 1, mi = +1 type is radiating

power at the rate of 100 watts. At what rate is it radiating angular momen-
tum? Suppose all the power is absorbed by a blackened aluminum shell

1.0 m in diameter and 1.0 mil in thickness. If the shell is perfectly free to

rotate about the z-axis what angular velocity will the shell achieve 10 min
after the oscillator is turned on? The wavelength of the radiation is 3.0 cm.

7. Cork, Shreffler, and Fowler (C48) have found internal-conversion lines,

associated with the decay of Tb160
, with these energies:

31.6 kev 85.2 185.9

76.6 141.1 192.6

83.5 158.3 242.7

These workers assigned these lines to four different transitions. Work out

the assignments by trial and error and find the transition energies. The bind-

ing energies for the K, L, M, and N shells in dysprosium are 53.8, 9.03, 2.04,

and 0.42 kev respectively.

8. Considering Eq. 35, verify the parity rule for electric quadrupole radia-

tion shown in Table 2.

9. In Table 3 the energy of the Ba137 gamma ray is stated to be 661 .77 ± 0.20

kev. What enervies are expected for the K and L conversion lines? Would
consistent results be obtained if one had assumed the gamma transition to

occur in Cs137 rather than in Ba137
(i.e., to precede rather than to follow the

beta decay)? The K and L binding energies for barium are 37.44 and 5.99

kev; for caesium they are 35.9 and 5.71 kev.

10. Show that for an electric dipole to radiate angular momentum, it must
have a radial component of electric field intensity, even at large distances

(see -S49, p. 252).

11. How could a classical static magnetic quadrupole be constructed, using

current loops? Derive an expression for the magnetic field at distant points.



6 • Beta Decay

6.1 • Introduction

Electrons, both positive and negative, may be emitted spon-

taneously from the nucleus. In contrast to the conversion elec-

trons, they have a continuous distribution in energy, a fact first
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Fig. 1. The continuous electron spectrum from Cs137
. On the right are the

K- and i-conversion lines corresponding to an isomeric transition in Ba137
,

the product of the Cs137 beta decay. See Fig. 13, Chapter 5.

noticed by Chadwick in 1914 (C14). The inverse of this emission

process is electron capture, in which the nucleus absorbs one of its

own orbital electrons. This possibility was first suggested by
Yukawa and Sakata (Yu35, Yu36). Experimental proof was ad-

vanced first by Alvarez (A38) for the case of Ga67
. He was able

to detect the x-rays that are emitted when the inner shell vacancy

created by electron capture is filled in. The spontaneous emission

of positrons from nuclei was first observed in 1934 by Curie and

Joliot (C34) two years after the discovery of the positron in the

118
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cosmic radiation. All three of these electron processes are closely

related theoretically and are called beta decay.

ELECTRON DYNAMICS

6.2* The special theory of relativity

Electrons emitted in beta decay commonly have speeds greater
than 95% that of light. This means that we cannot describe their

motions by classical mechanics, which is rooted in observations
of large, slow-moving objects; we must use the special theory of

relativity, which holds for all speeds and includes classical mechan-
ics as a special case.

Special relativity deals with the way the world appears to dif-

ferent observers, all moving at constant velocity with respect to
each other. Its basic postulate is this: if all of these observers
measure the same expanding light wave front they will all find
the same speed for the light, in spite of their different velocities.

To scoffers we can only point out that thoughtful analysis of our
everyday experiences provide us with no reason to doubt that this

statement is correct.

Table 1 shows the errors made in using the classical (relativis-

tically incorrect) kinetic-energy formula

E = %mv2
(1)

We see that relativity is important for all particles at high enough
energies. If we consider failure of Eq. 1 by 0.1%, the electron
energy is only 340 ev!

TABLE 1

Kinetic Energy at Which the Classical Kinetic Formula Fails

BY 1% AND BY 50%

Relative E1% , #50%,
Particle Rest Mass Mev Mev
Electron 1 0.0032 0.31

M-Meson 200 0.64 62
Proton 1900 6.1 590

Space permits us to present the results only of the relativity

theory. The .student should consult standard texts (for example,
£42) to see how the quantities that we will arbitrarily introduce
present themselves logically in a detailed exposition of the theory.
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We start by defining a relativistic mass m! which varies with

m' = m(l - &)-XA
(2)

speed v according to
t /1 2

where m is the rest mass, /3 is the speed parameter v/c, and c is

the speed of light. We also define the relativistic momentum p

from
,

.

p = mv (o)

This looks like the classical momentum definition; it does indeed

reduce to it as v approaches zero.

It is a derived result of relativity theory that, for disintegrations

or collisions that involve isolated systems of particles, the resultant

relativistic momentum of the system does not change. Relativistic

momentum is important only because of this conservation law.

Consider N observers, all in uniform motion with respect to each

other and all observing the same isolated nuclear collision or dis-

integration. Using Eq. 3 the observers would get N different an-

swers for the total momentum of the system at any instant; how-

ever, they would all agree that the total momentum did not change

during the event. Using the classical momentum expression such

conservation would not be found except for low speeds.

The force on a particle may be defined by

F = d(m'v)/dt = dp/dt (4)

Equation 4 looks like Newton's second law of motion. However,

we are to use the ml and p of Eqs. 2 and 3 in it. Again, it reduces

to the classical definition for small speeds.

Guided by the derivation of the classical kinetic-energy formula,

we can define a relativistic kinetic energy E. The classical formula

(Eq. 1) is not useful even if we replace m by the relativistic mass

m'. For a particle of speed v, E can be set equal to the work needed

to bring the particle from rest up to this speed. In equation form

(assuming one-dimensional motion)

E = I Fdx = I (dp/dt) dx (5)

Jo *^o

where x is the path coordinate. Putting v = dx/dt and

dp = d(m'v) = m' dv + v dm' (6)

and using Eq. 2, the integral in Eq. 5 can be evaluated:

E = m'c2 - mc2 = (m' - m)c2 (7)
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For small speeds, Eq. 7 approaches E = }imv2
; this can be seen

by expanding Eq. 2 according to the binomial theorem.

Because the relativistic kinetic energy was arbitrarily defined,

we cannot be sure what its properties will turn out to be. Let us

call mc2 the rest energy and m'c2
the total energy. Equation 7 can

now be written

Total energy = Rest energy + Kinetic energy (8)

It is a derived result of relativity theory that the total energy of

a system of particles, for an isolated disintegration or collision, is

conserved. This is so even though the collision may be inelastic

(i.e., kinetic energy may not be conserved) . Consider the inelastic

impact of two identical bodies of initial rest mass m. After the

collision, the combined kinetic energy is less than before. If total

energy is to be conserved for the system, the combined rest mass
energy must have increased by the same amount. This means an
increase in the combined rest mass. Generalizing, we can write

AE = Amc2
(9)

in which AE is taken to mean any sort of energy added to or

taken from an isolated system, and Am is the corresponding rest

mass increase or decrease.

Conservation of total energy is equivalent to conservation of

relativistic mass. For small speeds this law thus reduces to the

classical law of conservation of mass as used, for example, in chem-
istry.

6.3* Motion in a magnetic field

Suppose that we decide, after making some measurements, that

there is a magnetic field of flux density B in a given region. If

we introduce a particle of charge e, with a momentum p pointing

at right angles to B, the particle will experience a force normal to

p and to B and will move in a circle of radius p. The following

familiar equation holds relativistically.

Bev = m'v2/p (10)

Rearranging, we get

p = m'v = Bpe (11)

Bp is proportional to the relativistic momentum and is indeed

often called momentum. The name magnetic rigidity (occasionally
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used) would seem better. A magnetic rigidity of 2500 gauss cm

for an electron means that, if the electron is made to move per-

pendicular to a uniform field of strength B, it will move in a circu-

lar path of radius (2500/5).

The relation between magnetic rigidity and kinetic energy is

often needed. We can find it by eliminating v between Eq. 7

(combined with Eq. 2) and Eq. 11. The results are

BP = p/e = (l/ce)[E
2 + 2mc2E]y> (12a)

This may be written as l

p
2/2m = E + E2/2mc2 (12b)

or alternatively as

E = [{mc2)
2 + (pc)

2
\

H - mc2
(13)

For electrons, 2mc2 « 1 Mev. Thus for kinetic energies <SCl Mev,

the momentum and the magnetic rigidity are proportional to EH .

For electron kinetic energies 5>>1 Mev these quantities are pro-

portional to E. This condition corresponds to assuming that the

rest energy is negligible. Putting m = in Eq. 12 leads indeed to

p = E/c (14)

With hoi substituted for E, this is the expression given in Sect.

2.3 for the momentum of a photon.

INSTRUMENTS

6.4- Beta-ray spectrometer—transverse type

Instruments for measuring the energy distribution of electrons

emitted from radionuclei are called beta-ray spectrometers. Con-

sidering magnetic deflection only, there are two main types: those

in which the electrons move practically at right angles to the fields

and those in which they have a considerable momentum compo-

nent parallel to the field. Figure 2 shows a spectrometer of the

first type as conceived by Danysz (D13) and by Rutherford and

Robinson (Rul3). Electrons that leave source S with the same

momentum p but with slightly different angles of emergence are

1 This is a familiar relation in the limit of c -* «j; in this limit all relativistic

results should reduce to classical ones.
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brought to an approximate focus at D. A Geiger counter can be
placed there. The student can check with a compass this property

of circles of the same radius.

Fig. 2. A uniform-field, transverse type of beta-ray spectrometer. The field

is normal to the page.

By varying the magnetic field, electrons of different momenta
will be focused at D and the momentum distribution of the elec-

trons can be studied. The momentum of the focused electrons is

given by

p = Bpe (15)

where p is the radius of curvature of the central ray. Thus, if

p can be measured, p can be found in terms of B. Alternately,

one can write Eq. 15 as

V = kB (16)

where k is a constant. Equation 16 holds for magnetic beta-ray

spectrometers of all types. The constant k can be found for a
particular instrument by observing an electron-conversion line of

known momentum or by direct measurement of p. A well-known
line frequently used for calibration is the if-conversion line of

Ba137
, a nucleus formed by the beta decay of Cs137

(Fig. 1). Its

magnetic rigidity is 3381.28 ± 0.5 gauss cm (Li53). Kai Siegbahn

and his co-workers at the Nobel Institute for Physics in Stock-

holm (Li53) and J. W. DuMond and co-workers (Mu52) at the

California Institute of Technology have made absolute energy de-

terminations for a number of electron-conversion lines or for their

associated gamma rays in various energy regions.
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The focusing at D is not perfect. For electrons that move in the plane

of Fig. 2 we can show that the maximum image width at D, for a point

source, is given by
Wi « 2p(l - cos a) « pa2 (17)

where a is the limiting value of emergence angle, corresponding to a ray-

that just grazes baffle Ba. If the source has a finite width W, the image

will be wider by just this amount. Equation 17 shows that if a is made

too large the resolving power will be reduced.

The resolving power is usually measured by observing a conversion-

electron line. Make a plot of detector reading against field strength, as

in Fig. 13, Chapter 5. The resolving power 5 is defined as the ratio of

AB, the half-width of this approximately triangular peak, to Bo, the

value of B at the maximum. For the peak of Fig. 13, Chapter 5, 5 is

about 0.5%. For a source of width Ws and a detector slit of width Wd,

we can show that

4p 4

This shows the need for a narrow source, a large radius of curvature,

and a small acceptance angle. If Wd = W„ a common situation, and if

a = 10°, we must have WJp = 1.7% if the two terms in Eq. 18 are to

contribute equally to the resolution; 8 will then be 1.7%. Adjusting the

baffles to reduce the resolving power also reduces the transmission; a

compromise must always be struck between these two quantities.

The resolving power is independent of energy for all types of mag-

netic spectrometers. To understand this, examine Fig. 2; if we double

the momentum of the electrons we must exactly double the field to main-

tain focus. Thus the trajectories in Fig. 2 remain unchanged; these

trajectories determine the image width which in turn determines the

resolving power. The energy independence of the resolving power is im-

portant when we are measuring electrons continuously distributed in

momentum. The resolving power AB/B can equally well be written

6 = Ap/p (19)

Equation 19 corresponds to an imaginary experiment in which the field

is held constant and a curve is traced by using monoenergetic electron

sources of various momenta. Equation 19 emphasizes (since 5 is a con-

stant) that Ap, the "momentum pass band" of the instrument, is propor-

tional to p (and thus to B). Thus where the electrons have a continuous

distribution in momentum we must divide our detector readings at each

field setting by a number proportional to the momentum. Only then

will we measure the number of electrons per unit momentum interval.
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6.5- Double focusing

In the instrument of Fig. 2 we have spoken only of electrons
whose paths lie entirely in the plane of that figure. Electrons
whose initial directions make a small angle with this plane spiral
up (or down), never returning to the plane; there is no focusing
action in the field direction. Svartholm, Siegbahn, and Hedgran
(Sv46; H50) made a considerable improvement in that they sub-
stituted for the uniform field one that varies with radius in such
a way that these electrons too are focused at D. Thus all electrons
whose initial directions lie in a small cone centered about the cen-
tral ray are brought to an appropriate point focus.

The field variation that these workers used was symmetric about a
certain axis (the z-axis) but dropped off with radius according to »-*
Thus the central ray remains circular, but all other rays are non-circular'
To see how double focusing comes about let us assume an axially sym-
metric magnetic field given by

B = B (r /r)
n < n < 1

(20)

where n is a constant. Ba is the value of B at the source, which is located
at radius rQ from the z-axis. Let us also assume that the plane z = is
one of mirror symmetry as far as the field is concerned and that the source
lies in this plane. If an electron leaves the source in this plane at right
angles to r (Fig. 3) it will travel in a circle which we may call the refer-
ence circle. If it strikes nothing it will travel around this circle at an

Fig. 3.

JTN
Central and limiting rays in a spectrometer of the Svartholm-Sieg-

bahn type. The «-axis is normal to the page at O.
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angular rate o>o (its so-called cyclotron frequency) given by (see Eq. 11)

o>o = v/p = Boe/m (21)

where m is the relativistic mass.

Consider now an electron whose initial direction makes a small angle a
with the tangent to the reference circle. We can show (Appendix 12)

that it will oscillate about the reference circle, both as far as radial motion

and motion in the 2-direction are concerned. The two oscillation fre-

quencies are

<ur = (1 - n) y°o> (22)

and

w, = w^o (23)

For focusing we want to arrange it so that when the electron has com-

pleted one-half of a radial oscillation it will also just have completed one-

half of a z-oscillation and thus will be back on the reference circle. This

means that we must equate cor and u> z which leads readily to

n = \ and cor = o>2 = aj /\/2 (24)

This condition, once fixed, holds for all initial directions of emission pro-

vided they do not make too large an angle with the tangent to the ref-

erence circle.

Equation 24 shows that the focusing will occur, not at 180°, but at an

angle of 2x/\/2 = 254 °33'; the detector must be located at this angular

position (Fig. 3). Compared to the instrument of Fig. 2 there is roughly

a three-fold improvement in the resolving power for the same transmis-

sion and conversely.

Another factor of interest in beta-ray spectroscopy is the effect of

source area on resolving power. This is important with sources whose

specific activity is low so that they can only be made thin if they are also

made large in area. The double-focusing spectrometer has about a seven-

fold advantage over the uniform field instrument in this important respect,

i.e., for a given transmission the same resolving power can be realized

with a source about seven times as large in area. Hedgran, Siegbahn,

and Svartholm (H50) have built a double-focusing spectrometer of this

type with a radius of 50 cm. The magnet weighs about 4 tons and has a

gap of 28 cm at r = 50 cm. A power input to the magnet coil of only

200 watts suffices to focus 2-Mev electrons.

6.6- Beta-ray spectrometer—longitudinal type

This type of spectrometer, first suggested by Kapitza (K23),

has been further developed by Witcher (Wi41) and DuMond
(Du49) among others. Consider a point electron source S in a
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uniform magnetic field B; take as a z-axis a line through the source

parallel to the field. Suppose an electron of momentum p leaves

the source and that its initial direction makes an angle with the
z-axis. The path of such an electron is a helix of radius R, which
intersects the z-axis a distance L from the source. From the
symmetry of the situation we can see that all helices with the same
value of 9 (but different azimuth angles about the field direction)

will pass through this same focal point. The family of helices

Fig. 4. The surface generated by electrons of momentum p leaving source S
at an angle 6 to a uniform magnetic field. The field, of strength B, extends

from left to right. From DuMond (Du49).

described by p, 6, and B lies on the surface of a figure of revolution

whose generating element or trace is a sine curve (Fig. 4). Because
of the azimuthal symmetry it is permissible and much more con-

venient to talk about this trace than about the actual trajectories.

The momentum components parallel and perpendicular to the field

are p cos 8 and p sin 0; both 6 and
| p \

remain unchanged throughout the
motion. The helical trajectory can be resolved into a uniform circular

motion in a plane normal to the field and a simultaneous uniform linear

motion along the field. Figure 5 shows an end view of a helix, sighting

along the field direction. The r-coordinate of the electron can be written

as

r = 2R sin <p/2 (25)

where <p varies linearly with time according to

<p = 2ir(t/T) (26)

where T is the period of the motion. However, (t/T) is just (z/L) where
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2 is the 2-coordinate of the electron at time t. These equations can be

combined to yield the equation of the trace of the surface on which all

the helices lie. It is

r = 2R sin (irz/L) (27)

We see that r properly vanishes at z

value of 2R for z = L/2.

and z = L and has its maximum

Electron

Fig 5. End view of a helix in a uniform-field, longitudinal type of spectrom-

eter. The angle •? increases linearly with time. <S is the source.

What paths are followed by electrons that leave the source at an angle

6 + dffi The answer to this important question will determine whether

the instrument has double-focusing properties. The family of helices

corresponding to 6 + dd, p, and B also lies on a sinusoid of revolution;

Fig. 6. Showing two traces of surfaces like that of Fig. 4. They correspond

to emission angles 6 and + dd. Note that the traces intersect at the point

2o, r . (Du49.)

its trace, as Fig. 6 shows, intersects the trace for 6, p, and B in the point

zo, r . Thus all electrons of momentum p that leave the point source in

the solid angle described by dB are focused approximately onto a ring of
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radius r at distance z from the source. The annular denning baffle
should be placed here because this is where the narrowest aperture will

pass the greatest number of particles of a given momentum. Persico
(Pe49) and DuMond show that if we seek the maximum resolving power
for a given intensity, we should operate the spectrometer with 6 « 45°.

DuMond and co-workers have built a large iron-free spectrom-
eter of this type, the uniform field being produced by an assembly
of circular coils arranged to form an ellipsoid of revolution; the
field is measured by the precise proton-resonance technique (Sect.

15.11). For a resolving power near 0.1% there is about a nine-fold
advantage in the transmission-resolving power ratio compared
with the instrument of Fig. 2.

As it turns out, any axially symmetric magnetic-field arrange-
ment has focusing properties for electrons from a source located
on the symmetry axis. This leads to magnetic-lens spectrometers,
in which the field due to one or more toroidal soils is used. This

Fig. 7. A lens-type spectrometer showing source S, baffle B, lens coil section
L, detector D and the development of a focused ray.

arrangement (Fig. 7) was first devised by Klemperer (K35) and
developed more fully by Deutsch, Elliott, and Evans (D44). Al-
though relatively simple to construct, this instrument has been
surpassed in performance by spectrometers of the types described
above.

BETA DECAY
6.7 • Introduction

In beta decay either a negatron or a positron is ejected from
the nucleus or an orbital electron is swallowed up. How do we
square this with the hypothesis that nuclei contain only neutrons
and protons? A solution is to imagine that the electrons are
created at the time of emission, just as are photons from excited
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atoms. Beta decay corresponds then in overall effect to the fol-

lowing processes within the nucleus:

n —> p + e~

p —> w + e+ (28)

p + e~ — n

The first can actually take place spontaneously outside the nucleus,

the neutron being a little more massive than the hydrogen atom.

Equations 28 emphasize that the proton and neutron can be

treated as different states of a single particle, the nucleon, with

the electron playing a photon-like role. The equations are incom-

plete in that we will soon want to add a neutrino to the right-hand

member of each. If we do not, we are in serious difficulties with

several venerable conservation laws, as the next sections will show.

6.8- Conservation of energy

The continuous nature of the beta spectrum suggests that in-

dividual nuclei do not always emit electrons of the same energy

when they decay. Conservation of relativistic energy should hold

for individual beta disintegrations. This means that any kinetic

energy that appears must be balanced by a decrease in the rest

mass energy of the system which we will call the disintegration

energy or the Q of the beta process. If all decaying atoms are alike,

both before and after decay, the Q must be the same for each.

Why then is the kinetic energy of the emitted electron not the

same for each? We find such monoenergetic spectra in alpha and

gamma emission, for example. Electron capture, because it oc-

curs spontaneously in a resting nucleus, should also involve a

decrease in rest energy and thus a positive Q. Where is the kinetic

energy to match this disintegration energy? In all three beta

processes, the law of conservation of total energy does not seem

to hold.

Before making a drastic hypothesis we must be sure that the data that

seem to require it are correct. Some have suggested that all the emitted

electrons actually have the same energy E, but, because of some instru-

mental difficulty, this true energy distribution does not show up in plots

such as Fig. 1. This was ruled out by calorimetric experiments. The

experimenters tried to measure the disintegration energy by its heating

effect. They assumed that all particles involved in the disintegration
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came to rest within the calorimeter and delivered their kinetic energy to

it in the form of heat. As we shall see, this is probably not a good assump-
tion. In a study of Bi210

, Ellis and Wooster (E27) found (350 ± 40)
kev/disintegration; this agrees very well with the average energy of the

Bi210 spectrum (390 kev); it does not agree at all with the maximum
energy (1050 kev). Because of this work and accumulated experience

in measuring beta spectra, no one now questions the essential correctness

of curves such as Fig. 1.

6.9- Conservation of angular momentum
There is also trouble with the conservation of angular momen-

tum. Consider the simplest beta process

n -+ p + e~ (29)

The initial angular momentum is just that associated with the

spin of the neutron or %fi. The proton and the electron each
have spins of Y^ so it would seem that the resultant angular mo-
mentum in the final state would be either or 1, depending on
how the two particles were oriented. There might also be a con-

tribution due to orbital motion of the proton and the electron

about their center of mass. According to quantum mechanics,

however, this must have the value Ih where I is 0, 1, 2, 3,

Thus the final angular momentum must be integral and therefore

cannot equal the initial angular momentum, which is }/$i. A sim-

ilar difficulty occurs for all beta processes, including electron

capture.

6.10- Measurement of disintegration energies

Consider an atom, of mass m z and a free electron, both at rest.

The total energy of the system is m zc
2 + mc2

. If electron emis-
sion occurs, the atomic number changes to z + 1 and the original'

free electron drifts toward the positive ion so created and combines;
with it, filling up its outer shell. The system total energy is now
Q + mz+ic

2 + mc2 where m now refers to the emitted electron.

If we equate these two expressions we get

Q = m zc
2 — mz+1c

2
(negatron emission) (30a)

Consider next a resting atom of mass mz ; its total energy is

m zc
2

. If positron emission occurs a negatron can be removed
(with no energy expenditure) from the atom mz_ x . The system
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total energy is (ot»_i + 2m)c2 + Q. Equating this to m zc
2
gives

Q = m zc
2 — m z-\<? — 2mc2

(positron emission) (306)

Starting from the same system as above assume that electron capture

from the l£-shell, or 2£-capture, occurs. The atom changes its atomic

number to z — 1, and the outer electrons (z — 1 in number) rearrange

themselves and emit x-rays. The energy of these x-rays is equal to the
binding energy Ek of a K-electron in element z — 1. These x-rays seem
to be the only evidence of a disintegration energy. Let us put in a term
Q' just in case we have overlooked something. The system total energy

is Q' + Ek + toz _ic
2

. Equating to m^ gives

Q = Q' + Ek = m zc
2 - m^ic2 (K-capture) (30c)

The limiting condition for the occurrence of spontaneous beta decay is

Q = for Eqs. 30a and b, and Q' = for Eq. 30c. Equations 306 and c

show that if mz — mz -\ is in the range Ek to 2mc 2
, only electron capture

can occur. If this difference exceeds 2mc2 both electron capture and
positron emission can occur. Equations 30 suggest that adjacent stable

isobars probably do not exist because one of the three conditions for beta

decay is almost sure to obtain; this is specially true if we include the

possibility of capture from L-, M-, etc., shells, where the binding energy

is less.

We might try to measure Q from Eqs. 30, none of which involves

the beta spectrum. The masses of radionuclei are usually not

known however, so that we must apply the equations indirectly.

Forelectron emission, we find in so doing that the Q is just equal

to the maximum energy of the beta spectrum, or

Q = £ (31)

We can check Eq. 31 by considering the process

N 13 -» C 13
-I- e+ (32)

for which E is 1 .20 Mev. Consider also this nuclear reaction (one way of

making N13
)

C13 + p -* N 13 + n (33)

This reaction is endothermic by 2.98 Mev. This means that every time

one of these events takes place we have to transfer 2.98 Mev from kinetic

energy to rest energy. If we fail to provide enough kinetic energy to do

this, the reaction will not "go." Applying conservation of total energy

to Eq. 33 gives, then,

2.98 Mev = (N 13 + n - C 13 - p)c2
(34)
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in which the symbols mean atomic masses. Combining Eqs. 306 and 34
gives

Q = 2.98 Mev - (n - p)c2 - 2mc2
(35)

The second term is the neutron-hydrogen atom mass difference which is

equivalent to 0.78 Mev. Finally

Q = 2.98 Mev - 0.78 Mev - 1.02 Mev

= 1.18 Mev

This agrees well with the measured fi of 1.20 Mev as predicted by Eq.
31. We can compute the Q for .K-capture processes in a similar way
(problem 10).

6.11 • Neutrino hypothesis

In 1927, Pauli suggested a way out of the troubles described in
Sects. 6.8 and 6.9. He postulated that a new particle, the neu-
trino, is created and emitted during each beta process. He as-
sumed it to have a very small rest mass, a spin of y2 , and zero
charge. Such a particle would not interact strongly with matter
and would be very hard to detect. The symbol v should be added
to the right-hand side of each of Eqs. 28. The energy Q(= 2?) is

shared between the electron and the neutrino; thus the neutrinos
have an energy spectrum simply related to the electron spectrum.
In the calorimetric experiments, the neutrinos presumably carried

part of the disintegration energy away through the calorimeter
walls. The heat effects were due only to electrons. In electron
capture the neutrino carries away all the disintegration energy
except for the recoil and the x-ray energies, both of which are
small. The neutrino spectrum is thus monoenergetic.

6.12* Fermi theory of beta decay
Fermi, in 1934, made a successful theory of beta decay based on Pauli's

neutrino hypothesis (F34). He drew an analogy between the emission of
electrons and neutrinos from nuclei and the emission of photons from ex-
cited atoms. Let us discuss first, then, the spontaneous emission of light

from a somewhat different viewpoint 2 than we adopted in Chapter 5.

2 The viewpoint is different in that we try here to describe quantum me-
chanically the entire system, consisting of the excited atom (or nucleus) and
the radiation field that surrounds it, including any radiation that may be
emitted. For such an isolated system, energy must be conserved even though
internal changes such as light emission may occur in the system. In Chapter 5
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Imagine a large box with perfectly reflecting walls; let it contain a

single atom in an excited state and a quantity of radiation. Because of

the boundary conditions imposed by the walls, only wavelengths (or fre-

quencies) belonging to a certain discrete set—the standing waves—can be

present. Each of these standing waves can be shown to have an energy

given by

En = (n + i)hu (36)

where n is the "occupation number" that determines the energy asso-

ciated with the mode of frequency u or, on the quantum picture, deter-

mines the number of associated photons. The larger the box, the closer

together will be the frequencies of the allowed modes.

Imagine a transition in the system excited atom + radiation in which

the atom becomes de-excited and an extra photon appears, i.e., the occu-

pation number of one of the characteristic modes increases by unity.

There is a certain probability per unit time for this to happen, corre-

sponding to a certain mean life for the excited atom. We can trace the

cause of the transition to the forces exerted on the atom by the electric

and magnetic fields in the box. These forces are rather weak so that we

can treat the problem quantum mechanically by a special approximation

procedure devised for such cases, namely, perturbation theory (549, pp.

193, 382).

A basic result of perturbation theory is the expression (Eq. 37) for the

disintegration constant for the transition of a system from initial state i

to final state /.

K = ^\Hif
\

2 dn/dE (37)
n

Hi; , the so-called matrix element of the interaction for the initial and

final states, is defined from

Hif =f$f*Hfidi> (38)

in which dv is a volume element, \]/i and \pf are wave functions describing

the initial and final states of the complete system, and H is the operator

that describes the (weak) interaction energy between the two parts of the

system, i.e., between the electromagnetic field and the atom.

we essentially chose as our system just the excited atom (or nucleus) alone;

energy is no longer conserved during light emission because this system is not

isolated, i.e., the radiation leaves it. When we pass to beta decay, we will

start with the more comprehensive point of view and will write down a matrix

dement (Eq. 38) whose square determines the transition probability. Under

certain assumptions, we will reduce this expression to that of Eq. 42, which

corresponds to shifting our point of view to the less comprehensive one above.

Equation 42, for example, is the same sort of thing as Eq. 35, Chapter 5.
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The term dn/dE in Eq. 37 is the density of final states. In the light

emission problem there are many equally probable final states corre-

sponding, for example, to the various possible directions of emission

of the photon. If there were only one final state the system would simply

oscillate between the single initial and this single final state. It would

make no sense to speak of a disintegration probability per unit time be-

cause this quantity has inherent in it the notion that the probability that

the reaction can go backwards is negligible. In the light emission prob-

lem, for example, the chance for the photon to be reabsorbed after bounc-

ing around the container for a time is certainly quite small and this small-

ness can be attributed directly to the large number of final states avail-

able. Thus it seems right that dn/dE should appear in the expression for

the disintegration constant.

A special case of the problem excited atom+ radiation is that in which the

occupation numbers of the electromagnetic field are all zero. Ordinarily

we would say that no radiation was present. Eq. 36 shows, however,

that even if n = there still remains a zero-point energy of y2tu>> for each

allowed mode. Fluctuating electric and magnetic fields are present, then,

even in a "radiation-free" space, and can induce emission processes in the

excited atom.

Proceeding now to beta decay we substitute an excited nucleus for the

excited atom. For the radiation field, whose quantum manifestation is

the photon, we substitute a so-called electron-neutrino field whose quan-

tum manifestation is these two particles. That the interaction between

the electron-neutrino field and the excited nucleus is weak follows from

the fact that beta decay life times are very long compared with, for exam-

ple, the period of the periodic internal nuclear motions (~10~20
sec).

The shortest known mean life is in fact ~1 sec. Perturbation theory

certainly can be used, but unfortunately neither the (nuclear) wave func-

tions nor the exact nature of the interaction operator H in Eq. 38 are

known.

Fermi attacked the problem by writing down quite arbitrarily for H
the simplest form that occurred to him that was consistent with the de-

mands of relativity theory. The relativistic form of quantum theory

must be used because the electron and the neutrino both move at high

speed. It turns out that there are only five possible forms for the inter-

action that meet all the relativistic and other requirements. For each,

Eq. 38 has a form something like

Hif
= gf[Uf*<pJj)<p„(T)]O xUidv (39)

where <pjj) and ipv{i) are the wave functions of the electron and the

neutrino. Ui and U/ describe the nucleus before and after the emission

process. The quantity in square brackets represents the entire system
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after disintegration, whereas Ui represents the system before disintegra-

tion, g is a constant whose value determines the strength of the interac-

tion; the electron charge e plays a similar role in the interaction between

an atom and the electromagnetic field. Ox is an operator that can have

one of five forms, identified here only as

O s—scalar interaction

Ov—polar vector interaction

Ot—tensor interaction

Oa—axial vector interaction

P—pseudoscalar interaction

The x's have perfectly definite forms but we choose not to write them
down because that would involve us in the nomenclature of relativistic

quantum mechanics (see K43).

6.13- Allowed transitions

Just as in gamma decay we find that beta decays of various

orders of forbiddenness occur corresponding, for the same energy

and atomic number, to a steady increase in the mean life. We
discuss first the so-called allowed transitions, which have the high-

est probability. We define these transitions from the standpoint

of theory by replacing the electron and neutrino wave functions

in Eq. 39 by the constant values that they have at r = 0.3 Since

Vf and Ui both vanish beyond the nuclear radius R only values

of (pe (r) and <pv {r) for r < R can contribute to the integral of Eq.

39 anyway, so that the assumption is not as drastic as it sounds.

For <p„(i) we can substitute the plane wave AeA 'T which we can

write as

ft(r)=il[l + i(k.r)+-] (40)

Our assumption corresponds to keeping only the first term (= A)
in this expansion. We cannot use a plane wave for the electron

because it is not traveling in free space, but in the Coulomb field

of the nucleus. We must use the so-called Coulomb wave func-

tion. Again we expand «?«(r) in a series (more complicated than

Eq. 40, however) and keep the first term.

Let us restrict our interest for the time being to transitions in

which the electron momentum lies in the range p to p + dp. The

3 Also, the operators Ov , Ot, and Oa are now to be written in an approximate

form, whose details need not concern us here.
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X of Eq. 37 is then only a partial disintegration constant, applying

just to this interval; let us call it d\ or P(p) dp. The expression

finally deduced for P{p) for allowed transitions is

\2ir ft C /

Mif is a matrix element that depends only on the nuclear proper-

ties, i.e., the electron and neutrino do not appear in it. It is

M,if = fuf
*QxUidv (42)

where Qx is again one of the five operators, depending on the inter-

action. We have in effect factored <pe and <p„ out of Eq. 39, leaving

the simple matrix element above. F(E, Z), the Coulomb factor,

takes account of the effect of the nuclear electrostatic field on

the motion of the electron. It has the value unity for Z = 0.

Z is taken negative for negatron emitters and positive for positron

emitters. The Coulomb interaction increases the number of slow

negatrons by retarding escaping particles, or it decreases the num-
ber of slow positrons by repelling them. See L49 and R50 for

details of this function and for information about the screening

correction, neglected here. The quantity p
2(E — E) 2

in Eq. 41

is just, aside from a multiplying constant, the density-of-states

expression in Eq. 37 (see Appendix 9).

6.14* Fermi or Kurie plot

The quantity P{p) of Eq. 41, or something proportional to it,

is just what we measure with a beta-ray spectrometer. Inspection

shows that if we plot the experimentally determined quantity

[P(p)/p
2F(E, Z)\* (43)

against energy, a straight line should result if Eq. 41 is obeyed.

The intercept on the energy axis is just E. Values of E so de-

termined are more precise than those chosen by inspection of

momentum distribution plots, as a comparison of Figs. 1 and 8

will make clear. Figure 8 is such a Fermi (or Kurie) plot for the

negatron emitter S35 due to Albert and Wu (A48). The agree-

ment of curve A with Eq. 43 is evidently quite good. A great

many other spectra, when carefully investigated, also agree with
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Eq. 43. Figure 8 shows the need for extremely thin sources in

beta-ray spectroscopy. Failure to realize the extent of this need

has been a serious obstacle to progress in this field over almost

two decades.

Since Mif (Eq. 42) does not depend on energy, all five forms of

interaction give the same spectrum shape for allowed transitions.

1 1 1 1

Curve A, 1 Mg/cm 2

Curve B, 2 fig/cm* -
s_ Curve C, 5 Mg/cnv!

# ^A
1*.

.ft,
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>fB
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50 100

Energy, kev
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Fig. 8. Fermi plots for the S36 spectrum for various source thicknesses,

showing distortions introduced by self-absorption. The curves have been

displaced vertically. From Albert and Wu (A48).

Apart from the Coulomb factor, this shape is determined entirely

by the density of states expression p
2 (E — E). There are not

many electrons near E = 0, for example, because the density of

states for such electrons is low; there are not many electrons near

E = E, because here the neutrinos have low energy and therefore

the density of states for them is low. Thus the spectrum shape

for allowed transitions does not tell us much about the electron-

neutrino-nuclear interaction.
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6.15 - Comparative lifetime

P(p) dp is the probability per unit time that an electron will

be emitted in the momentum interval dp. The probability per

unit time that an electron will be emitted with any momentum
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Fig. 9. The distribution of comparative lives (t in seconds). From Blatt

and Weisskopf (BW52, p. 690).

whatsoever is just the total disintegration constant and is given by

X = 0.693/i = (
P

P(P) dp (44)

where p is the momentum corresponding to 6 and t is the half-

life. Substituting Eq. 41 yields for allowed transitions

0.693

t

\

M«\
2

Gr^Ti) r^E
'
z)p2(B - E)2 dp

\27T fl c / J
(45)

„ /mVc4
\ A

where /(Z, $) is a dimensionless function whose value depends only
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on 2t and the upper limit of the integral above. We can write

ft = constant \Mif
\-2 (46)

where ft is called the comparative life of the nucleus. It provides

a way of comparing the lifetimes of beta-active nuclei on the basis

of the same atomic number and disintegration energy. It should

have the same value for all allowed transitions if the matrix ele-

ment Mjf is the same for all such transitions.

Figure 9 shows a distribution function for comparative lives

among known beta emitters. Nuclei with ft in the range 103-106

sec generally have linear Fermi plots and are identified empirically

as allowed transitions. Nuclei with higher ft values are identified

as forbidden transitions of various orders.

6.1 6- Forbidden transitions

We can understand forbidden transitions theoretically if we realize that

it is possible for the matrix element Mi} (Eq. 42) to have the value zero.

This does not mean that the P(p) of Eq. 41 is zero, but rather that some

of the approximations we made in deriving this equation must be recon-

sidered. In particular, we must now keep two terms rather than one in

Eq. 40 and in the corresponding electron equation, and must also write

Ov , Ot , and a in their exact rather than their approximate forms. The

function P(p) which then follows is called the first forbidden function; if it

again proves to be zero we must keep three terms in Eq. 40, etc., and

thus have the second forbidden approximation.

In general P(p) expressions for forbidden transitions will differ from Eq.

41 in their energy dependence and will further differ depending on the

choice of interaction. Several difficulties stand in the way of picking out

the "right" interaction however. For one thing it is theoretically possible

for first forbidden transitions to have the allowed shape within experi-

mental error. P32
, for example, is a negatron emitter with /(«9X 108

sec which is certainly too high to be an allowed transition; nevertheless it

has a linear Fermi plot. Also the energy dependence of P(p) for forbidden

transitions is uniquely predicted by theory only under special circum-

stances.

Y91
(ft = 5 X 108 sec) is an example of a transition whose Fermi plot

is definitely non-linear; see Langer and Price (La49). A linear plot is

found, however, if one plots, instead of Eq. 43

[P(p)/ap2F(Z, E)]* (47)

where ,

a = E2 - (mcY + (E- Ef (48)
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Linearity of such a plot is predicted by theory if (1) the interaction has
the tensor or axial vector forms, (2) the first forbidden approximations are
used, and (3) there is a nuclear spin change of two units and a parity
change during the disintegration. Ten other transitions with "a-type"
Fermi plots are known (Wu50). It is comforting that the independent
particle model of nuclear structure predicts M = 2 and a parity change
for all these nuclei, just as demanded by beta-decay theory.

6.17* Selection rules

Just as for gamma emission, conservation of angular momentum and of
parity imposes certain restrictions on beta transitions. For allowed
transitions, for example, the rules shown in Table 2 must be obeyed.

TABLE 2

Selection Rules for Allowed Transitions

Assumed Nuclear
Interaction Nuclear Spin Parity Name of

Form Change Change? Rules

S or V No Fermi rules

P Yes
A or T 0, ±1 (no -» 0) No Gamow-Teller

rules

This suggests that we can decide among the possibilities if we know
enough about the spins and parities of the initial and final nuclei. Sur-
prisingly, there is convincing evidence for two different possibilities!

This suggests that the electron-neutrino-nucleus interaction might be a
combination of several of the five possibilities mentioned in Sect. 6.12.

Consider first the process

He6 -> Li6 + e~ + v (49)

He6
is almost sure to have a spin of zero, being an even-even type; Li6

is

known to have a spin of unity. Thus A7 = 1 and the transition, if al-

lowed, must be described by the axial vector or tensor interaction. The
ft value (580 sec) indicates (Fig. 9) that the transition is certainly allowed.

Thus we have a vote for the interaction Oa or O t .

Next consider

Cu -> O 14 + e~ + v (50)

in which both C 14 and O 14 are known, from other evidence, to have spin

zero. This is a —» transition, specifically forbidden for the Oa or O t

interactions, but allowed for O s , Ov , and Ov .
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Present evidence (P53) indicates that the Fermi interaction is a linear

mixture of about equal proportions of T, S, and P. Thus, if the nuclear

spin and parity changes are such as to make the transition highly forbid-

den for, say, the tensor interaction, it may still "go" by virtue of the

contribution of S or P to the matrix element.

6.18* Superallowed spectra

Certain light beta emitters, whose comparative lifetimes are very low

indeed (<5000 sec, say) are called superallowed. This is understood in

theoretical terms by saying that the nuclear matrix element (see Eq. 46)

must be especially large. These nuclei, together with their daughters,

form what are called mirror pairs. Two nuclei, X and Y, form a mirror

pair if they differ only in that X has one more neutron than proton while

F has one more proton than neutron.

Let us now examine the nuclear matrix element M,y a little more

closely. For the scalar interaction, for example, it turns out that Mif is

Mif =jVf*TUid» (51)

where the operator t has the property that if we let it operate on Ui it

generates another wave function that differs from Ui only in that a neu-

tron is replaced by a proton. This new wave function is not Uf, even

though it has the same neutron and proton numbers; it does not take

into account the fact that in going from i to / during the beta transition

there is a general "jiggling around" of the nucleons in addition to the

transformation of one of them from neutron to proton form. Mif is in

fact a measure of the "overlap" between the functions Uf and Ui since

Mif will be small if these functions are largely concentrated in different

volume regions.

In transitions between mirror pairs, however, the amount of "jiggling"

is quite small, because of the special symmetry and rUt is practically the

same as Uf. Mif is then essentially unity (Sect. 2.7) since the overlap is

almost complete. The matrix elements for mirror pairs have been calcu-

lated by Wigner (W39). Equation 45 suggests that it should then be

possible to estimate g, the Fermi coupling constant (see P53).

6.19 # Evidence for the neutrino— rest mass

Let us consider how we might measure the rest mass, if any,

of the neutrino. One method uses the fact that the expression for

the spectrum shape contains the neutrino rest mass as a parameter.

This quantity does not appear in Eq. 41 because it was assumed

to be zero at an earlier stage. If the development is carried through
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without this assumption, we get (La52)

P(P)~F(E, Z)p2(E - E)

[(E - E) 2 - v
2
c
2
^
A 1 ±

(mc2)(vc2)

(E + mc2)(E - E)

143

(52)

This reduces to Eq. 41 for v = 0. If vc
2

is small compared with

E (almost certain to be the case), a plot of P(p) against E would

1.025 1.027 1.029 1.031 1.033 1.035 1.037

13 14 15 16 17 18

E, kev

Fig. 10. A Fermi plot for the H3 spectrum. Theoretical curves for a neutrino

rest energy of 0, 250, 500, and 1000 ev are shown. The abscissa W is the ratio

(E + m^/mc2
. From Langer and Moffat (La52).

be sensitive to the choice of v only near the high-energy end of

the spectrum; here the term E - E is small. For similar reasons

the curve is more sensitive to the value of v if we choose a beta

emitter in which E is small. We have said that a straight line

should result for a Fermi plot for an allowed spectrum. Because

this conclusion was based upon Eq. 41, it is true only for v = 0.

Thus, by observing departures of Fermi plots for allowed spectra

from linearity near E, we might measure v.

The most suitable beta process for this measurement is

(53)H3 He3 + e~ + v

because E is only about 18 kev. This low energy creates many

special problems for the experimenter. Langer and Moffat (La52),

however, have been able to solve these problems and have obtained



144 INTRODUCTORY NUCLEAR PHYSICS [Ch. 6

a Fermi plot that is linear down to about 4 kev. Figure 10 shows
the region near the end point. The four curves are theoretical
plots of Eq. 52 in Fermi form for assumed neutrino rest energies
of 0, 250, 500, and 1000 ev. The authors conclude that the neu-
trino rest mass is less than 0.05% of the electron rest mass and
could well be zero.

6.20- Other evidence for the neutrino

The recoil momentum of a disintegrating nucleus will be influenced by
the neutrino. For electron capture, a nuclear recoil (assuming no gamma
rays and neglecting effects due to emitted x-rays) can be due only to the
neutrino. While the recoil momenta are comparable to the electron
momenta, the recoil energy, because of the large mass, is very small.

Our point of view is this: we need the neutrino if we are to keep the
laws of conservation of energy and angular momentum. Are there appar-
ent violations of the equally cherished law of conservation of linear mo-
mentum? If there are, can the neutrino hypothesis, hopefully without
change, reconcile the differences here as it did for the other two con-
servation laws? Allen (A42) tried to detect recoiling Li7 ions formed
during the disintegration by K-capture of Be7

. After devising special

apparatus for measuring these weak recoils, Allen concludes:

It has been shown that the observed recoils (with suitable retard-

ing field) were not caused by gamma rays. Unless some new mech-
anism for the removal of the energy produced in the Be7 decay
process can be discovered, it must be concluded that the recoils were
caused by the emission of a neutrino of nearly zero rest mass.
Sherwin (Sh49) has made studies of the conservation of linear momen-

tum for the negatron emitter P32
. The source was a carefully prepared

stable monolayer. He measured the momentum of the recoiling heavy ion
by timing its flight, electronically, across a field-free space. He measured
the momentum of the electron by deflecting it through 90° in a magnetic
field. For each particle the direction of the momentum vector was deter-

mined, within limits, by a slit system. Now the vector sum of the mo-
menta of the recoiling ion, the electron, and the assumed neutrino must
be zero. Thus it is possible to deduce a momentum for the neutrino.

Sherwin could also measure the kinetic energy of the electron. Subtrac-
tion from the known disintegration energy (1.71 Mev) gives the assumed
neutrino energy. A crucial question is: does the ratio of energy to mo-
mentum, so computed, equal c? We expect that it should if the neutrino
rest mass is small or zero. Sherwin shows that this ratio is indeed c, with
an estimated uncertainty of ±20%. His results indicate that linear

momentum is not conserved if we do not assume a neutrino.
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Reines and Cowan (R53) of Los Alamos made a new approach to the

neutrino problem; they sought to observe the reaction

v + p -» n + e+ (54)

This is the inverse reaction to positron capture by the neutron. Un-

fortunately the reaction is not expected to have a very large probability

of occurrence. The estimated cross section is only ~6 X 10~44 cm2
.

For a neutrino supply the authors chose the Hanford reactor, erecting

the apparatus near one of its faces. The detector was a 10-ft
3 tank of a

liquid having the property of emitting light when a charged particle loses

energy in it. The light was detected by a bank of ninety photomultiplier

tubes surrounding the tank. If a neutrino is absorbed by a proton in

the scintillating liquid, a neutron and a positron appear. The positron

rapidly slows down and combines with an electron; the pair then annihi-

late, converting their rest energy into the form of two oppositely directed

0.51-Mev gamma rays. These annihilation gammas are generally ab-

sorbed in the tank and produce a scintillation pulse (type 1 pulse). Mean-

while the neutron which has just been produced wanders about inside the

tank and has a good chance of being absorbed by a heavy nucleus within

the tank liquid. To facilitate this, the scintillating liquid is loaded with

cadmium, which has a high absorption cross section for slow neutrons.

This neutron capture generally occurs within a few microseconds and is

followed very quickly by gamma emission according to the scheme

Cd 113 + n -> Cd 114 + 7 (5S)

This gamma ray, too, has a good chance of being stopped in the tank

and producing a second scintillation pulse (type 2 pulse).

A delayed coincidence arrangement records events in which a pulse

(type 1) is followed within a few microseconds by a second pulse (type 2).

The test is to see whether or not there is a change in the delayed coin-

cidence rate when the pile is shut down, thereby shutting off the neutrino

supply. A difference in counting rate of 0.41 ± 0.20 count/min was

found, compared with a predicted value of ~0.2 count/min. This experi-

ment probably forms the best evidence to date for the "existence" of the

neutrino as a free particle.

PROBLEMS

1. Derive an expression for the energy at which the classical and relativistic

kinetic energy expressions differ by 1%.

2. At what kinetic energy will (a) an electron, (6) a mu meson, and (c) a

proton have a relativistic mass twice as large as its rest mass? What is the

speed in each case?
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3. The earth's magnetic field is that of a dipole of strength 8.1 X 1026 gauss
cm3

. What energy must an electron have if, neglecting the atmosphere, it

would circulate around the earth at the magnetic equator?
4. Kern, Zaffarano, and Mitchell (K48) working with a magnetic-lens

spectrometer, observed that gamma rays from Sb124
, when allowed to strike

a thin lead radiator, produced two external conversion peaks for lens currents

of 1.926 amp and 2.104 amp, respectively. Assuming that these electrons arise

from the K and L levels in lead, what can you deduce about the calibration

constant of their instrument and about the energy of the gamma ray? Com-
pare your first result with their value (measured by the annihilation radiation
method) of 1547 gauss cm/amp. The K and L binding energies for lead are

87.6 kev and 15.8 kev, respectively.

5. Prove Eq. 17.

6. Prove Eq. 18. Assume that the line shape is roughly triangular. Notice
that Eq. 17 gives the line width at its widest point while 5 is defined in terms of
the width at half maximum.

7. Find an expression for the coordinates z
, to of the ring focus in Fig. 6,

noting that at this point dr/88 vanishes.

8. Meitner and Orthmann (M30), in a calorimetric measurement of the mean
energy of the Bi210

(5.0 days) beta rays, used a 3.98-mg sample of pure Bi210
.

At what rate does a freshly prepared sample emit energy?
9. P32

is a negatron emitter with £ = (1.712 ± 0.008) Mev. If the atomic
mass of the product S32

is (31.98089 ± 0.00007) mu, what is the atomic mass
of P32 and its probable error?

10. Find the disintegration energy for the decay by Jf-capture of Be7
, making

use of the fact that the reaction

Li7 + p -> Be7 + n

is endothermic by 1.62 Mev.
11. Here are some data by Siegbahn (Si46) on the spectrum of P32

. The
intensity is proportional to the number of emitted electrons per unit momen-
tum interval. Plot in Fermi form and find the extrapolated end point, neglect-

ing the Coulomb factor F.

BP Bp,

gauss cm Intensity gauss cm Intensity

500 14 4000 91

1000 27 4500 82
1500 42 5000 68
2000 58 5500 49
2500 76 6000 31

3000 91 6500 12

3500 94 7000 3

12. Make a rough estimate of the comparative life of P32
, using the data of

problem 11.



7 • Passage of Charged Particles

and Gamma Rays through Matter
1

Electrons, mesons, protons, deuterons, alpha particles, gamma

rays, etc., can be detected only if they are allowed to interact

with matter. Operationally these interactions are the basis upon

which we hypothesize the "existence" of the particle. We con-

sider here only those interactions that count appreciably in re-

ducing the particle flux. This may happen by scattering from a

collimated beam, by capture of the particle, or by its transforma-

tion into a form to which the detector does not respond. Careful

absorption measurements on nuclear radiations were first per-

formed by Rutherford in 1899; in his words:

These experiments show that the uranium radiation is complex, and

that there are present at least two distinct types of radiation—one that

is very readily absorbed, which will be termed for convenience the a

radiation, and the other of a more penetrative character, which will be

termed the /3 radiation.

This was the first assignment of these familiar symbols.

MESONS, PROTONS, DEUTERONS, ALPHA
PARTICLES, ETC.

7.1 • General

When alpha particles (which we adopt as a prototype in what

follows) move through an absorber, they lose energy primarily by

excitation and ionization of the absorber atoms. These are called

collision processes. Figure 1 shows some typical alpha tracks in a

cloud chamber. Note that (1) the tracks are quite straight; (2)

there is a well-defined mean distance-of-travel or range; (3) abrupt

changes in direction occur near the ends of some tracks where the

1 See Bethe and Ashkin (Be53) for a comprehensive review.

147
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particle is moving slowly—these represent nuclear collisions; and

(4) the density of ions along the track passes through a maximum
near the end of the track; this is not clear in the figure. The sug-

gestion that alpha particles lose their energy steadily in small

"dribbles," thus exhibiting a finite range in air, was made by
W. H. Bragg in 1904, some eight years before the discovery of

the cloud chamber.

Fig. 1. A sketch of some cloud chamber tracks of alpha particles from Po210
.

The tracks of Fig. 1 are for alphas from Po210 whose initial

energy is 5.30 Mev. The mean number of ion pairs per track is

about 150,000. Of these about one-third represent -primary ioniza-

tion produced by the direct interaction of the alpha particle. The
remaining secondary ionization is produced by fast electrons pro-

duced in the primary interactions.

Consider a head-on elastic collision of an alpha particle of mass
ma and energy E with a resting electron of mass me . Conservation

of momentum and kinetic energy lead readily to this expression

for the energy loss of the alpha particle.

AE = E{4me/ma) (1)
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This amounts to 2700 ev for a 5-Mev alpha particle. It is these

few fast electrons (called delta rays) that produce the secondary
ionization.

The total number of ion pairs may be counted in the cloud
chamber (Sect. 8.2) or in a calibrated ionization chamber (Sect.

8.4). Since the energies of many alpha-particle groups from radio-

nuclei have been measured carefully by magnetic deflection meth-
ods (see Br54) it is possible to find w, the mean energy expended
per ion pair. Surprisingly, w proves to be roughly independent of

the energy of the primary particle and furthermore to be roughly
the same for electrons, mesons, protons, and alphas and other

light ions. For argon these statements seem to be rigorously true

(J50), thus making this gas particularly useful in many absorp-
tion and ionization experiments. The calculation of w from theory
is very difficult and remains essentially an unsolved problem.

7.2' Range determination—counting methods

Suppose that alpha particles of energy E are being emitted
from an infinitely thin plane radioactive source; suppose further

that they are restricted by slits to form a collimated beam normal
to the plane. If the source is placed in an absorbing gas, a range

exists which is characteristic of the absorber and of E and is

defined in one of several ways. Dry air at 15°C and 760 mm-Hg
is a common standard absorber although ranges in other gases, in

photographic emulsion, and aluminum and other solids are often

reported.

Figure 2 shows an arrangement that Holloway and Livingston

(H38) of Cornell University used for measuring the ranges of the

L

4 3 2 10
ff

Fig. 2. An apparatus used by Holloway and Livingston to measure alpha
ranges (H38).

alpha particles of known energy in air. The source had negligible

self-absorption. A circular slit arrangement defined a collimated
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beam. -The detector was a screen-walled ionization chamber 1.0

mm deep. Ions are formed in pulses in the chamber when the
individual alphas pass through it. The voltage pulses induced
on the chamber electrode are amplified and counted electronically.

Holloway and Livingston measured, among other things, the count-
ing rate for various separations between source and detector.

Several corrections are needed. (1) Because the electric field of the
chamber penetrates the screen wall a bit, ions formed just outside the
chamber can be collected. Holloway and Livingston found that the effec-

tive electrical face of the chamber was 0.31 mm in front of its physical

face. (2) Because of amplifier noise there is a lower limit to the size of

the pulse that can be counted. This corresponds to a finite penetration

of the particles beyond the electrical face of the chamber. Holloway and
Livingston were able to extrapolate in a certain way to the limiting case

of pulses of zero height, corresponding to zero energy loss in the detector.

(3) The observed separations must be corrected to those that would have
been found in air at standard conditions of temperature and pressure.

The effects of water vapor and non-normal carbon dioxide in the labora-

tory air must also be allowed for.

Figure 3a is a typical number-distance curve. It shows what
fraction of particles are still detectable at various distances from
the source. A mean range R is defined so that half of the particles

have a greater range and half a lesser. It corresponds to the

abscissa at the inflection point of Fig. 3a. The number-distance

extrapolated range Rn is defined as the abscissa at which the tan-

gent to the number-distance curve at its inflection point intersects

the horizontal axis. The mean range is in much more common
use.

If all particles in the beam had the same track lengths, the num-
ber-distance curve would drop sharply to zero at a certain dis-

tance from the source. That it drops gradually means that the

tracks differ somewhat in length. This is called range straggling.

It comes about because of the random nature of the collisions.

There is, for example, a definite (but extremely small!) proba-

bility that an alpha particle will move, say, 1.0 cm through normal
air without making any ions at all.

A convenient measure of straggling is the half-width a, at 1/eth

of its maximum, of the differential range curve (Fig. 3b); this

curve is the derivative of the number-distance curve. The ordi-

nate y is such that y dR gives the fraction of alpha particles in the
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beam which come to rest between R and R + dR from the source.
The curve may be approximated by the Gaussian relation

y = (x^a)-1
*

_ (g-fi)2

(2)

The coefficient is so chosen that the area under the differential
range curve is normalized to unity. The mean range is the abscissa

4.00

Fig. 3. Showing for Po210 alphas : (a) number-distance curve with the number-
distance extrapolated range at 3.897 cm; (b) a differential range curve with a
mean range at 3.842 cm; (c) a portion of a specific ionization curve for an
alpha beam with an ionization extrapolated range at 3.870 cm; and (d) a por-
tion of a specific ionization curve for a single particle of mean range. The
abscissa is the distance of an ideal, thin detector from an ideally thin source

in standard air. From Holloway and Livingston (H38).

at the maximum. We can easily show that the relation between
R and Rn is

Rn — R = \ir^a
(3)

For the alphas from_Po210 which have E = 5.303 Mev, measure-
ment shows that R = (3.842 ± 0.006) cm. Using the experi-
mental value of a(0.062) leads to Rn = 3.897 cm, 1.4% greater
than R. See 5e53 for a discussion of the theoretical calculations
of straggling.



132 INTRODUCTORY NUCLEAR PHYSICS [Ch. 7

7.3- Specific ionization and stopping power

Instead of simple counting, we can measure the number of ions

formed in a narrow interval as a function of the location of this

interval along the collimated beam. This is not the same thing

(because of straggling) as the ionization density as a function of

position along a single track of mean range. The apparatus of

Fig. 2 can be used for these measurements as well as for simple
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Fig. 4. The specific ionization for a single alpha-particle track, measured

from the end of the track (bottom scale). The small solid circles are the re-

sults of Holloway and Livingston. The other symbols are the results of

other workers. The top scale is the distance of the detector from the source

(H38).

counting. The amplifier is so designed that the voltage height of

its output pulse is closely proportional to the number of ion pairs

formed in the chamber. The relative specific ionization as a func-

tion of position along the beam can then be found. Part of such

a curve for Po210 alphas is shown in Fig. 3c. The ionization ex-

trapolated range Ri is defined as the abscissa at which the tangent

to this curve at its inflection point crosses the horizontal axis.

For Po210 , R{ is 3.870 cm, 0.7% greater than R.

Figure 4 (see also Fig. 3d) shows the relative specific ionization

for a single track of mean range (H38) , measured from the end of

the track. Since the curve refers to a single track, there is no tail

due to straggling. The increase in specific ionization near the end

of the track is very clear. Related to the specific ionization /
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(for a single track of mean range) is the stopping power (—dE/dx)

of an absorber for a particle of a given energy. The relation is

-dE/dx = wl (4)

where I is measured in ion pairs/unit length. The minus sign ap-

pears because E decreases as x increases.

7.4' Range-energy relation—experimental

A plot of mean range versus energy for alpha particles in a given

absorber is very useful in nuclear reaction studies. In the interval

4-8 Mev, measurements on natural alpha emitters can provide

empirical data for such a curve. A theoretical formula (Sect. 7.5)

can be used to interpolate between the experimental points and

to extrapolate to higher energies. The formula does not hold, how-

ever, below about 5 Mev. This portion of the curve must be based

entirely on experiment. Certain nuclear reactions, such as

n + Li6 -> He4 + He3
(5)

can also produce alpha particles of known energy. In this reaction,

for example, Ea is 2.057 ± 0.010 Mev (T49) provided the incident

neutron energy is very low; the measured mean range in standard

air is 1.04 ± 0.02 cm (B45).

Another source of data for the low-energy region is the specific ioniza-

tion curve of Fig. 4. The energy of an alpha particle that has a range of

1.50 cm, for example, can be found by counting the total number of ions

between the points "1.50 cm" and "0 cm" in Fig. 4 and multiplying by w.

More specifically

E = l wIdR =
\

(- dE/dx) dR (6)
Jo J o

Jesse and Sadauskis (Je50) have computed such a curve for low energy

alphas, using essentially their values of w for air combined with Holloway

and Livingston's values of I(R); see also Bethe (Be50).

The inverse relation to Eq. 6 is also of interest. For a particle

of mean range

R= f dx =
f \-dE/dx)~ xdE (7)

If we know how (—dE/dx) varies with energy, we can calculate

R for a given E . Conversely, if we know the range-energy plot,



154 INTRODUCTORY NUCLEAR PHYSICS [Ch. 7

we can find the stopping power as a function of energy by taking
slopes. At E = 3.00 Mev in Fig. 5, for example, measurement
yields a slope of 137 kev/cm.
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Fig. 5. Mean range in air at 15°C and 760 mm-Hg for alpha particles of

energies up to 8 Mev according to Bethe (Be50).

7.5- Range-energy relation—theoretical

There is a theoretical relationship which predicts the stopping
power due to collision processes for particles of charge ez and
speed v moving through an absorber of nuclear charge Ze, effective

ionization potential I, and with atomic density N. The first such
relationship was deduced by Bohr in 1913 (B15) well before the dis-

covery of quantum mechanics. See Fermi (F50), p. 27, for a good
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approximate derivation. In 1930 Bethe (B30) deduced an approxi-

mate quantum-mechanical relationship that is valid for nearly all

cases in which we are interested. Bloch, in 1933, derived a more

exact quantum-mechanical formula that contains Bohr's and

Bethe's results as limiting cases (B33). Bethe's formula, including

relativity corrections added later, is (L37)

{-dE/dx) e = (frreWNZ/rm?)

[In (2mv2/I) - In (1 - v
2
/c

2
) - v

2
/<?] (8)

where m is the rest mass of the electron. The mass of the moving

particle does not enter into Eq. 8. I is usually treated as an empiri-

cal constant, to be fixed by substitution of known data. For alpha

particles in standard air, for example, I = 80.5 ev gives a good fit

to observed data in the region 4-8 Mev. Table 1 shows some values

of I for other materials.

TABLE 1

Some Mean Ionization Potentials

From Bakker and Segre (Ba51)

iterial I, ev Material I, ev

H 15.6 Cu 276

Li 34.0 Ag 418

Be 60.4 Sn 463

C 76.4 W 655

Al 150 Pb 705

Fe 241 u 811

Air 80.5

For all except the highest speeds the last two terms in the square

bracket of Eq. 8 almost cancel each other; we can show this by expanding

jn (i _ „yc2) in a series. Since the term In (2mvi/I) is reasonably slowly

varying with v, the main variation of {—dE/dx) c with v is in the term

outside the brackets. Thus, as the particle slows down, (-dE/dx) c in-

creases. This is the well-known increase of ionization density that comes

in near the end of the range.

For very slow particles we know that the ionization density must drop

again, going eventually to zero. Equation 8 does not show this; the rea-

son is that in deriving it, the random capture and loss of electrons that

comes in as the particle slows down was not considered. Equation 8 can be

relied on only above about 5 Mev for alpha particles and about 1.3 Mev
for protons.
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At high enough speeds, the second and third terms in the square

brackets become important. The curve passes through a broad minimum
and increases slowly thereafter as v increases. Figure 6 shows plots of

{— dE/dx) c in standard air for various particles. The curve rises at high

energies because, according to the theory of relativity, the electric field

set up by a moving charge tends to concentrate itself in the plane normal

to the motion as the speed increases. This means that the electric-field
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Fig. 6. The stopping power of standard air for different particles at different

energies.

strength can exert an effect farther from the particle track and thus pro-

duce more ions than it otherwise could. The relativistic effect was al-

ready taken into account by Bohr in his 1915 classical treatment of the

energy-loss problem (B15).

In combining Eq. 7 with Eq. 8 to calculate mean ranges, we must

remember that Eq. 8 fails at low energy. We get around this by writing

R = R' + I {-dE/dx)-1 dE
Je'

(9)

where R', E' represent a point known empirically on the range-energy

curve (5 Mev < E' < E ).

By means of Eq. 7 we can find a range-energy curve for one ionizing

particle, given the curve for another. Combining Eqs. 7 and 8 leads to

R
Jo

dE = mz-2F(v) (10)

where m is the mass of the particle (not of the electron). This says that

for different particles in a given absorber the range depends only upon

the particle speed, its mass, and its charge. F(v) and f(v) are functions

whose values may be worked out if desired; they do not contain z or m.
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If we compare two particles of masses m and mo and charges z and «o and

identical speeds, their ranges in the same absorber will be given, accord-

ing to Eq. 10, by _
R = R (m/moXzo/z) 2

(11)

Their energies must be related by

E = Eoim/mo) (12)

if the speeds are to be the same. Let m and Zo describe the alpha par-

ticle, and m and z the proton; we can then start with the alpha range-

energy curve and, pointwise, plot out that for protons. The point (7.00

Mev, 5.92 cm) is on the alpha curve, for example. From Eq. 12 a proton

of E = 7.00 (1.01/4.00) Mev = 1.77 Mev has the same speed. From Eq.

11 the range of such a proton is 5.92 (1.01/4.00)(2/l) 2 cm = 5.98 cm.

Thus E = 1.77 Mev and R = 5.98 cm is the corresponding point on the

proton curve.

These considerations hold strictly only for z = 2 . In such cases

(H 1
, H2

, H3 and all positive mesons, for example) the capture and loss of

electrons is the same for both particles. Because of this, Eq. 11 is rather

exact even though capture and loss was not considered in deriving Eq. 8.

Range-energy curves for mesons in photographic emulsion can thus be

computed if the curve for protons in emulsion is known (B50). For the

proton-alpha particle relationship, the fact that the capture and loss is

different for the two particles means, empirically, that we must substitute

R = RoMz^/Mtf? - 0.20 cm (13)

for Eq. 11. This gives R = 5.78 cm in our example instead of 5.98 cm.

This correction will be relatively less important at higher energies.

ELECTRONS

7.6- Absorption—low energies

At "low" energies the energy loss of electrons in matter is due

to ionization and excitation processes. Figure 7 shows a typical

semilogarithmic absorption plot for the negatrons from P32
; they

form a continuous group whose maximum energy is 1.71 Mev.

There is an end point R, beyond which there are no particles

(~810 mg/cm2
).

Beta-ray end points are not as well defined as alpha-ray ranges

(compare Figs. 7 and 4). This is because (1) nuclear electrons

have a continuous distribution in initial energy, whereas the alpha
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particles are monoenergetic; (2) the changes in direction of the

electrons in collisions may easily be great, where for alpha particles

they are small; and (3) the straggling is much greater for electrons

than for alpha particles because in electron-electron collisions, a

large fraction of the incident energy can be transferred in a single

encounter. The shape of the curve of Fig. 7 will vary with the
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Fig. 7. A semilogarithmic absorption plot for beta rays from P3:

detector was an ionization chamber. From Wu (W41).

The

geometrical arrangement. Only the end point will remain un-

changed. If there are nuclear gamma rays, a background due to

them will be superimposed upon the electron curve. Absorption

curves for monoenergetic conversion electron emitters, although

of somewhat different shape than the curve of Fig. 7, also have

characteristic end points.

One can construct an end point versus maximum energy plot for beta

emitters, in analogy with Fig. 5. End points cannot be determined repro-

ducibly with any accuracy by inspection, however; nor can one use simple

extrapolation because the curve of Fig. 7 is not linear. An extrapolation

technique that can be used relies on a comparison of the absorption curve

of the unknown beta emitter with one of a standard beta emitter of

known end point, in the same geometry. This method, first developed by

Feather (F38) has been extended by Bleuler and Zunti (B146). Figure 8
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(G148) shows some end points in aluminum for both beta emitters and

homogeneous groups as a function of energy. There is little difference

between the two if we plot maximum spectrum energies for the beta

emitters.

7.7- Ionization loss—theory

Ionization loss theory for electrons, as distinguished from the

theory for other charged particles, must consider the fact that

after the "projectile" (electron) has struck a "target" (electron)

we cannot tell which was initially which. A billiard ball can

transfer all its kinetic energy in a head-on collision with a similar,

resting ball. In the electron case, however, we logically will

choose to identify the "projectile" electron as that particle which,

has the greater energy after the collision. A projectile electron so

defined can give up at most only one-half of its kinetic energy in a

head-on collision. If it gave up more, we would cease to label it as

the projectile. In addition, there are quantum-mechanical ex-

change effects that must be considered when the projectile and

the target are identical particles. Neither of these considerations

apply to positrons. We give here two limiting cases of the general

theoretical expression for the collision loss of negatrons of kinetic
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Fig. 9. Energy losses when 31-Mev protons pass through the gas in a propor-
tional counter. From Igo and Eisberg (154).

energy E. They are the non-relativistic case (Eq. 14) in which
E <JC mc2 and the extreme relativistic case (Eq. 15) in which
E » mc2

.

4*e4NZ
(-dE/dx) c

= — [In (mv2/2I) + 0.15] (14)
mv

„4 7
2ire

4NZ
(-dE/dx) e = — [In (E3/2mc2I2 ) + i]

mcr
(15)

Equations 14 and 15, on the one hand, and 8, on the other hand,
are not as different as they seem to be. For electrons and protons
of the same velocity, in fact, the collision losses rarely differ by
more than 10% (problem 7).



Sect. 8] CHARGED PARTICLES AND GAMMA RAYS 161

The large straggling effect for electrons has an interesting consequence,

first pointed out by Bohr (B15). Consider the passage of a collimated

beam of electrons of energy E through a foil of thickness Ax. How much

energy will the electrons lose in traversing the foil? The mean energy

loss is certainly given by

AE = (-dE/dx) c Ax (16)

If we observe experimentally the energy losses for individual electrons

we will find that they cover quite a range of values, because of the large

straggling. The mean loss will be given by Eq. 16. Another quantity of

interest is the most probable energy loss. For alpha particles the two

losses are about the same, because of the relatively small straggling. For

electrons, however, the most probable loss may be considerably smaller

than the mean loss.

Figure 9, due to Igo and Eisberg (154), shows the distribution in pulse

heights when 31-Mev protons pass through a M-in. thickness of a gas at

1-atm pressure, in a proportional counter. The pulse height measures the

energy loss; we see that the most probable loss differs appreciably from

the average loss and that the data are well described by a theory due to

Landau (see Be5S).

7.8* Radiation loss

A charged particle that is accelerated radiates energy in electro-

magnetic form at a rate proportional to the square of its accelera-

tion. From a quantum point of view we say: there is a probability

pd(fu*>) that it will radiate a photon whose energy lies between

fitii and fiw + d{ha). If an electron passes near a nucleus of charge

Z its path will be bent somewhat. Such bending is an accelera-

tion, and radiation may be emitted during the process. It is

called Bremsstrahlung (German: braking radiation) and represents

an energy loss for the electron. Such losses occur not only because

of the Coulomb acceleration by the nucleus but also because of

that by the atomic electrons.

Bremsstrahlung processes account for the continuous spectrum

emitted from x-ray tubes. It is a detectable effect in the radiations

from beta emitters, as Fig. 7 shows; the sloping part marked

"7-rays" represents Bremsstrahlung photons which arise in part

when the P32 negatrons pass through the absorber. Besides this

there is an innere Bremsstrahlung effect in P32 and other beta

emitters; it corresponds to the emission of photons by atoms as

the beta rays escape from them.
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7.9- Bremsstrahlung—theory

The energy radiated per unit path length by electrons of kinetic

energy E moving through matter has been computed theoretically,

first by Sauter (S34) and by Bethe and Heitler (B34); see also

Be53. We give only the formula which holds for the extreme rela-

tivistic limit for which E >>> mc2
. At low speeds the radiation loss

is much less than the collision loss and can be ignored. The high-

speed formula is

:

(-dE/dx) r = [4Z(Z + f)e
4iV£/137m2c4][ln (183Z

-
*) + |] (17)

Equation 17 assumes that the Bremsstrahlung encounters take

place at distances from the nucleus that are large compared with
the atomic radius. Thus the nucleus is "screened" by the orbital

electrons. To see that screening effects are important at high
speeds, we need only recall that at such speeds the Coulomb field

of the electron is concentrated in the plane perpendicular to the

electron's line of motion. Thus the electron can interact with
the nucleus at greater and greater distances from it. Screening

can only be neglected when the speed is so low that the "maxi-
mum interaction distance" is much less than the atomic radius.

In Eq. 17, f is a quantity that varies smoothly with Z from 1.40

for hydrogen to 1.14 for uranium (Be53). The quantity (—dE/dx) r

increases steadily with E.

That the energy loss is roughly proportional to (Z/m) 2
follows

from the classical proportionality of the rate of radiation from a
charge to the square of its acceleration; the acceleration caused
by the Coulomb force is proportional to Z/m. The factor m~2

means that Bremsstrahlung losses are quite small for mesons,
protons, or heavier particles.

Note that Eq. 17 can be written as

(dE/dx) r = -cE (18)

where c is a constant, independent of energy. This can be integrated to

E = Eoe-*' 1*
(19)

where L, the radiation length for the absorber, is seen to be

L = [137mV/4Z(Z + tfe
4N][log (183Z~^) + j-]-» (20)

L is the absorber thickness for which an electron will lose 1/eth of its



Sect. 9] CHARGED PARTICLES AND GAMMA RAYS 163

initial energy by radiation processes. It is 23.9 gm/cm2 for aluminum

and 5.8 gm/cm2 for lead.

The total rate of energy loss for a charged particle traversing

matter is, neglecting other interactions (such as meson production,

for example),

(-dE/dx) = (-dE/dx) c + (-dE/dx) r (21)

Fig. 10 shows, for electrons in lead, the theoretical variation with

energy for each of these three terms. Table 2 shows some values
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Fig. 10. The total, radiation, and collision energy-loss rates for electrons in

lead. The abscissa is the ratio of the electron kinetic energy to rest energy.

From Heitler (#44).

of (-dE/dx) for electrons in air, water, and lead. The rapid

increase in energy loss rate at high energies with absorber density

comes about because the radiation loss, which predominates there,

varies roughly as Z2
. The collision loss varies only as Z.

TABLE 2

(-dE/dx) for Electrons in Three Absorbers; from Heitler (ff44)

(The units are Mev /cm; mc2 fox elections is 0.511 Mev)

Elmc* 0.01 0.1 1 10 102 103 10 4

Air 0.037 0.006S 0.0021 0.0023 0.0047 0.018 0.15

Water 3S.4 6.2 1.9 2.0 3.5 14 120

Lead 133 34.2 12 21 105 1,000 10,000
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GAMMA RAYS
7.10- General

The three important gamma-ray absorption processes are (1)

the photoelectric effect, in which a photon knocks an orbital electron

out of an atom, disappearing in the process; (2) the Compton

effect, in which a photon is scattered

by a free electron, losing some of its

energy in the process; and (3) pair

production, in which the photon

vanishes and a positron-negatron

pair is created. In all three proc-

esses the photon either vanishes or

is scattered away from its original

direction in a single interaction. If

we restrict our discussion to highly

collimated beams, a scattered photon

has vanished also as far as the de-

tector is concerned. Such "one-

shot" absorption does not hold at

all for charged particles. Here, as

we have seen, the energy loss takes

place in many small steps. This

difference means that the absorption

of photons is exponential, with no

definite maximum range.

1.27

125 cm

D
\ I HO 7-5

2.03-11- T2"

3.8

Counter 7.11 Absorption of photons-
experimental

Figure 11 shows a "good geome-

try" arrangement which has been

used for absorption experiments

(Dav52). The lead shielding is to

discourage photons from getting

from the source to the detector by

scattering from nearby objects, without passing through the foils.

Another approach to this problem is to have no shielding but to

remove the nearby scatterers. Cowan (Co48) has used a light

aluminum source, foil, and detector support, hung from a cable

outdoors, 25 ft above the ground.

Fig. 11. An apparatus used by
Davisson and Evans to study

the absorption of gamma rays in

various materials (Dav52). A,

B, C, D, and B are lead shields.

All dimensions are in cm.
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Let R be the rate at which monoenergetic photons in a col-

limated beam fall on a thin slab of absorber placed at right angles

to the beam. The rate at which photons disappear from the beam

by processes going on in this slab is (—dR). This rate is propor-

tional to R and, because of the "one-shot" nature of the absorp-

tion, to the slab thickness dx.

-dR = nxR dx (22)

where y.x , the linear absorption coefficient, is independent of x for

monoenergetic radiations. Integration yields

R = Roe-""
1

(23)

A mass absorption coefficient \xm may be defined from

/* = »*/p (24)

in which p is the density of the absorber.

Another quantity of interest is the half-value thickness X;

this is the absorber thickness needed to reduce the intensity of a

given monoenergetic radiation to one-half. It is easy to show that

X = 0.693/mx = 0.693/pMm (25)

For radiations made up of two or more quantum energies we can put,

in place of Eq. 23,

R = Roie-* 1* + Rote-"** + •• (26)

If the number of components is small, if their energies are widely sepa-

rated, and if their intensities are comparable, we can analyze an absorp-

tion curve into a number of curves, representing what we would have ob-

tained if we had measured the components separately. The method of

analysis is like that for complex radioactive decay curves.

7.12- Absorption—definitions

Separate theories have been worked out for each of the three

absorption processes. By combining, an expression for the total

absorption coefficient n as a function of energy results. The coeffi-

cient ii at any energy is

M = Mpe + Mc + l*pp (27)

where the three terms on the right are the partial coefficients due

to the photoelectric effect, the Compton effect, and pair produc-

tion. Theory generally checks experiment within the precision of
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the experiment. Figure 12, for example, shows the excellent agree-

ment of Cowan's data (Co48). He measured absorption coeffi-

cients for five different photon energies in five different absorbers.

The solid lines are the predictions of theory. At higher energies

{88 Mev, Law49; 280 Mev, D51) there is good agreement for all

save the heaviest absorbers where discrepancies up to 10% ap-

pear; these can probably be explained by failure of certain ap-

proximations made in deriving the theoretical expression for y.pp .

0.2 0.3 0.4 0.6 0.8 1.0 2

Energy, Mev
6 8 10

Fig. 12. Some absorption data (dots) by Cowan; the solid lines are theoreti-

cal curves (Co48).

It is convenient to define absorption cross sections related to the

partial linear absorption coefficients by 2

naav

neffc

l*pp Hn(Tpp

(28a)

(286)

(28c)

Here na , ne , and nn are the numbers of atoms, electrons, and nu-

clei per unit volume of the absorber; these are the units with

which the incoming photon interacts in, respectively, the photo-

2 Equations 28 follow from a comparison of Eq. 22 and Eq. 2, Chapter 1.

Note that —dR in the former corresponds to R in the latter, R in the former

to jRo in the latter, and dx in the former to x in the latter.
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electric, the Compton, and the pair production processes. Note

that

na = nn = N p/W and ne = Zna (29)

where A^o is Avogadro's number, p the mass density, W the atomic

weight, and Z the atomic number of the absorber.

7.13* Photoelectric effect

Equation 1 of Chapter 5 holds for each individual photoelectric

interaction. The photoelectric effect is treated theoretically as an

interaction with the whole atom and not with the single ejected

electron. This effect cannot occur at all for free electrons (problem

9); it therefore seems reasonable that it influences most strongly

the most tightly bound electrons—those in the if-shell.

The calculation of <rpe (or npe) as a function of the atomic num-
ber Z of the absorber and the photon energy E is difficult, and no

theoretical expression that is correct for all ranges of E and Z
can be written down. Davisson and Evans (Dav52) have drawn

"best" curves joining smoothly the theoretical expressions that

hold in different regions. Some of their results are shown in Fig.

13. Note that jipe decreases rapidly as Z decreases and as E in-

creases.

In the characteristic x-ray region photoelectric absorption becomes

dominant. The phenomenon of absorption edges appears and the smooth

theoretical curves (Fig. 13) no longer hold. Fortunately, however, experi-

mental x-ray absorption data are available. Figure 14 shows how npe
varies with energy for nickel, copper, and zinc absorbers. The sharp

change in value means that the photon cannot ionize the .K-shell if its

energy drops below the characteristic X-binding energy. The K-binding

energies are 8.35 Kev for nickel, 9.02 Kev for copper, and 6.69 Kev for

zinc. In Fig. 15 we plot the ratio of the absorption coefficient in nickel

to that in copper for various energies near the two X-edges. By measur-

ing the absorption coefficient in foils of two adjacent (or near adjacent)

elements we can tell whether the energy of an unknown radiation falls

within or outside a particular narrow interval.

The differential absorption technique was first used by Alvarez (A38);

with its aid, he was able to establish for the first time, the existence of

K-capture (in Ga67
). If K-capture occurs in this nucleus (Z = 31), x-rays

characteristic of Zn (Z = 30) are expected. Alvarez had to distinguish

characteristic zinc radiation from the characteristic radiation of neighbor-

ing elements copper and gallium. As it happens, only the Zn Ka-r&dia,-
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Fig. 13. Some partial absorption coefficients for photoelectric absorption in

various substances at various photon energies. The curves are best fits to

various theories (Dav52). More data are given in the reference, (n, = mc^/E-y

where Ey is the photon energy.)
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Fig. 14. Experimental mass absorption coefficients for Ni, Cu, and Zn,

showing the .ff-absorption edges.
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tion falls in the interval between the Cu and Ni K-edges. Table 3 shows

the experimental results. If we must choose from the three possibilities

shown we will certainly decide that the unknown radiation is Zn Ka .

TABLE 3

Absorption of X-Radiations from Ga 67

Mass Absorption Coefficient, cm2
/g

Expected for

CnKa Zn Ka GaK„
Absorber Observed (8.07 kev) (8.65 kev) (9.25 kev)

Nickel 250 42 303 250
Copper 51 46 50 270

Ratio 4.9 0.91 6.1 0.93

E$=hv

7
'.1 4- Compton effect

A. H. Compton (C23) first described the interaction of a

photon with a negatron, assumed free,

in terms of Fig. 16. The photon of

- initial energy Ey = hv moves off

at an angle <p after the interaction,

with a lower energy Ey
= hv'. The

negatron moves off at an angle 6

with kinetic energy E. The rela-

tivistic laws for conservation of mo-
mentum and total energy allow us to

write

Fig. 16. A Compton collision

in which a photon of energy Ey

collides with a free electron,

which moves off at an angle 0.

and

hv/c = (hv'/c) cos <p + m/3c(l - (3
2)~ V2 cos (30a)

(hv'/c) sin <p = m&c{\ - /3
2)~ y2 sin 6 (30b)

hv = hv' + mc2
[(l - n2\~y2 1] (30c)

Conservation of momentum in the direction perpendicular to

Fig. 16 ensures that all three particles lie in one plane. If we
eliminate 9 and the electron speed parameter /3 from the above

equations we finally get

X' — X = (h/mc) (1 — cos tp) (31)

This tells us what the change in wavelength for the scattered

photon will be. The wavelength change is independent of the
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wavelength; thus the fractional energy loss in individual Compton

processes is quite large for energetic photons, as Table 4 shows.

The energy degradation of scattered gamma rays was established

experimentally by Gray as early as 1913, nine years before its

theoretical interpretation by Compton (G13).

TABLE 4

Compton Effect for <p = 90°

E, K X', Ey>, (I\ — Ey')/Ey,

Mev 10
"10 cm 10-10 cm Mev 7

0.01 124 124 0.010 1

0.10 12.4 14.8 0.0837 16

1.00 1.24 3.67 0.337 66

10.00 0.124 2.55 0.486 95

From Eq. 31 we can find an expression for the energy of the

degraded photon,

EyE' = ^ (32)7
1 + (Ey/mc

2
)(1 - cosv)

Equation 32 reduces, as expected, to Ey
' = Ey for <p = 0, corre-

sponding to no interaction. For Ey ^> mc2 and <p > 0, we have

Ey
' « wc2

/(l - cos <p) (33)

This shows that photons scattered at 90° approach a limiting en-

ergy of mc2 (= 0.511 Mev) as the incident photon energy increases.

Column 4 of Table 4 shows this effect. If Ey « mc2
, the non-

relativistic case, Eq. 32 reduces to Ey « Ey .

Klein and Nishina (K29) calculated, quantum mechanically,

the cross section per electron for the Compton process. Their

result is

2(r - 1)

r
2

14 1

In (2r + 1) 4
1 (34)V

2 r 2(2r4-l) 2 '

Here r = Ey/mc
2

, and a = 2.50 X 10~25 cm2
. They assumed that

the photon energy is so great that all electrons can be considered

free.
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7.15- Pair production

Anderson (A33) first observed, in cloud-chamber photographs
of the cosmic radiation, positron and negatron tracks such as
those of Fig. 17. Such tracks can be made by letting energetic

photons (Ey > 1 Mev) strike foils of high-Z materials in cloud
chambers. It is as if a photon, influenced by a nearby nucleus,

disappears and a positron-negatron pair appears. Applying con-

servation of total energy, but neglect-

ing the small energy transfer to the

catalyzing nucleus, gives

Ey = 2mc2 + E+ + E~ (35)

The first term on the right represents

the rest energies of the members of the

pair; the other two terms are their

kinetic energies. That a pair must
appear is necessary if we are to have
conservation of charge. Pair produc-

Fig. 17. A schematic dia-

gram of a positron-negatron

pair formed in a cloud cham-
ber. Gamma rays, moving
along the direction of the ar-

row, produce pairs in the foil

of high-Z material shown. A
magnetic field is superim-
posed at right angles to the

plane of the paper.

tion cannot occur for Ey < 2mc2 be-

cause this amount is needed to supply

the rest energy. The available energy

Ey
— 2mc2 may be shared in any pro-

portion between the two particles; on
the average the positron gets more

then the negatron because it is repelled by the nucleus while the

negatron is attracted. Such differences tend to disappear as Ey
increases. The particles tend to be ejected in the forward direc-

tion, the tendency becoming quite pronounced at high energies.

7.16* Pair production, annihilation of positrons, and the

"hole theory"

Closely linked with pair production from a theoretical viewpoint

is the mirror phenomenon of annihilation of positrons. When
positrons are absorbed in matter we always find that monoenergetic

0.511-Mev photons are present. Coincidence experiments on
positron-emitting sources (wrapped in metal foils) show that these

photons are emitted two at a time in opposite directions. The hy-

pothesis is that a positron in matter, after being reduced to low
speeds by collision processes, interacts with an electron, also ap-
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proximately at rest. The two disappear, and (normally) two op-

positely directed photons appear; each has an energy equal to the

rest mass energy of an electron. Two photons, rather than one,

are needed to allow momentum to be conserved if the annihilation

takes place away from nuclei or other bodies.

Continuum

E=0

Dirac's relativistic quantum-mechanical theory of the electron permits

an interesting formal description of the positron, positron annihilation,

and pair production. A result of Dirac's

theory is a prediction of the energies of

allowed states for a free electron. As Fig.

18 shows, the lowest such state, corre-

sponding to an electron at rest, has total

energy moc2
. Above this is a practical

continuum of states corresponding to

electrons with various kinetic energies.

Besides these states, which are ex-

pected, Dirac's theory also predicts an-

other continuum of states of negative

total energy; as Fig. 18 shows, they have

mirror symmetry about the E = axis

to the first set. At first the result was

viewed by many as a formal result with-

out physical meaning. After the discov-

ery of the positron, however, it was

immediately realized that these negative

levels permit a simple description of this

and related phenomena.

Let us first ask what sense impressions

we are to associate with the positive and

negative levels, in both their filled and

unfilled conditions. As far as positive

levels are concerned we recognize a "filled positive level" as a "moving

negatron" and the totality of "empty positive levels" as simply "nothing"

or "a vacuum." It proves convenient to take an opposite point of view

for the negative levels; we choose to view the totality of "filled negative

levels" as "nothing" and to view an "empty negative level" as a "moving

positron." In solid state physics, for example, we know that diffusion

sometimes occurs by the migration of lattice vacancies or "holes." If an

electric field is applied the "hole" migrates as if it had a charge of op-

posite sign to that of the ions making up the lattice. Thus the positron

appears as a "hole" in a sea of electrons in negative-energy states.

Because positrons are rare, most of the negative levels must be filled.

Continuum

Fig. 18. The energy levels

that are the solutions of the

Dirac equation for the free

electron. The two cross-
hatched regions marked "con-

tinuum" represent very closely

lying levels. The arrows rep-

resent electron transfers for

(a) Bremsstrahlung, (6) anni-

hilation, and (c) pair produc-

tion processes.
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To describe pair production: Consider that a photon of energy Ey

raises an electron from a filled negative to an empty positive energy

state. As in all such absorption transitions, the photon disappears. Re-

moving an electron from a filled negative level creates a vacant negative

level; this appears to us as "the creation of a moving positron." Putting

an electron into an empty positive level appears to us as "the creation of

a moving negatron."

Annihilation of positrons according to the Dirac picture is an emission

process. An electron is removed from a filled positive level (the lowest

one) ; this appears as the "disappearance of a resting negatron." It drops

into the highest (assumed empty) negative level; this appears as the

"disappearance of a positron." The energy difference appears as two

annihilation photons.

Pair production is closely related to the Bremsstrahlung process. In

the former a photon interacts with an electron in a negative-energy state

in the vicinity of a nucleus. In Bremsstrahlung processes, however, both

initial and final states of the electron are positive-energy states. In pair

production and annihilation processes the initial and final states differ in

the sign of their total energy. See Fig. 18.

According to the "hole theory" positron emission and electron capture

are related in that both are capture processes. The electron is captured

from a negative-energy state in the first case and from a positive-energy

state in the second.
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Fig. 19. The cross section for pair production as a function of photon energy.

From Bethe and Ashkin (Be53).
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Theories (B34) for the energy distribution between members of

the pair, for the differential cross section, and for the total cross

section have been developed; they agree fairly well with experi-

ment. Theory predicts that the partial linear absorption coeffi-

cient is closely proportional to Z2 and increases rapidly with photon

energy. Figure 19 shows some theoretical predictions for lead and

air.

FISSION FRAGMENTS

7.1 7- Range-velocity relationship

Heavy nuclei occasionally split up into two fragments of nearly

equal mass, called fission fragments. For the nucleus U236 the

most probable initial fragments have the properties listed in

Table 5. Figure 20 shows some typical fragment tracks in a cloud

TABLE 5

Pkopbbties fob Average U236 Fission Fragments

Light Heavy
Property Fragment Fragment

Mass number 95 139

Atomic number 38 54

Net charge -20e -22e

Initial energy, Mev 97 65

Initial speed, 108 cm/sec 14 9.3

chamber filled with air (B41). Notice the many side branches in

the latter part of the range.

Niels Bohr (Bo41) has advanced a theory for the energy loss of

fission fragments. There are two mechanisms. The first, which is

most important near the beginning of the track, is ionization and

excitation of the absorber atoms. One should note here (Table 5)

that the fragment carries with it a certain core of electrons. The

second mechanism, which becomes important near the end of the

range, is that of elastic nuclear collisions with the gas atoms;

the short branches of Fig. 20 represent nuclei of the cloud-chamber

gas which have been struck by the fragment. The combined effect

of these two mechanisms gives a range-energy relation which is

quite different from that for light ions.
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7.

/•/

Tia, 20, A pair of fission fragment tracks in a clour] chu.inlK.i-. Courtesy

J, K. Iteggild.

By studying tlie branches we can learn the speed v of the fragment

just after the branch was formed. Let v' be the speed of the branch

particle just after the collision ; m* is its mass; mf is the mass of the frag-

ment; 6 is the angle between the initial

fragment direction and the branch(Fig. 21).

If we apply conservation of energy and

momentum (uon-relativistie) to the en-

colinter in' can slum thai

An clustii- collision

"Rsr-r <*»

Fio. 21

between a fragment of mass

mf and a resting nucleus of

mass nib-

where k is w,, ni/.

We can find >•' Ijy measuring the length of the brunch and using the

range-energy relation for branch particles in the elmnl-chanil>er gas.

Kquation '.id immediately gives the speed of the fission fragment. We can

measure the range of the fission track from the root of the branch; this

gives us a jxiint on the range-velocity curve for the fission fragments.
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B0ggild (B41), working in Bohr's laboratory in Copenhagen, was able in

this way to gather the data shown in Fig. 22. The full circles represent

£ 3

.£2

• y» •

j^S

•7T*

*

••
6

10 12

Fig. 22.

2 4 6 8

Range, mm normal air

A range-velocity plot for fission fragments. From B0ggild (B41).

helium branches; the closed branches represent branches formed by
heavier ions such as nitrogen. His results are in accord with Bohr's theory.

PROBLEMS
1. Derive Eq. 1.

2. Derive Eq. 3.

3. Below are some data quoted by Rasetti (R3S) for the specific ionization

of an alpha particle in standard air. What is the mean range of a 5.00-Mev
alpha particle?

Specific Specific

Range, Ionization, Range, Ionization,

cm ion pairs/mm cm ion pairs/mm

0.21 4500 3.0 2880

0.47 6000 4.0 2680

1.0 4800 5.0 2540

1.5 3960 6.0 2480

2.0 3440 7.0 2440

4. Show that the stopping power given by Eq. 8 passes through a minimum.
At approximately what energy does this minimum occur, in terms of the pro-

jectile rest energy?

5. Compute ( —dE/dx) c for protons in air at an energy of 30 Mev.
6. Using Fig. 5, derive an approximate range-energy curve for tritons in

standard air.

7. By what percentage do the stopping powers for protons and electrons in

standard air differ at a speed of 0.2 c? What is the energy in each case?
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8. Prove that a Bremsstrahlung process cannot occur in free space.

9. Prove that a photon cannot transfer its energy entirely to a free electron.

10. Below are some smoothed data by O'Conner, Pool, and Kurbatov
(042) on the absorption in lead of the gamma radiations from the positron

emitter Cr49
. Analyze them into three components, one of which should be

the 0.511-Mev annihilation radiation that always accompanies positrons.

Report, for each component, the linear absorption coefficient.

Absorber, Intensity, Absorber, Intensity.

cm relative cm relative

0.05 10.0 1.8 1.2

0.10 8.1 2.4 0.76

0.15 7.1 3.0 0.50

0.20 6.7 3.6 0.33

0.25 6.0 4.2 0.22

0.30 5.2 4.8 0.17

0.60 3.6 5.4 0.12

1.2 2.0 5.6 0.10

11. Klema and Hanson (K148) have measured the cross section for the pro-

duction of P32 by fast neutron bombardment of sulfur to be about 0.3 bn. If

a sulfur disk 3.0 cm in diameter and 0.30 cm thick is exposed to a fast neutron

flux of 2.5 X 109 neutrons/cm2 sec, how many rutherfords of phosphorus

activity can be made in a 1.0-hr bombardment? The period is 14.3 days.

12. In a study of the x-radiations from Tc", Seaborg and Segre (S38) found

the following mass absorption coefficients:

Absorber p., cm2/mg

Columbium 0.023

Molybdenum 0.035

Zirconium 0.16

What can you say about the energy of radiation being measured? The K-
binding energies for these materials are 19.0, 20.0, and 18.0 kev, respectively.

13. Derive Eqs. 31 and 32.

14. Verify the last column of Table 4.

15. Cowan (Co48) has measured the linear absorption coefficient for the

0.663-Mev gamma rays from Cs137 in various absorbers with the results tabu-

lated. Compute the theoretically expected values for these quantities.

Absorption

Absorber Coefficient, cm-1

Lead 1.26

Tin 0.521

Copper 0.617

Aluminum 0.195

Carbon 0.128

16. Derive an expression for the energy of the scattered electron in the

Compton effect; in what direction will it be a maximum?
17. Derive Eq. 36.



8 • Detection of Charged Particles

and Photons
2

8.1 • Introduction

When charged particles move through matter they have in-

elastic collisions with atoms or molecules. The blue glow that

comes from a cyclotron beam in air is proof of this. In a gas, the

ions that are formed can be used as condensation centers to show

the tracks of single particles (cloud chamber). If the ions are al-

lowed to drift in an electric field, we can measure the potentials

induced on nearby electrodes (ionization chamber). For stronger

fields "avalanche" or "gas multiplication" effects can take place

in the gas, and much larger changes of potential can be obtained

(proportional counter or Geiger-Muller counter) . By balancing elec-

trostatic forces against gravitational or elastic ones, we can ar-

range it so that the position of the free end of an insulated con-

ductor is determined by the charge it carries. This position can

be changed by putting a radioactive source nearby (electroscope).

A charged particle or photon that strikes a substance such as

anthracene can produce secondary photons; these can then be de-

tected and amplified by an electron multiplier tube (scintillation

counter). Charged particles can make silver bromide grains in a

photographic emulsion developable. We can detect a fast charged

particle passing through matter by looking for the photons asso-

ciated with its radiation losses. Finally, we can detect energetic

particles stopped in matter by their heating effect.

INSTRUMENTS

8.2- Cloud chambers (G46)

The cloud chamber, invented by C.T.R. Wilson in 1912 (W12),

was a byproduct of the intensive study of the behavior of ions in

1 Neutron detectors are treated in Chapter 9.

2 See S53 for a comprehensive review of this subject.
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gases that was conducted foti many years at the Cavendish Labora-
tory in Cambridge University.

Suppose a cylinder-pistol arrangement (Fig. 1) contains a gas
such as air and a condensable vapor such as alcohol. Let V be
the volume and T the temperature of the gas-vapor mixture. If

the vapor is in equilibrium with a plane liquid surface at tem-
perature T , then the pressure due to the vapor can have only

Illumination
Gas-vapor mixture •-Glass

Fig. 1. Rudiments of a cloud chamber. The expansion is produced by
moving the piston downward sharply.

one value—the saturated vapor pressure P . The mass m of
vapor (in moles) is also determined, closely enough, by

PoVo = m RT (1)

Let us expand the chamber rapidly (adiabatically) from V to
a larger volume V. The pressure and temperature of the mixture
will drop. We can compute the new temperature T from the
adiabatic relationship

Toto7
'1 = TV7-1

(2)

in which y is the usual specific heat ratio for the mixture. Let
us assume that no vapor condenses. We can then write

P'V = m RT (3)

where P' is the new pressure (due to the vapor). If we look up
the saturated vapor pressure P at the new temperature T we
will find that it is less than P'. Thus we have supersaturation—an
unstable situation; the pressure of the vapor is too great for it to
be in equilibrium with a plane liquid surface at temperature T.
If conditions are right the! vapor will condense until its pressure
falls to P. Let the mass <j)f vapor that remains be m. Then, if

we assume that the temperature change during this condensation
process is negligible,

PV = mRT (4)
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If ions are present vapor molecules may condense on them. Such

vapor droplets, under proper conditions, can grow to visible size. The
important quantity in determining drop growth is the supersaturation

ratio S. This is the ratio of the vapor density which actually exists to

that which would exist at stable equilibrium. In equation form,

S = (ma/V)/(m/V) = mo/m

From Eqs. 3 and 4 we have

S = P'/P

(5a)

(56)

Let us assume an air-water vapor mixture with an initial total pressure

of 1.5 atm and an initial temperature of 20°C. If V/Vo is 1.25 we can

show from the above equations that ~76% of the vapor will condense,

which indicates a supersaturation ratio of ~4.2 (problem 1). However,

we have no guarantee so far that any of this vapor will condense on ions

under such conditions that the drops will grow.

The pressure of vapor in equilibrium with small drops of liquid is not

the same as that for a plane liquid surface. Also the saturated vapor

pressure will differ for charged and uncharged drops. For a drop of

radius r and charge e, the saturated vapor pressure Pr is given by

ln(Pr/P) = (RTp)~\2L/r - e
2
(/c - l)/87rer

4
] (6)

The formula for e = was worked out by Lord Kelvin in 1870. J. J.

5.0

4.0

3.0

ft.

2.0

1.0

1 1 VI

\

\

\
\

1 1 1 1

- -

- -

- -

-J \
1 .

i i i i

8 10 12 14 16

Radius of droplet, 10 cm

FlQ. 2. The ratio of the saturated vapor pressure for a charged water drop

of radius r to the saturated vapor pressure for a plane liquid surface. The

droplet charge is 1 electron. The dotted curve applies to uncharged drops.
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Thomson added the electrostatic term later. P is the normal saturated

vapor pressure, that for a plane surface; L is the surface tension for the

liquid, p its density, and k its dielectric constant. Figure 2 is a plot of

Pr/P against r for water drops formed around a single ion. If we want
a drop of radius r to grow, we must put it where the vapor pressure is

greater than the Pr of Eq. 6. This will be true if the supersaturation

ratio (Eq. 5) is greater than the corresponding ordinate of Fig. 2. If S is

greater than the maximum of Fig. 2 (<~4.2), conditions are right for the

growth of a charged water droplet of any initial radius ; there will always

be more water molecules striking the drop than leaving it. An uncharged

drop, however, in a region with S = ~4.2 will evaporate unless its initial

radius is greater than ~7.7 X 10
-8

cm, a fairly large value.

Figure 3 shows a cloud chamber used by Blackett and Occhialini

(B133) for studying cosmic rays. The expansion takes place only

when two Geiger counters, one above the chamber and one below

it, are tripped. This gives a better yield of useful expansions than

the random expansion method. After the expansion, lights are

automatically turned on (to illuminate the tracks), the chamber
volume is photographed, the ions are swept from the chamber
by application of a "clearing field," and both chamber and camera
are reset to await the next event.

Other cloud-chamber techniques are (1) use of a magnetic field

to measure the sign and momentum of charged particles, (2) use

of stereoscopic pictures so that three-dimensional events can be

reconstructed, (3) use of high-pressure gas fillings to increase the

likelihood that nuclear events will take place in the chamber
gas.

Cloud chambers are sensitive for only a short period after the

expansion stroke. This is so because the gas, cooled by expansion,

heats up again by conduction from the chamber walls. A con-

tinuously sensitive device, known as a diffusion cloud chamber

(Fig. 4) has been developed (L36; N50) in which vapor is allowed

to diffuse downward continuously through a region in which a
steady vertical temperature gradient is maintained. Supersatura-

tion will exist continuously then throughout a certain zone. Dif-

fusion chambers are extensively used today (see SnoS). Bubble

chambers, which make use of bubble formation in superheated

liquids, are also coming into vogue. As time goes on there will

probably be increasing application of diffusion and bubble cham-
bers at the expense of the conventional type.
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Fig. 3. A cloud chamber used by Blackett and Occhialini. R is a rubber
diaphragm whose motion produces the expansion. The diaphragm is moved
by permitting air to escape from the back chamber through valve V\ (B133).

Liquid in

trough^
Glass top

"3 Temperature

^=L—Temperature

Base

Fig. 4. Rudiments of a diffusion cloud chamber. The vapor comes from
liquid in a trough at the top; the base is cooled with dry ice (Sn53).
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8.3 • Electroscope

If a charged, insulated conductor contains a light flexible mem-
ber, such as a piece of gold leaf, this member will be repelled by
the rest of the conductor; it can be made to assume an equilibrium

position under the effects of electrostatic and gravitational forces.

The position of the flexible member measures the charge on the

conductor. This is the principle of the familiar gold-leaf electro-

scope.

The rate of change of the angular position of the leaf is deter-

mined by the rate at which ions are produced in the gas near the

leaf; this in turn is proportional to the activity of a radioactive

sample placed in a tray inside the electroscope case. Electro-

scopes are not sensitive enough to detect single particles.

Figure 5 shows a Lauritsen electroscope (La37). Its flexible element is

a tiny gold-coated quartz fiber (3-/u diameter and 6 mm long). The elas-

ticity of the quartz provides a restoring force. The motion of the fiber is

AluminurrTcan"

0.54 mm (0.15 g/cm2) wall

Objective lens

Insulator

o 1

Microscope

Charging button——

+ 200 volts DC
(red lead)

2 3 4 5cm

Fig. 5.

Charging contact

spring

A Lauritsen electroscope (G49).

Gold-plated

quartz fiber

(3-5/i diam)

Supporting arm

observed with a microscope with a graduated scale in its eyepiece. Its

deflection rate is 5 div/min if a 1.0-mc radium source is placed 1 meter

away.

8.4- Ionization chambers (Cor48; R49)

The essentials of an ionization chamber are two conductors

which are insulated from each other; the space between them must

be gas-filled and must contain an electric field E. Ionization
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chambers can be used to count single ionizing particles; if the

particle flux is so great that ions are produced more or less con-

tinuously the chamber output is a steady current rather than a

series of pulses. Chambers can be deep or shallow. In a deep

chamber, the ionizing particle is completely absorbed; in a shal-

low chamber the chamber depth is a
I | yCa3S

small part of the range in the cham-

ber gas.

If an alpha particle, say, passes

through the chamber gas it will leave

a number of positive ions and elec-

trons in its wake. The electrons will

drift in the direction opposite to the
„.,.., , _ r , , Fig. 6. Rudiments of an ion-
field with a mean speed v of the

ization chamber
order of 10 cm/sec; collisions with

gas molecules stop them from accelerating. Note that v~ is much
less than the thermal agitation speed of the electron. The positive

ions drift the other way, typically about 100 times slower.

Let us connect one electrode to a high-voltage supply so that

its potential is Vo- Let the other electrode (the collector) be con-

nected to ground through a resistance R. V is usually chosen

high enough to prevent recombination of the positive and negative

ions. With no ions in the chamber, the collector electrode will

be at ground potential and the energy stored in the electric field

is ^CF 2 where C is the capacity of the collector electrode system.

Let no ion pairs be produced, all at a distance I from the collector

of a parallel-plate chamber. Let us first assume that the time

constant RC is so large that very little current flows through R
while the ions are drifting through the chamber. Thus the col-

lector is free, for a time, to assume a potential other than that of

ground. For typical chambers (C ~ 50 /i/if) a resistance of 108

ohms will ensure this (RC ~ 5 millisec).

Let us see how the potential of the collector (assumed "float-

ing") varies as the ions drift apart. When the ions are still close

together the collector potential remains zero. After a time t the

electrons will have moved a mean distance v~t toward the high-

voltage electrode and the positive ions will have moved a shorter

mean distance v
+

t toward the collector. Both effects tend to

raise the collector potential.
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We note that the motions of both particles reduce their own potential
energies. That of the electrons drops by (Enoe)v~t; that of the positive
ions drops by (Enoe)(v+t). If the space between the electrodes was
evacuated, the particles would accelerate; they would lose potential energy
but gain kinetic energy. With the gas present the accelerations cannot
occur; the lost potential energy is delivered to the gas in collisions and
appears as heat. The total energy of the entire system (chamber + ions)

cannot change, however, because we have assumed that it is isolated.

This thermal energy then must come from the energy stored in the field.

The potential difference between the electrodes must drop from V to a
smaller value, say V. Thus the potential of the collector will rise from
zero to a value Vc = V — V. In equation form,

JCFo2 = \CV + n Eev-t + n Eev+t (7)

or

iC(V - V)(V + V) = n Ee(v~ + v+)t (8)

Usually V - V will be much less than F ; because, further, E « Vo/h,
where k is the plate separation; we can write

Vc ~ {n^/Ck)v~t (9)

Equation 9 holds only while both ions are still moving in the field. The
electrons will strike the high-voltage electrode at time

t- = (k - l)/v~ (10)

The collector potential at this time is

V.- « (noe/0(l - l/lo) (11)

Vc still increases until, at time t+, the positive ions strike the collector.

The equation that holds between t~ and t+ (= l/v+) is, assuming v+ « v~,

Vc « (noe/C)(l - l/lo) + (woe/CZo>+« (12)

The expected limiting value reached at t
+ is

Vcx « (n e/C)(l - l/U) + (»oe/OC/yT= n e/C (13)

This limit, which corresponds to "dumping" the entire charge noe on
the collector capacitance, is proportional to n and is independent of where
the ions were formed in the chamber. The shape of the collector poten-
tial curve does depend upon where the ions are formed, however (Eq. 11,

for example).

Figure 7 (curved marked "RC = «>") shows Vc against t for a
chamber with C = 30 ju/if and in which 50 X 103 ion pairs have



Sect. 4] DETECTION OF CHARGED PARTICLES, PHOTONS 187

been produced by an alpha particle moving 1.0 mm in front of

the collector. The chamber depth is 3.0 mm. We see that the

maximum potential rise of the collector is so small that we must
amplify it electronically. In practice fluctuations in the drift

speeds smooth the kinks in the curve; also Vc eventually returns

to zero, at a rate determined by the time constant RC, which

cannot of course actually be infinite.

Two kinds of proportional or linear amplifiers can be used with

ionization chambers. In the first class are "slow" amplifiers, in

which the shortest time constant is chosen long compared with

BC = oo

Time

Fig. 7. Voltage pulses from an ionization chamber for time constants as

marked. Point a has the coordinates (0.2 ,usec, 180 juvolt); point b is (10 Msec,

270 yuvolt).

the drift time of the positive ions; no pains are taken to provide

exceptional high-frequency response. The i-esult is that the ampli-

fier reproduces fairly well that part of the curve of Fig. 7 due to

the motion of the positive ions, including the final limiting value.

Proportionality comes about because this limiting value (Eq. 13)

is proportional to n-n-

Slow amplifiers have several disadvantages. (1) The time

constants are so long that the pulses can "pile up." This limits

the maximum counting rate. (2) Low-frequency mechanical vi-

brations of the chamber or of the first amplifier stage (microphon-

ics) are readily amplified. (3) Slow amplifiers are not good where

precise time comparisons must be made because the form of the

leading edge of the pulse is usually not well reproduced.

In a "fast" amplifier, on the other hand, pains are taken to pro-

vide a good high-frequency response so that the rapidly varying

potentials induced by the moving electrons are reproduced ac-

curately. The potentials induced by the positive ions are not of

interest here; they can be effectively removed if the time constant

RC is made short enough.



188 INTRODUCTORY NUCLEAR PHYSICS [Ch. 8

We can show (problem 4) that if RC is short and if the pulse is slowly

varying, the voltage signal at the amplifier input will be given by

RC (dV/dt) (14)

where dV/dt is the derivative of the pulse that would be obtained with an

infinite time constant. Equation 14 shows that both of these require-

ments mean that the amplifier input signal will be reduced in amplitude.

A common choice is to make RC intermediate in value between the collec-

tion time for the positive ions (~10 pisec in Fig. 7) and that for electrons

(~0.2 jxsec in Fig. 7). Thus the steep rise due to the electrons will be

reproduced with reasonable faithfulness; that due to the positive ions will

be reduced in amplitude by the derivative action. If RC is taken as 1.0

Aisec, for example, the product RC{dV/dt) is seen, from Eq. 12, to be

only 9 mvolts. The actual pulse shape will resemble that marked "RC =

1 /usee" in Fig. 7; such pulses are said to be "clipped."

Unfortunately such use of "electron collection" has the disadvantage

that the pulse amplitude depends upon where the initial ions were formed

in the chamber. This defect can be overcome by incorporating a grid

into the ionization chamber; see (<S53) or (fi49) for details. The ampli-

tude of fast pulses can be increased by increasing v~ (Eq. 9). Rossi and

Staub (R49) point out that the addition of 5% C02 to argon has the

effect of increasing v~ from 0.6 X 106 cm/sec to 4.3 X 106 cm/sec (for

E = 760 v/cm and a pressure of 1.0 atm).

8.5* Proportional counter

Let us make an ionization chamber in which one electrode is

a cylinder of radius b and the other an axial wire of radius a.

The electric field strength at a radius r is given by

Er = V /r In (b/a) (15)

For F = 1000 volts, b = 1.0 cm, and a = 1.0 mil, the field

strength at the wire is 6.7 X 104 volts/cm.

A cylindrical geometry arrangement can serve as an ionization

chamber if V is low enough. As we raise V something new hap-

pens—gas multiplication; it can be used to advantage. When the

electrons of the initial ionization reach the region of high field

strengths, they can pick up enough kinetic energy between col-

lisions to make more ions; the electrons so formed can continue

the process. This is called an avalanche.

Avalanche effects were first used to detect single particles by

Rutherford and Geiger in 1908 (R08). If there were n ion pairs
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initially, mn electrons and mw positive ions will be formed, mostly

in the space very close to the wire, when the avalanche has stopped.

As we raise the counter potential, the avalanches are more effec-

tive so that m is larger. Multiplication factors m up to 103 have

been used. If V is increased further, however, m begins to vary

with n and the counter begins to lose its proportionality feature.

The electrons formed in the avalanche are collected very quickly onto

the wire; they do not change the wire potential by any appreciable

amount, however. To understand this we must realize that the electrons

0.2 0.4 0.6 0.8

Time,msec

1.0

Fig. 8. The pulse shape from a proportional counter for the three time

constants shown. The ordinate is the fraction of the final pulse height for

an infinite time constant. From Corson and Wilson (Cor48).

have such a short distance to go that they transfer very little thermal

energy to the gas; they do not need to "borrow" any of the energy stored

in the field; the wire-cylinder potential does not need to drop. From

another point of view: The electrons, when they strike the wire (assumed

isolated), do not lower its potential because their effect is neutralized by

the still-very-nearby positive ions. It is only as the positive ions drift

away that the wire potential drops.

Figure 8 shows the pulse shape for a particular counter for three differ-

ent time constants. The ordinate gives the fraction of the final pulse

height (which is just name/C), which corresponds to a time t after the

beginning of the avalanche. The amplitude of the two differentiated or

clipped pulses is proportional to «o, the number of initial ions. Because

of the statistical nature of the avalanche, pulses from a proportional

counter show fluctuations in size around a mean value. Theoretical ex-

pressions for the. pulse shape and the multiplication factor of proportional

counters have been derived by Rose and Korff (R41) and Montgomery

and Montgomery (M40) ; they are in good agreement with experiment.
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The pulse from a proportional counter does not start when the ionizing

particle passes through the counter. These two events are separated by
the drift time of the initial ions, which may be as much as a microsecond;

it is an important consideration if we want to make precise time com-

parisons of pulses from different counters.

8.6* Geiger-Muller counter

If we increase the voltage applied to a proportional counter, the

proportionality feature gradually disappears; all pulses, for a given

voltage, become the same size, no matter what the initial ioniza-

tion. A counter so operated is called a Geiger-Muller counter

(G28). Pulses from such counters can be several volts in ampli-

tude.

We have still a new phenomenon in the Geiger region. It is

the spread of the discharge along the wire by the action of photons

generated in the avalanche. Let us consider only counters filled

with mixtures of a monatomic gas (commonly argon) and a poly-

atomic gas such as ethyl alcohol. An argon pressure of 9 cm-Hg
and an alcohol pressure of 1 cm-Hg are common. Counters con-

taining polyatomic gases are called "self-quenching" (T37); we
will see below just what this means. Nearly all modern Geiger-

Muller counters are of this type.

This is what happens in a self-quenching counter:

(1) A particle passes through the counter, forming a certain number of

ion pairs.

(2) Just as in the proportional counter, the electrons drift toward the

wire and avalanches are formed. Ultraviolet photons are always gener-

ated in this process from the decay of excited atoms.

(3) The photons that radiate from the avalanche site can ionize the

polyatomic molecules with high probability. In an ordinary argon-alcohol

counter, for example, the photons responsible for the spread of the dis-

charge are reduced to 1/eth of their number in a little over a millimeter,

the absorption being due almost entirely to the alcohol. The chance for

a photon to get as far as the cylinder is zero for all practical purposes.

(4) At high enough operating voltages (Geiger region) the probability

becomes effectively unity that photons from one avalanche will start

another at an adjacent site. The effect thus spreads along the wire with

a finite speed of (typically) about 10 cm/jusec.

(5) While the ion sheath is spreading axially it is also drifting radially

toward the cylinder, thus producing a potential variation of the wire. As

for the proportional counter, the motion of electrons does not contribute
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much to this variation. Alder, Baldinger, Huber, and Metzgar (A47)

have developed a theory for the pulse-shape of Geiger counters. Figure 9

shows the excellent agreement with experiment for a typical case.

(6) Eventually the expanding positive ion sheath strikes the cylinder.

What happens here is important. If an argon ion strikes the cylinder it

will usually knock out a secondary electron. If certain precautions are

not taken, this secondary electron can recycle the counter. If an alcohol

ion comes up to the wall, however, no secondaries are produced. When

the ion is 10~7 to 10
-8 cm away it pulls an electron from the metal by

4.56-10 sec

9.1210~7
sec

16 18 2010 'sec

Fig. 9. Pulse shape for a Geiger-Mtiller counter in which the primary ioniza-

tion was produced H of the distance from one end. The two cusps correspond

to the arrival of discharge at first the near end and then the far end. Note

that the travel time at the second cusp is just twice that at the first cusp, as

expected. The solid lines are the experimental curve, and the dotted lines

are the theoretical curve. The agreement is excellent. (Alder, Baldinger,

Huber and Metzgar, A47.)

field emission; this electron neutralizes the ion, leaving an excited mole-

cule; the molecule gets rid of its excitation energy by dissociating into un-

charged atomic groups so that no ions are formed. It happens that, if

an argon ion collides with a neutral alcohol molecule, an electron will,

with high probability, jump from the latter to the former. Starting with

a mixture of argon and alcohol ions in the sheath, there will thus be only

alcohol ions when the sheath reaches the cylinder. An argon ion might

make 105 collisions with alcohol molecules during the sheath drift time.

There is little danger of recycling or double pulsing in such a counter;

we see now the reason for the term "self-quenching." The fact that dis-

sociation occurs means that the supply of polyatomic gas will eventually

be exhausted. This will happen after about 109 counts, or ~100 days of

continuous operation at 100 counts/sec. Self-quenching counters con-

taining halogen fillings have indefinite lives because the halogen ions are

neutralized at the wall without dissociation (or electron emission).
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The time constants commonly used with Geiger-Muller coun-

ters are so short (possibly 5 usee) that the output pulse is over

before the ion sheath has drifted very far from the wire. The
counter will remain dead for a certain further time and will oper-

ate, but with a reduced pulse size, for a still further time before it

makes a complete recovery. These dead times and recovery

times are each of the order of 100 jitsec. This sets an upper limit

to the counting rate.

The operation of Geiger-Muller counters and their associated

circuits is tested by running a plateau curve. This is a plot of

300
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y
(

J
800 900 1000 1100

Counter potential, volts

1200 1300

Pig. 10. A typical plateau curve for a Geiger-Muller counter.

the counting rate against wire-cylinder potential, with a fixed

radioactive source placed near the counter. The Geiger-Muller

threshold (<~940 volts in Fig. 10) is the voltage at which the pulses

become of uniform size. This common size increases as the voltage

is raised further. At <~1300 volts in Fig. 10 "double pulsing"

begins to occur and at higher voltages a continuous discharge

develops.

8.7- Geiger-Muller counter efficiency; coincidence counting

The intrinsic efficiency of a Geiger-Muller counter is equal to the prob-

ability that at least one ion pair will be produced by a particle passing

through it. Suppose that, on the average, N primary ion pairs are pro-

duced by the particle. We will see later (Sect. 8.15) that the chance that

no ion pair will be produced is e~N . The efficiency is then 1 — e~N
,

because only if no ion is produced will a count fail to occur. For N = 4,

this quantity is 98%; beta and alpha efficiencies can thus easily be made
close to unity.
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The efficiency of a Geiger-Muller counter for photons is normally less

than 1%, varying appreciably with energy. It can be measured by coin-

cidence methods, a technique first applied to this purpose by Dunworth

(Du40). Suppose we have a radionucleus in which a beta transition is

followed "immediately" by a single gamma transition. Let us put such

a source between two counters (Fig. 11). One of the counters, 2, has an

2 1

Fig. 11. A beta-gamma coincidence arrangement.

aluminum plug in front of it so that it counts only gamma rays. Counter

1 counts both beta and gamma rays. Let No be the absolute disintegra-

tion rate; the counting rate in 2 due to gammas and the counting rate in

1 due to betas are:

Ny = Noey and Nf, = Noe? (16)

These are defining equations for e3 and ey , the efficiencies (including both

solid angle and intrinsic effects) of counter 1 for beta rays and of counter

2 for gamma rays. N& and Ny are related to the measured counting

rates Ni and N2 by
Ny = N2 - Nh2 (17)"7

Nf, = Ni- (Ny i + Nu) (18)

Nb i and Nh2 are background rates, measured with the source removed;

they are largely due to cosmic rays. The sum Ny i + Nb i is what wt,

measure in counter 1 if we screen the betas from this counter with a

second filter.

It will sometimes happen that a beta ray will pass through counter 1

and the corresponding, time-coincident, gamma ray through counter 2.

We can arrange to record all such events. The rate at which we expect

them to occur is

Nft = Noegey (19)

This becomes No, as we expect, for the limiting case of «/j = e7 = 1.

From Eqs. 16 and 19 we have

€y = Nfr/Nfi (20)

We must apply some corrections to the measured coincidence rate 2Vi2 to

find Npy . The relation is

N12 = Npy + Nek + iVcos (21)
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The rate Ncos measures the simultaneous tripping of both counters by
cosmic-ray "showers." We can find it by measuring the observed coin-

cidence rate with no source present. The rate Nch measures the chance

coincidences; they occur because the coincidence circuits register as coin-

cidences all pulses that arrive within a certain resolving time t of each

other. The chance coincidence rate is certainly proportional to N\, to

N%, and to r. Analysis shows

Nch = 2rN 1N2 (22)

Thus if we know t, we can calculate the value of NCh to apply in Eq. 21.

We can measure r in a separate experiment, with the aid of Eq. 22, using

separate sources to activate each counter. Note finally that the source

strength A^o can also be measured. From Eqs. 16 and 19 it is

NO = NpNy/Nfr (23)

Al foil

Phosphor

Photocathode

Photomultiplier

tube

8.8* Scintillation counter

The earliest detector for single nuclear particles was the scintil-

lation screen of Rutherford and his associates. When properly

dark-adapted it is possible to see, as a

tiny flash, the photons produced when
an alpha particle strikes a zinc sulfide

screen. This principle has been re-

vived by Coltman and Marshall (C47)

and by Kallman (Ka47; K49) with two

important improvements. First, the

detection is done electronically with a

photomultiplier tube, rather than visu-

ally. This (Fig. 12) is a device in

which the photons, striking a photo-

sensitive cathode, emit secondary elec-

trons; these are focused electrostati-

cally onto a second electrode where

they emit still more secondaries, etc.

Commercial tubes have 9 or 10 stages

and have a multiplying effect of

105-106
. Secondly, instead of zinc

sulfide, it is common to use scintillat-

ing materials that are transparent to

their own radiations (Ka47). This

means that light can be gathered from

a large block and a high efficiency for penetrating radiations

Fig. 12. Rudiments of a

scintillation detector. Often

the space immediately sur-

rounding the crystal is

packed with MgO powder to

increase the light gathering

efficiency. The electrode

structure is inside the photo-

multiplier tube.
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(~100%) is possible. If the scintillator is chosen to have a rapid

decay time, advantage can be taken of the fact that the multipli-

cation occurs in a vacuum rather than in a gas. The transit time

of the secondary electrons is much less than the drift time of the

70
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Pulse height, volts

Fig. 13. The distribution of pulse heights in volts from a scintillation counter

irradiated with 411-Kev gamma radiation from Au198
. From Hofstadter and

Mclntyre (Ho50).

ions in a Geiger counter, and resolving times of 5 X 10
-9

sec are

possible. This permits high counting rates and precise coincidence

timing. Finally, the output pulse is proportional to initial number

of photons so that the device has energy-selective properties.

The scintillation counter is the most used detector in modern

nuclear research.

Au 98

q
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Figure 13 shows the distribution of pulse heights obtained by
Hofstadler and Mrlnl vie (HoSO) for an 0.5-in cube of Nal (ac-

tivated with thallium) upon which a collimated beam of the gamma

Fig. 14. A time exposure of ;in tisrilliisi-opr fuci- showing the pulses plotted

in Fig. 13 (Hu50). Courtesy H. liofctadter.

radiations from An was allowed to impinge. The main features

of the dislribut ion are a prominent peak at 85.6 volts and a broader

peak near 48 volts; both arc due to the 411-kcv gamma ray of

Au198
. The 85.5-volt peak includes not only photons produced
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by the photoelectric process but also those produced by Compton

scattering events in which the scattered quantum is completely

absorbed within the crystal, either by further Compton events or

by a photoelectric process. Thus all of the quantum energy is

released practically simultaneously within the crystal. The photo-

electric process also corresponds to such a complete release because

the secondary x-rays from the atom undergoing the photoprocess

are, with high probability, also completely absorbed within the

crystal. The peak at 48 volts corresponds to Compton scattering

events in which the scattered quantum escapes from the crystal

with appreciable energy. The small peak near 19 volts is of un-

certain origin, being due perhaps to a gamma ray associated with

a radioactive contaminant. Figure 14 shows a time exposure of

an oscilloscope face on which successive pulses are displayed.

The bright band at the top is the "photopeak"; below it lie the

Compton distribution and the peak near 19 volts.

8.9- Photographic emulsion

The first detector of nuclear radiations was photographic emul-

sion, as used by Becquerel. There are three techniques, all based

on the fact that a fast particle, if it passes through a silver

bromide grain in an emulsion, can make it developable. The first

technique, uncommon except for dosage monitors (film badges),

utilizes the general blackening that results from exposure to

radiations.

The second emulsion technique, autoradiography, is a refinement

of the first. It can serve to measure the distribution of radioactive

materials in tissue sections (Fig. 15) or in metallographic speci-

mens.

The most important emulsion technique is the observing of

discrete tracks due to ionizing particles, first done by Reinganum

in 1911 (Rell), one year before the cloud chamber was developed

for this purpose. The relative thinness of emulsions is more than

made up for by their increased density, as compared to a cloud-

chamber gas, for example. Events can be studied in three dimen-

sions, using a binocular microscope. It is important to note that

the passage of a particle through a grain serves to make the whole

grain developable. If this were not so, the tracks would not be

visible. Special emulsions have been developed for the observa-

tion of single tracks. Table 1 shows how different they are from
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FiO. 15. An ailult rut was injected with pliitnnium and sacrificed at 8 weeks.
The upper figure is a photograpti of a section of its femur. The lower Rgnn
is a ram'oautoftraph lot" tin- swim* sec) ion. The blackening shows whan the

pluloniuin accumulates. Courtesy J. G, Hamilton (Hft49).

ordinary optical emulsion*. Kmulsion.s can also bo "loaded" with

special materials (deuterium, uranium, etc.) for special uses.

TABLE 1

Nuclear and Oithwl Emulsions (K49)

Property

Ac lir: gelatin (mass)

AgBr:gelatin (volume)
Grain diameter, ju

I irain separation

Thickness, n
Sensitivity to light

Response tu alpha particles

Response to beta particles

Response to gamma rays

Optical Emulsion

47:53

15:S5

1-3.5

Interlocking

2-3

Very liigli

Dense blackening

Moderate blackening

Faint, blackening

Nuclear Emulsion

SO: 20

45:55
0.1-0.6

Isolated bv gelatin

25-2000

Poor or none

Individual tracks

Faint fog

Almost none

Much work in (he field of mason physics has been done by the

emulsion technique, which has been highly developed by Powell

and his co-workers at the University of Bristol. We discuss first
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so that
E = mfs(B/m) (20)

whore f2 and /3 are other functions.

Let N be the total number of grains in

a track of residual range R. If I lie

specific ionization is low enough (so that

every available grain is not blackened)

Y is a definite function of E; Kq, 2(5

can then be written

N - mF(R/m) 127)

Lattes and co-workers, in their first, ex-

tensive determination, analyzed twelve

Fig. 16. Tracks in emulsion showing (1) the

entraam> of a pi meson, (2) its decay into B

rau meson, (3) the coming to rest of the mu
meson in the emulsion, and (4) the electron due

to the mu meson decay. Courtesy C. F. Powell.

an early measurement by Lattes, Occhialini, and Powell (L48) on

the ratio of the jr-nncson (pion) mass to that of ,u-meson (union).

Figure l(i shows a pion track in an

emulsion that was exposed to cosmic

radiation on a mountain top. Shortly

after the pion came to rest it decayed,

one of its products being a rnuou. The
mi ion track, about (iOO (i long, also ends

in the emulsion. We see at its end the

faint track of a fast electron, one of the

products of the mnon decay. Let us

assume a charge de€ for the pion and

the muon but allow for the possibility

of different rest masses mr and m„. By
solving Eq. 10, Chapter 7, for v, we can

write

v-filR/m) (24)

where j\ denotes a certain function.

The energy E is given by

B - flK^Kl - f) ~*- 1] = mf2 (v) (25)
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events like that of Fig. 16. By counting grains with a microscope
it was possible, for each track, to find corresponding values of N
and R. After normalization the data were plotted logarithmically

(Fig. 17).

Fig. 17. A logarithmic grain count curve for mesons of two kinds. The
upper curve is for pi mesons. From Lattes, Occhialini, and Powell (L48).

Applying Eq. 27 first to muons and then to pions, we have

Ar

M = myFiRJmy) (28a)

N„ = mTF(Rr/mr) (286)

There exist corresponding points iVM , R„ and NT , Rw on the pi

and mu grain count curves for which the function F(R/m) in

Eqs. 28 has the same value. The points must satisfy

NJNn = rajm^ = r (29a)

and

Rtt/R^ = »iT/mM = r (296)

where r is the rest mass ratio. Taking logarithms yields

log Nw — log Np = log r (30a)

and
log RT - log R„ = log r (306)
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Thus corresponding points on a logarithmic integral grain count

curve (Fig. 17) are related by a constant difference, along both

axes, equal to the logarithm of the mass ratio. From Fig. 17,

Lattes and co-workers deduced

r = 1.65 ± 0.11

The probable error is that from statistical fluctuations alone.

Later measurements in this same laboratory under better condi-

tions (Br49) yielded 1.33 ± 0.05. Evidently some systematic

errors have been eliminated. This latter result is in good agree-

ment with magnetic deflection methods on laboratory produced

mesons which yield

r = 1.321 ± 0.006

Another emulsion technique, also first developed at Bristol,

makes use of the "waviness" of the track (Fig. 16) caused by re-

peated small-angle Coulomb scattering encounters with the nuclei

in the emulsion. Figure 18 (Go48), for example, is a section of a

Fig. 18. An enlarged drawing of the track of a meson that enters the emulsion

at the right and comes to rest at the left. It is divided into 8 "cells" to measure

the scattering. From Goldschmidt-Clermont et al. (Go48).

drawing of a meson track that stops in the emulsion, showing the

division into arbitrary, numbered linear cells of length I. The

angle 6 between the axes of cell n and cell n + 1 can be measured.

If a large number of similar tracks is examined, a table of mean

0-values for various cell numbers n can be assembled. The ex-

pected mean value (without regard to sign) for a given cell and

its neighbor is given from the theory of multiple scattering by

6 = kzVA/E/32 (31)

where z is the atomic number of the particle, E is its total energy

(including the rest energy mc2
) and its velocity parameter, k is

a scattering parameter that, for a given emulsion, varies only

slightly with E or /3 or the nature of the particle (Ba52). It can

be measured by making scattering observations on known par-



202 INTRODUCTORY NUCLEAR PHYSICS [Ch. 8

tides of known initial energy. If 6 is measured in degrees, I in

units of 100 /i, and E in Mev, k is about 26 for emulsions normally

used. In a test using pions of 218 ±11 Mev kinetic energy from

the Chicago cyclotron (Ba52) 6 was (11.4' ± 1.91') for a cell

length of 500 n; such small angular changes require careful meas-

urement.

If a particle of known rest mass comes to rest in the emulsion, Eq. 31

allows us to find the mean kinetic energy for various cell numbers n.

Since a range can also be measured for each cell number, we can thus

find a range-energy relationship. A related problem is that of finding the

rest mass of an unknown (singly charged) particle whose track ends in

the emulsion. Let us assume that we know the range-energy relation for

protons in the same emulsion. We can then proceed as follows : (1) Assume

a rest mass m. (2) Calculate, from the methods of Sect. 7.5, a range-

energy curve for the unknown particle, using the curve for protons as a

point of departure. (3) Using the curve so calculated above, find the

mean energy of the unknown particle in each cell, in terms of the dis-

tance of the cell from the track end. (4) Using this calculated energy for

each cell, compute the expected 8, using Eq. 31. (5) If the computed

disagrees with the measurement 6, assume a new mass and repeat until a

self-consistent value of m has been obtained. In essentially this way
Goldschmidt-Clermont, King, Muirhead, and Ritson (Go48) at Bristol

University found a pion mass of (260 ± 30) me and a muon mass of

(205 ± 20) me from study of twenty cosmic ray tracks each, where m e is

the electron rest mass. These are consistent with modern accepted values

measured by magnetic deflection of laboratory-produced mesons. Emul-

sion techniques have been considerably developed since this pioneer paper

appeared.

8.10' Cerenkov detector

When a fast charged particle passes through a transparent solid,

it suffers a special kind of energy loss if its speed vp is greater than

the speed of light vi in the solid. The speed of light is c/n, where

ix is the index of refraction of the material for the frequency of

light involved. This lost energy is radiated coherently in a cone

whose axis is the track of the particle and whose half angle 8 is

given by (Fig. 19)
cos 6 = vi/vp = 1/Pfi (32)

jS is the particle speed parameter. Because cos 8 cannot exceed

unity, we must have ff > (1/aO; because /3 cannot exceed unity,

the largest possible value of 6 is cos
-1

(1/m).
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This Cerenkov radiation (Ce34) has been compared to the

conical shock wave that is set up when an object moves through a

fluid at a speed greater than that of sound in a fluid. The effect

can be observed in the visible region for materials such as Lucite

which are transparent in this region. For electrons energetic

enough to have an appreciable range in Lucite, we will have

B ~ 1. Because n ~ 1.5 for Lucite we have, from Eq. 32, « 48°.

v„t

Fig. 19. The path of a charge particle in matter. The arrows on the sloping

line show the direction of travel of the Cerenkov radiation, determined by

Huygens' principle. Equation 32 follows.

The rate of energy loss due to Cerenkov radiation under these

conditions is ~1 kev/cm (Di47) ; the collision loss is ~2 Mev/cm.

If we assume that the emitted radiation is all in the visible region

(hv « 2 ev) a fast electron in Lucite radiates ~500 photons/cm

coherently as Cerenkov radiation.

Mather (M51) has observed Cerenkov radiation from 340-Mev protons

produced in the 184-in. Berkeley cyclotron. By measuring and n he

was able to compute 8 and thus to find the energy of the protons. Ex-

Fig. 20. A densitometer trace of a photograph of Cerenkov radiation used

to measure the speed of 340-Mev protons. From Mather (M51).
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tremely careful work resulted in a precision of ±0.8 Mev. Figure 20 is

a densitometer trace of a photograph of the radiation emitted when the

proton beam passes through a thin (% mm) slab of flint glass (« = 1.88)

placed at the Cerenkov angle 8 to the beam. Shown in the figure are

scales of 6, proton energy, and /3. Actually, more than one wavelength is

present in the radiations, corresponding to a spread of angles 6. Mather,

however, passed the emerging rays through a prism designed to com-

pensate for this spread and to focus all the light at a single angular posi-

tion. See his paper for other refinements necessary to achieve the pre-

cision quoted.

8.1 1 • Amplifiers

Of the many instruments that this word suggests, we restrict

ourselves to the fast linear amplifier used with an ionization cham-

ber or a proportional counter. It is common knowledge that the

transient behavior of a network, including an amplifier, can be

understood if its response to a step-function input signal (Fig. 21)

Time—*-

Fig. 21. The rectangular curve is a voltage step function. The smooth curve

is a typical amplifier response to such a function (different voltage scale).

The delay time U and the rise time tr are defined as shown.

is known. This is a sudden change of the input potential from

one steady value to another, or the sudden appearance of a cer-

tain charge on the input capacitance. For laboratory testing a

square wave can be made to approximate the step function. Fig-

ure 21 also shows a typical response of an amplifier to a step

function.

We define three characteristic times for pulse amplifiers. Let

us draw a tangent to the output potential curve of Fig. 21 at half

its peak value. It cuts the time axis at a and cuts a horizontal

line through the maximum at b. The rise time tr is denned as

h — ta ; the delay time td is denned as the interval between the oc-

currence of the step and the rise to half-amplitude at the output.
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The clipping time is a measure of the rate at which the output

potential returns to a steady value. For ideal amplification of a

step function the rise time and the delay time would be zero and

the clipping time infinite. These three times can be measured

by means of a suitable square-wave generator and a suitable oscil-

loscope. The definitions we have offered for tr and td are not the

only possible ones, although all are essentially equivalent. In

particular, Elmore (E48) has defined these quantities in a some-

what different way that proves a little more convenient for the-

oretical circuit analysis.

The rise time and the delay time are measures of the high-frequency

response of the amplifier. Rise times in "conventional" amplifiers can be

made at least as short as 0.05 jusec. If we consider for a moment only a

single resistance-capacitance-coupled amplifier stage, its rise time (El-

more's definition) can be shown to be \/2ir EC, where R is the plate load

resistor and C is the capacitance (tubes + wiring) that shunts it. The

delay time is just RC. The gain of a (pentode) amplifier stage is gmR,

where gm is the tube transconductance. Thus if R is reduced to improve

the rise time, the gain per stage will suffer.

The clipping time is a measure of the low-frequency response of the

amplifier. We have mentioned it already, without specifically defining it,

in connection with Fig. 8. It can be taken to be equal to the shortest

interstage time constant in the amplifier train, assuming that all others

are appreciably longer. Short clipping times are used to avoid long pulses

and the attendant overlapping or "pile-up" that occurs as the counting

rate is increased.

8.12- Amplifier noise

The voltage gain of an amplifier can be increased without evident limit

by adding more stages. We might imagine then that an arbitrarily small

signal could be amplified to any desired size. A limit is set, however, by

the presence of small random voltage fluctuations at the amplifier input.

This "noise" is also amplified and has a masking effect on small signals.

There are two kinds of noise: (1) that due to stray fields, microphonics,

defective components, etc., which can, in principle, be reduced without

limit; and (2) that which is inherent and cannot be reduced. The effective

noise at the output is usually generated in the input circuits and the first

amplifier stage; this noise is subject to more gain than noise generated

elsewhere. There are three important kinds of inherent noise; all are

associated with the statistical behavior of matter on the atomic scale. If

we have an isolated resistor R, for example, we expect that there will be

no potential difference between its terminals. There is indeed no average
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potential difference, but, because of the thermal agitation of the electrons,

there is a fluctuating potential whose mean squared value is

T2 = 4kTR(f2 - /0 (33)

T is the resistor temperature; fa — f\ is the frequency pass band of the

device (amplifier) that we use to observe the fluctuating potential. This

is called thermal noise or Johnson noise. Shot-effect noise arises because of

the statistical nature of the emission of electrons from the cathodes of the

amplifier tubes. Grid current noise arises because of the statistical nature

of the small positive ion grid current that is unavoidably present in am-
plifier tubes.

The signal-to-noise ratio of an amplifier can be defined from

= Vs/^Vr? (34)

where V„ is the amplitude of the signal produced by the sudden appear-

ance of a certain charge Q on the input capacitance and (Vn
2
)
y' is the

root-mean-square noise voltage from all sources, for the same amplifier

gain. How, for a given Q, can we maximize p by wise choices of rise

time and clipping time? Elmore has worked out the case for a multistage

resistance-capacitance-coupled amplifier in which (1) the rise time is deter-

mined by a single large plate load time constant R2C2, all other plate

load time constants being much shorter, and (2) the clipping time is deter-

mined by a single small interstage coupling time constant R\C\, all other

interstage coupling time constants being much larger. A maximum value

of p results when

RlCl = R2C2 = c[^^\
H

(35)

in which R is the amplifier input resistance, C the input capacitance, R s

an equivalent shot effect noise resistor (see E48), and Rg an equivalent

grid current noise resistor (see E48). Another alternative is to choose

RiC\ and R2C2 to maximize p subject now, however, to the requirement

that the pulse length have an assigned value. Here too best results follow

if R1C1 and R2C2 are about equal. What these equal values should be of

course now depends on the desired pulse width; in this case we are sacri-

ficing signal-to-noise ratio to obtain a narrow pulse.

8.13- Scaling

Voltage pulses from a detector after possible amplification must
be counted in some way so that their rate can be measured. For

very slow rates ( < 1/sec, say) the pulses can be made to operate

a relay-type recorder. For fast rates mechanical devices either

jam completely or miss many counts. A scaling unit is an elec-
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tronic device that selects precisely every mth pulse and passes it

on to the recorder. The scaling ratio m is commonly a power of

2 or of 10.

If N counts are accumulated on the mechanical recorder after

scaling, the number of input pulses N must have been

N = N m + a (36)

where a is an integer between and m — 1. We can tell what a

is, in particular cases, by noting the potentials that exist at cer-

tain points in the scaling unit when the input pulses are shut off.

Small neon signal lamps, permanently mounted, allow us to do

this easily.

The heart of the usual scaling unit is a "flip-flop" circuit (Fig. 22;

Hi47). This unit contains two completely symmetrical cross-connected

+300V

100K

Fig. 22. A scale-of-two as designed by Higinbotham. The components

shown are for a 6SN7 vacuum tube. The input lead Vs has its normal operat-

ing potential determined by the way in which it is connected to the preceding

circuit.

tubes so arranged that the plate potential of either tube determines the

grid potential of the other. Either tube has only two possible steady

conditions of operation, completely "on" (grid drawing current) or com-

pletely "off" (plate current zero). If one tube is on, the other, by virtue

of the d-c coupling between them, is bound to be off, and vice versa.

A negative pulse applied at the input lead Vs has the effect of

reversing the states of conduction of the two tubes. The reversal

process proceeds very rapidly once started, because of the regen-
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erative action of the cross-coupling circuits. Every time a reversal

occurs the potential of output lead x changes from one steady value

to another. Figure 23 (see legend) shows that the unit of Fig.

24 is a scale-of-two. Any number of such units can be operated

in series.

(a)

(b)

(O

(d)

Fig. 23. Showing the dividing action of a scale-of-two. If either (a) or (b)

is applied at Vs in Fig. 22 the wave form (c) will appear at x. The series of

pulses (d) can be derived electronically from (c) if desired. Comparison of (a)

and (d) shows the scaling action.

8.14' Coincidence circuits

We have already seen that we often need to tell when two pulses

occur "simultaneously." In practice we can only learn that they

occurred within a time t of each other, where r is the resolving

time of the coincidence circuit. What we are usually interested

in is not the relative times of occurrence of two voltage pulses but

rather the relative times of passage through the counters of the

corresponding ionizing particles. If there are variable time lags

in the detectors these two are not the same. True coincidences

will be missed if t is not made larger than the maximum difference

in delay time between the two pulse-detecting channels. "Anti-

coincidence" circuits can also be devised; they register events in

which one counter is tripped while another is not (see Sect. 16.9).

t should not be too large or the number of accidental coinci-

dences (Eq. 22) will become great. For Geiger counters r = 0.5

Msec is common. Note that r is quite unrelated to the dead time

of the counter, which is 100-200 usee. For ionization chambers

we can use a much smaller resolving time (10
—8-10~9

) sec.

Figure 24 shows a coincidence circuit which is an improved modification

of a basic circuit due to Rossi (Ro30). Both triodes are normally con-

ducting and, for the conditions shown, the potential of their common
cathode will be -—'—|— 15 volts. Negative pulses from the two channels
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are applied at the grids as shown. If a pulse arrives at one grid with no

pulse at the other the common cathode potential drops, but not by a

large amount (~0.4 volt). If negative signals appear on both grids

simultaneously both tubes are cut off and the cathode potential drops by

15 volts. It is easy to discriminate electronically between the small

pulses due to "singles" and the large ones due to doubles.

+ 300v

"V y
10 k

1
Fig. 24. A coincidence circuit using a 6SN7 tube.

The resolving time is limited by the rates of rise of the cathode pulses

for singles and for doubles (these rates are different). If we make the

pulses on the grid too narrow (seeking a small r), the circuit will not be

able to discriminate well between doubles and singles; the doubles pulse,

though potentially higher than the singles pulse, rises more slowly and

may not achieve its full height in the time permitted by the duration of

the grid signals. In practice, resolving times as short as 10
~8 sec are

possible.

STATISTICS OF RANDOM EVENTS

8.15- Probability theory

A basic problem in radioactive decay is this: put a sample, con-

taining N nuclei of a long-lived radionucleus, near a Geiger counter

and let the counter operate for a time t; a definite number of counts

n will be recorded. If we repeat the experiment we do not, in

general, find the same number. This indefiniteness in n comes

from the random nature of the decay process. If we could repeat

the measurement many times and average our results we would

get a certain mean number of counts n. Our problem is: for an

assumed value of n, what is the probability that any other given

number n will be recorded in a repetition of the experiment?
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The answer proves to be (Appendix 10)

[Ch. 8

Pin) (37)

This is called Poisson's distribution. Figure 25 shows a plot of P(n) for

n = 1000. We notice from Fig. 25 that the most probable value of n
seems to be just n ( = 1000). We can verify this analytically using Eq. 37.

1.4

1.2

1.0

£ 08

8 06

0.4

0.2

92 94\0 9(SO 98 1000 1020
n

1040 1060 10?

Fig. 25. Suppose that 1000 pulses, on the average, are counted in a given

experiment. The ordinate, multiplied by dn, gives the probability that a
repetition will yield a value of n between n and n + dn.

A needed quantity is some measure of the width of distributions such

as that of Fig. 25. Such a quantity is the standard deviation a, defined

by

(38)a2 = I (n — ri)
2P(ri) dn

Jo

Equation 38 tells us to square every possible deviation from n, weight it

with the probability P(n) that such a deviation could actually occur, and
add up (integrate) the results. Making use of Eq. 37 and Stirling's ap-

proximation (see Appendix 7) we can show that

V n + 1 ~ s/n (39)

A probable error p is sometimes used in place of a standard deviation.

For a Gaussian distribution, which is very close to what we have for

large n, the relation is

p = 0.67o- = 0.67y/ii (40)

For an experiment in which 1000 counts are recorded, the probable error

is 21. This means that the chances are just the same (0.50) that a repeti-

tion of the experiment would yield a result lying within the interval

1000 ± 21 or outside this interval.
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The fractional probable error / is defined as

/ = p/n (41)

We see that / can be decreased without limit by increasing n.

8.16* Dead-time counting losses and scaling

If random pulses are fed to a mechanical register it will fail to

record some of them because it has an inherent "dead-time"

after each count; there is al- -n
ways a possibility that a second

pulse will occur during this in-

terval. For r = 10
—

3

sec, for

example (a typical value),

there will be about a 2%
counting loss at a rate of 20

counts/sec. Such losses can

be reduced by scaling. There

are two distinct effects: (1)

the mean counting rate at the

register is reduced by the scal-

ing factor m, and (2) the pulses

at the register are not random

but are greatly "regularized."

In other words, the intervals

between pulses are much closer

to the mean interval than is

true for a random distribution.

The reduction in counting

losses because of regularizing

comes from the great reduction in the number of short pulse in-

tervals. Figure 26, due to Rainwater and Wu (Ra47), shows this

regularizing action. The abscissa is the ratio a; of a particular

pulse interval t to the average pulse interval t. The ordinate (when

multiplied by dx) is the probability that a given interval will be

found with x between x and x + dx.

Let us see how the interval distribution can be computed for pulses,

initially random, that have passed through a scale-of-8, say. Let us

choose one of the pulses as a time origin; the scaling requirement means

that the next seven pulses fall in an interval t while the eighth pulse falls

in the adjoining small interval dt. Thus t is an output pulse interval.

1.5
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0.5
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\ mr 16
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Fig. 26. Distributions of pulse inter-

vals for initially random pulses scaled

by various factors m. From Rainwater

and Wu (Ra47).
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From Eq. 37 the probability that an interval t will contain seven pulses

(n = 7) is just

P(7) = Wit (42)

because n = Rt where R is the mean input rate. The probability that an

interval dt will contain just one pulse is

m - VW-R *
~n* (43)

because n here = R dt. The probability that both of these independent

events will happen is the product of these two equations, or

#8*7,, -fit fit

Pdt=
Hte

v (44)

This is then the probability that, in the output of a scale-of-8, there will

be a pulse interval whose length is between t and t + dt. This equation,

with t replaced by xt (i.e., by 8x/R) is plotted in Fig. 26 with m — 8.

For m = 1 in Fig. 26 (no scaling) the most probable pulse interval is

actually zero. As m increases, the most probable interval becomes closer

to the mean interval; short intervals disappear rapidly.

PROBLEMS

1. Verify that 8 = 4.2 for the air-water vapor mixture mentioned in Sect.

8.2. The vapor pressure of water at 20°C is 17.5 mm-Hg; the ratio of specific

heats for the mixture is 1.40.

2. If a singly charged water droplet is placed in a region with S = 2.5, say,

it will be in equilibrium if its radius is either ~4.5 X 10~8 cm or ~12 X 10
-8

cm (Fig. 2). Show by physical argument that if the drop has one radius it

will be in stable equilibrium; if the other, in unstable equilibrium.

3. For an ionization chamber with C = 50 m4 and Vo = 300 volts, how
much energy (in Mev) is stored in the electric field? If an alpha particle forms

10,000 ion pairs in the active volume, what change in potential can be expected

(for infinite time constant)? What fraction of the stored energy appears as

thermal energy?

4. An input voltage signal Vi(f) is applied to a resistor R and a condenser C
in series; an output voltage signal Vo(t) is observed across the resistor. Show
that, if RC is small and U,(<) is slowly varying, F (0 is given approximately

by RC(dVidt).

5. A wire of radius a lies along the axis of a cylinder of radius b. A potential

b is applied between them. What is the radius r of a cylinder so chosen that

half of the electrostatic energy lies inside? Evaluate for a = 1.0 mil and b =
1.0 cm.

6. If a positive argon ion in a Geiger-Muller counter is nearly always neu-

tralized in a collision with a neutral alcohol molecule, what can you say about

the ionization potentials of an argon atom and an alcohol molecule?
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7. Derive an expression for the chance coincidence rate in coincidence

counting (Eq. 22).

8. Getting (G47) has proposed a simple Cerenkov arrangement in which a

100-Mev meson (say) enters a Lucite cone at its apex and along its axis.

What should be the half-angle of the cone if we want the Cerenkov radiation

to come out of the flat base of the cone parallel to the cone axis?

9. If the thermal noise from a 105-ohm resistor at room temperature is

measured with an amplifier (assumed noiseless) whose pass band is 10 mc/sec,

what rms potential is found?

10. A beam of 1-Mev gamma rays falls on a 1" cube of Nal as used in a

scintillation detector. Estimate roughly the probability that a Compton
process will occur.

11. Assume that the finite width of the 85-volt pulse in Fig. 13 is due

entirely to fluctuations in the number of photoelectrons released from the

photocathode of the scintillation detector. Estimate this number, using

Eqs. 40 and 41. (Hofstadter and Mclntyre report <~400.)

12. Plot on Fig. 17 the expected normalized grain count curve for protons.

13. The M"meson m Fig. 16 has an initial kinetic energy of 4.1 Mev and a

track length of 600 p. If we divide the track into 100-m cells, what value of 8

do we expect for each cell? Does your result seem reasonable by inspection

of the figure? Assume, for a rough approximation, a linear range-energy rela-

tion. A proton with a residual range of 600 n would have an initial energy of

~11 Mev. What would the values be in this case?

14. If a single observation of a certain random counting sequence gives the

value n = 1000, what is the probability that the mean value (for an infinitely

repeated test) lies between 1100 and 1200?

15. Derive Eq. 39; fill in missing steps in the derivation of Eq. 37 in Appen-

dix 7.

16. Living matter proves to contain a small C14
activity. It has been postu-

lated that this arises from bombardment of atmospheric nitrogen by cosmic

rays in the upper atmosphere. This radiocarbon then enters living systems

by exchange processes and reaches an equilibrium concentration. After death,

exchange stops and the amount of radiocarbon decreases with a 5589-year

half-life. Libby, Anderson, and Arnold (Li49) have made a special counter to

detect this weak activity. In a particular test 6.0 g of carbon (elmwood) was

spread around the counter in a thin layer. The total counting rate was about

14.5 c/min, and the background rate was about 10.0 c/min. How much
counting time is required to establish the rate due to the carbon to 5%?
Assume equal durations for "carbon" and "background" runs. How long

would it take if the background were twice as great?

17. Generalize Eq. 44 to the case of any scaling ratio to.



9 • Neutrons

9.1 • Introduction

The neutron shares honors with the proton as a building block

of nuclear matter. The fact that it has no charge gives it rather

special properties. For example, it cannot be accelerated in elec-

tric or uniform magnetic fields. It cannot produce primary ions

in an ionization chamber or a Geiger counter. On the other hand,

it is not inhibited by a Coulomb barrier; even very slow neutrons

can wander within the range of the specific nuclear forces and

cause reactions. Indeed, cross sections for neutron-induced re-

actions typically increase as the neutron energy decreases. Neu-
trons have only a very small interaction with electrons so that

unless their interaction with nuclei is rather large, matter appears

quite open to them.

Neutrons, once removed from nuclei, do not last forever. In

free space, they decay by beta emission with a mean life of about

10 minutes (Ro50 and Sn50). In matter, they are usually ab-

sorbed by nuclei before decay can occur. For slow neutrons in

paraffin, for example, the mean life before capture is about 100

Msec. The capture reaction is

H1 + n -» H2 + t (1)

Capture is not the usual fate for a proton in matter because slow

protons cannot penetrate the Coulomb barrier.

9.2- History

The series of facts tied together by the "neutron" began in 1930

when Bothe and Becker bombarded beryllium with polonium

alphas and found a very penetrating but non-ionizing radiation;

they logically assumed that it was a gamma ray. Curie and Joliot

noticed that this radiation, falling on paraffin, knocked out protons

from the paraffin. From the ranges of these recoil protons, the

maximum proton energy E proved to be about 5.3 Mev. Curie

214
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and Joliot also assumed that they were dealing with a gamma ray;

they computed its energy Ey by applying the conservation of en-
ergy and of momentum to an assumed Compton-like collision

between a photon and a proton. For a head-on collision, we can
show that

Ey = $[E + (2Empc
2
)

lA
] (2)

where mp is the proton mass. With E = 5.3 Mev and mv<? = 940
Mev, Eq. 2 gives 52 Mev for E7 . This was much more energetic

than any then-known nuclear radiation.

In 1932, Chadwick (Ch32) assumed that the "beryllium radia-

tion" was not a gamma ray but was formed of neutral particles

of closely protonic mass, i.e., neutrons. For a head-on elastic

collision the neutron energy is clearly 5.3 Mev, a not unreasonable
value. More convincing, the neutron ' assumption dovetailed

nicely with other data, such as the maximum energy given to
recoil helium, carbon, or nitrogen nuclei. The gamma hypothesis
does not (problem 1). In Chadwick's words:

These results ... are very difficult to explain on the assumption that
the radiation from beryllium is a quantum radiation, if energy and mo-
mentum are to be conserved in the collisions. The difficulties disappear,

however, if it be assumed the radiation consists of particles of mass 1

and charge 0, or neutrons.

The formation of neutrons in the beryllium block from the polo-

nium alphas is due chiefly to the reaction

Be9 + a -> C 12 + n (3)

NEUTRON SOURCES

9.3- Radium-alpha-beryllium source

A convenient neutron source is based on the reaction of Eq.
3 with radium and its decay products as an alpha source. Some-
times radon or polonium is substituted. Because of the short
range of alpha particles in solids, the radium and the beryllium
must be finely divided and well mixed. They are usually pressed
firmly into pellets to prevent mechanical changes. Besides the
neutrons, the gamma radiation characteristic of radium prepara-
tions will be present.
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The neutrons from Ra-a-Be sources are not monoenergetic

because (1) the reaction of Eq. 3 is not the only neutron-producing

reaction that is possible for alphas on beryllium, (2) the alpha

particles do not all have the same initial energy, (3) many alpha

particles lose part of their initial energy by collisions before they

Fig 1. Distribution of slow neutrons from a Ra-a-Be source in water. Data

due to Anderson, Koontz, and Roberts (Fe53).

interact with a beryllium nucleus, (4) there is a complete range

of angles between the directions of the incoming alpha particle

and the outgoing neutron, and (5) the C 12 can be left in an excited

state. The energy of the fastest neutrons is about 13 Mev; the

most probable energy is about 5 Mev. For an intimate mixture,

an output of 17 X 10
6 neutrons/curie sec has been reported

(An47).

If we want slow neutrons,, we can put the Ra-a-Be source in

water, paraffin, or some other hydrogen-containing material. The

neutrons will quickly slow down to thermal energies by elastic

collisions with protons. For a 2-Mev neutron only 25 collisions
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are needed, on the average. Neutrons in thermal equilibrium with

matter at a particular temperature are called thermal neutrons.

Figure 1 (Fe53) shows, as a function of the distance r from the

source, the product Rr2
, where R is a measure of the thermal neu-

tron flux (neutrons/cm
2

sec) at distance r. The product Rr2
is

thus a measure of the rate at which thermal neutrons pass through

a sphere of radius r; it is

small near r = because

the neutrons have not

yet become thermalized;

it decreases for large r

because the thermal neu-

trons are gradually ab-

sorbed by the reaction of

Eq. 1. At 10 cm from a

typical 1-curie Ra-a-Be

source in a large water

tank, the flux of thermal

neutrons is about 2.9

X 10
4 neutrons/cm2

sec.

9.4- Photodisinteg ra-

tion sources

Neutrons can be

"knocked out" of nuclei

by photons. For H2 the

photon energy must ex-

ceed 2.23 Mev; for Be9
it

must exceed 1.67 Mev.

For all other nuclei, the

threshold energies are

greater than 6 Mev.

Gamma rays from arti-

ficially produced radio-

nuclei can serve in pho-

todisintegration sources.

Wattenberg and his collaborators (R48; see also Han49) have

reported on several suitable radionuclei. For Na24
, for example,

the gamma energy is 2.76 Mev. If the active material is placed

in a source such as that of Fig. 2, the mean neutron energy for a

0.79 cm *

•3.8cm

Fig. 2. A photoneutron source designed by
Wattenberg and his co-workers. For a deu-

terium target the beryllium cylinder is re-

moved and a thin-walled brass cylinder full

of heavy water is put in its place. (R48.)
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beryllium radiator is about 1.0 Mev and the yield about 2.4 X 106

neutrons/curie sec. Gamma sources of 1 to 75 curies can be

made in chain-reacting piles. Neutrons from these photo sources

are more monoenergetic than those from alpha sources.

9.5- Particle accelerators as neutron sources

Monoenergetic neutrons in the range from a few kilovolts to

20 Mev can be made by bombarding targets in particle accelerat-

ors; some reactions are

H2 + d -* He3 + n Q-= +3.29 Mev (4a)

Li7 + p --» Be7 + n -1.646 Mev (46)

Be9 + d -* Be10 + n +4.35 Mev (4c)

H3 + p-->• He3 + n -0.765 Mev (4d)

H3 + d --> He4 + n + 17.6 Mev (4e)

The d-d reaction, as Eq. 4a is called, gives useful yields for bombarding
deuteron energies as low as 50 kev. Zinn and Seeley (Z37) accelerated

deuterons to the 100- to 200-kev range by an applied voltage from a

transformer-rectifier combination. The target—a hollow copper vessel

onto which some heavy water (D20) has been frozen—is cooled by filling

the vessel with liquid nitrogen. For a thick heavy ice target, the yield

for a 1.0-^amp beam of 200-kev deuterons is about 2 X 106 neutrons/sec.

Beams of over 108 yuamp are possible. By comparison, the current from

a 1.0-curie alpha emitter (as in a Ra-a-Be source) is only about 0.1 /zamp.

At low enough projectile energies E the neutrons from all the

reactions of Eq. 4 are monoenergetic. Their energy e varies with

E and with the angle 6 between the direction of the incident beam
and the direction along which we chose to observe the neutrons

according to (Sect. 13.2)

3Q = 4e - E - 2(2eE) 1a cos 6 (5)

Q, a constant for a particular reaction, is listed with the reaction

in Eq. 4. Figure 3 shows the deuteron energies that can be achieved.

The energy spread of the neutrons emerging from the target in a

given direction depends on the energy spread and degree of col-

limation of the incident beam, the thinness of the target and the

smallness of the solid angle subtended by the detector; these things

all enter into the definition of E and of 6 in Eq. 5. If the projectile
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energy is raised far enough, the residual nucleus will, with a cer-

tain probability, be left in an excited state rather than its ground
state; the neutrons will then no longer be monoenergetic.

12 3 4 5 6 7
Energy of accelerated particle, Mev

Fig. 3. Range of energies obtainable from various nuclear reactions. The
upper curve is for = 0° in Eq. 5; the lower for 6 = 180°. (Hans 49.)

9.6- Neutrons from high-energy deuteron and proton
bombardment

When the 184-in. synchrocyclotron at the University of Cali-

fornia was first turned on (accelerating 190-Mev deuterons, which
were allowed to strike an internal target) a beam of fairly mono-
energetic fast neutrons, confined roughly to a cone of ~6° half-

angle, came out through the vacuum tank wall (He47, Had49).
The neutrons, according to Serber (Se47), arose from the breakup
of the deuterons, largely by a process called stripping. The deu-
teron can be thought of as a proton and a neutron rather loosely

bound together. There is a finite possibility of a grazing encounter
with a nucleus in which the proton end (say) will strike the nuclear
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surface. The neutron end, projecting beyond the surface, will

suddenly find itself a free particle and will simply move on with

about half the momentum and energy of the incident deuteron.

It is not affected by the magnetic and electric fields in the cyclo-

tron nor is it absorbed very readily in passing through the wall

of the vacuum tank.

The angular and energy spreads of the emerging neutron beam can be

understood if we write the momentum of the neutron, just before strip-

ping occurs, as the sum of two terms. The main term, p , is due to the

motion of the deuteron center of mass and is given by

po = \/mE (6)

where m is the neutron mass and E the deuteron energy. The other and

smaller term, p it is associated with the internal motion of the neutron

with respect to the deuteron center of mass. It corresponds to an internal

neutron kinetic energy of about 1 Mev according to

Pi = \/2me (e ~ 1 Mev) (7)

This momentum vector is randomly oriented with respect to po. The

neutron momentum can thus range between the limits p ± Pi which

corresponds to a maximum energy spread of

E = (po + P,:)
2

_ (Po
~

Pi)'
2

w iPjP? = 4A/2el (8)
m mm

For E = 190 Mev, this maximum spread is about 78 Mev; a more careful

calculation shows the full width at half amplitude (not the maximum

spread as above) to be about 30 Mev.

The angular spread has limits given by

A0 « 2p,;/p = 2\/2e7B (9)

corresponding to pi oriented at right angles to p at the time of breakup.

This amounts to ~12°; the more accurate calculation leads to about 10°

for the full angular width at half maximum for light elements. For high

Z targets, there is the possibility of further broadening because the

deuteron may be slightly deflected from its initial direction by Coulomb

scattering before breakup (Se47).

When ~350-Mev protons are accelerated in this same machine and

allowed to strike internal targets, a strongly forward-directed neutron

beam again appears. The half-width of the beam, however (~50° for a

Be target; Mi51), is greater than that observed in the stripping reaction.
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The neutrons probably arise from nucleon-nucleon collisions inside the

nucleus. Fast forward-going neutrons up to 2.2 bev in energy have been

produced in the Brookhaven Cosmotron by bombardment of various

internal targets with 2.2-bev protons.

9.7* Neutrons from chain reactors

The chain-reactor cannot be surpassed as a source of thermal

neutrons. If materials are to be bombarded to induce radioactiv-

ity, they are placed in the reactor for a time which need be no longer

than several half-lives of the desired activity. To get a neutron

beam outside the pile, one can pierce a hole through the concrete

pile shielding to its interior or extend a block of graphite through

the shielding to the interior. This is called a thermal column be-

cause the graphite "thermalizes" fast neutrons from the pile in-

terior by elastic collisions.

The speed distribution for neutrons inside the pile can be writ-

ten approximately as

nv = Av2e-mv
*t2kT + nf {v) (10)

where n v is the density of neutrons per unit speed interval [neu-

trons/cm3 (cm/sec)]; v is the neutron speed and m its mass. T is

the absolute temperature of the material with which the neutrons

are in equilibrium; k is Boltzmann's constant. Thermal equilib-

rium is usually only partially achieved. Equation 10 gives reason-

able results if T is regarded as an arbitrary parameter rather than

as the actual temperature of the pile interior. The first term of

Eq. 10 is the familiar Maxwell expression for the speed distribu-

tion of gas molecules at temperature equilibrium. The second

term, shown as an unspecified function of v, takes account of the

fact that high-energy neutrons are constantly being produced in

the pile; this adds a high-energy "tail" to the distribution.

For neutrons from the thermal column, the neutron flux dis-

tribution function [neutrons/cm2
sec (cm/sec)] is

<p v = n vv = Av3e-mv2l2kT (11)

This differs from Eq. 10 in that there is no high-energy tail and in

that v
3 replaces v

2
in the coefficient of the exponential. This sub-

stitution recognizes that the faster neutrons have a greater chance

of escaping from the thermal column face, just in proportion to

their speed. Neutrons from a hole in the pile shielding have a
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Maxwell -like flux distribution corresponding to Eq. 11 plus a high-

energy tail (Fig. 4) ; the tail is effectively removed from the thermal

column beam by the graphite.
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Pig. 4. Spectrum of neutrons from a hole pierced through the shielding of

the heavy-water pile at the Argonne National Laboratory. The solid line

shows what is expected if the speed distribution is Maxwellian with T = 400 °K.

Note the high-energy tail. From Sturm (St47).

The thermal neutron flux at the center of the high power reactor

in the Chalk River Laboratories in Canada is about 6 X 101S

n/cm2
sec; in the thermal column of this same reactor the flux is

">- 10
9 n/cm2

sec one meter from the inner face of the column.
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NEUTRON DETECTION

9.8* Boron detectors

Neutron detectors involving ion production must be based on

secondary effects which result from nuclear interactions. If, for

1000
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0.01 0.1 1.0 10
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Fig. 5. The cross section for the reaction B10 + n —> Li7 + a for various

neutron energies. Data from various sources. Note that both scales are

logarithmic.

example, a counter or an ionization chamber is filled with a boron-

containing gas such as BF3 or lined with a boron compound, it

can detect neutrons through the reaction

B10 + n -+ Li7 + a (12)

If a thermal neutron is absorbed by a B10
nucleus, about 2.3 Mev

appears as kinetic energy of the alpha particle and the recoiling

Li7 nucleus. If the counter is operated in the proportional region,

it is possible to count these large pulses selectively against even a

quite intense background of smaller pulses due to gamma rays,
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etc. Although natural boron contains only 19% of B10
, enriched

boron samples containing 90% or more of B 10 can be obtained.

The variation with neutron energy of the cross section for Eq.

12 is shown in Fig. 5. The value is <~1000 bn at 0.01 ev, making
for an efficient detector, and is linear on the log-log plot. Assume
that <r varies as some power x of the neutron speed v, or

o- = kvx = k'Ex ' 2
(13)

in which k and k' are constants and E is the neutron energy.

Thus the unknown exponent is twice the slope of Fig. 5. Measure-

ment shows that x = —1.00. This 1/v relation is in accord with

theory (Sect. 13.10). The product <rv, according to Eq. 13, should

be a constant; from Fig. 5, a value of 1.61 bn m/sec can be found.

The significance of the 1/v relationship appears if we consider a boron

detector placed in a collimated beam of neutrons. Assume a speed dis-

tribution ra„ such that there are no neutrons outside the 1/v limit for

boron (i.e., with E > 1 kev). The product nv dv is the number of neu-

trons per unit volume with speeds between v and v + dv. Assume that

the detector contains so little boron that the neutron flux is scarcely

changed by its presence (i.e., a "thin" detector). The flux of neutrons in

the speed interval v to v + dv through the detector is (n„ dv)v. If No is

the number of boron nuclei in the detector, there is a contribution dR to

the detector counting rate of

dR = crNoiivvdv (14)

The total detector counting rate is

R = I aNarivV dv (15)

Because av is independent of v, we can put

R = Noav fnv dv = N (av)n (16)

The integral is simply the density n of neutrons, regardless of speed. A
thin boron detector then gives an output reading proportional to the neu-

tron density. This is true either for a collimated beam or an isotropic flux.

Hanson and McKibben (Ha47) have described a paraffin-embedded BF3

proportional counter arrangement (Fig. 6a) ; it is nearly constant in sensi-

tivity from 10 kev to 3 Mev (Fig. 66). The neutrons approach from the

right of Fig. 6a parallel to the counter axis; they are in part thermalized

by the paraffin and detected by the BF3 counter. The nearly constant
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Fig. 6. (a) A paraffin-embedded BF3 proportional counter. (6) The relative

sensitivity of this counter as a function of the neutron energy. From Hanson
and McKibben (Ha47).

sensitivity is a chance result of the geometrical arrangement. The abso-

lute sensitivity for neutrons striking the 8-in. circle on the front face is

9.9' Fission chambers

If an ionization chamber is lined with uranium, the fission

reactions

U235 + n (slow)

IT
238 + n (fast)

X + Y

X + Y

(17)

(18)

(where X and Y stand for two fragments of roughly the same mass)

can occur if neutrons enter the chamber; the strongly ionizing
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fragments share between them ~200 Mev of kinetic energy. If

separated U235 or U238
isotopes are used the device is sensitive

respectively to slow (very largely) or to fast (only) neutrons. The
way the efficiency varies with neutron energy depends upon cross

sections which do not appear in the open literature.

If a mixture (normal or otherwise) of U235 and TJ
238

is used,

the slow and fast neutron effects may be separated by (1) taking
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Fig. 7. The total neutron cross section for cadmium. From Goldsmith et al.

(Gol47).

a reading with the normal chamber and (2) taking a second read-

ing with the chamber surrounded with cadmium, to remove slow

neutrons. That cadmium will do so rather well is shown by Fig.

7, a plot of the total cross section against neutron energy. There
is a drop by a factor of 103 between En = 0.2 ev and En = 3 ev.

The second reading above is the result of fast neutrons only. The
difference between the two readings is what we would have meas-

ured if only slow neutrons were present. This cadmium differ-

ence technique is much used for separating the effects of fast and
slow neutrons.
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9.10* Detectors based on elastic scattering

For fast neutrons, counters or ionization chambers can be used

if they are filled with a hydrogenous gas or if they have a window
made of hydrogenous material. By elastic scattering the protons

of the gas or the window may be given enough energy to produce

ions and operate the detector. If the neutrons are not fairly ener-

getic, the recoil pulses will be masked by the small pulses from the

gamma rays that are usually present. About 50 kev seems to be

Wire terminates in glass

bead resting against

shoulder in brass ball

threaded on brass rod

/ 0.010"piano wire

Aluminum shield

tube slip fit

To preamplifier

Brass plug

Brass rod

and ball

Kovar guard tube
3/32" dia.

Soft solder Joints

to brass cylinder

"Glass to kovar seal'

Filling lead

Soft solder

Glass to kovar seal

Hard solder

1/2

Inches

Fig. 8. A proton-recoil proportional counter. Neutrons enter from the left,

parallel to the counter axis. From Frisch (F46).

a lower energy limit for detectable neutrons under such condi-

tions. Frisch (F46) describes a proton-recoil proportional counter

(Fig. 8) which, filled with hydrogen gas to 50-200 cm-Hg, can

operate in the fairly strong gamma-ray background near an elec-

trostatic generator down to neutron energies of 35 kev.

9.11* Methods based on induced radioactivity

Many materials become radioactive under neutron bombard-
ment and thus can serve as neutron detectors. The cross section

curve for indium, a typical detector, is shown in Fig. 9. Above
the thermal range it is sensitive only for narrow regions of neu-

tron energy called, for reasons that will appear later, resonance

peaks. Neutrons whose energies are in the region where such peaks

are common (0.1 to 100 ev) are called resonance neutrons.

To measure a flux we (1) expose a foil of a suitable material

to the neutron flux for a time te ; (2) remove it, and, after a possible
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waiting time tw ,
put it in a standard position near a counter and

note the counts that are recorded in a counting period te . Indium,

like boron and many other materials, has al/11 behavior at thermal

energies. It has a strong resonance at 1.4 ev. Thus, using the

cadmium technique, indium foils can be used to measure either

the density of neutrons in the thermal region or the flux of neutrons

for energies near the resonance energy.

We have already discussed the behavior of a 1/v thermal detector in

Sect. 9.8; therefore let us now discuss the measurement of fluxes of reso-

nance neutrons. Let a thin foil containing No nuclei of the type that

can be activated be placed in an isotropic neutron flux described by

$(#) = n(E)v (19)

where n(E) is the density and $(i?) the flux of neutrons per unit energy

interval and v is the speed corresponding to the energy E. The rate at

which radioactive nuclei are produced will be (compare Eq. 15)

dN/dt = N f<r(E)$(E) dE (20)

where a(E) is shown in Fig. 9 and the integral is carried out over the

resonance peak. Analysis based on a theory giving the shape of <j(E)

(Sect. 13.10) shows that we can put, approximately

dN/dt = %irNoa T$(E ) (21)

where tro is the maximum value of cr(E), T is the energy half-width of the

resonance and $(2?o) is the flux of neutrons per unit energy interval at the

resonance energy. This is equivalent to replacing the large resonance,

curve of Fig. 9 by a rectangle of width equal to T (the actual half-width

of the curve) and height }iircr .

Let the foil be exposed long enough for secular equilibrium to occur;

then the initial decay rate R on removal from the neutron flux is just

the dN/dt of Eq. 21. After a time t, the decay rate R t will be

R t = Roe-"* (22)

where r is the mean life. The number of disintegrations that occur during

the counting period tc is

tw
R.dt

= Rore-^il - e-fe/r
) (23)

The number of observed counts N c is related to Na by

Nc = eNd (24)
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Fig. 9. Total neutron cross section of indium. From Goldsmith et al.

(Gol47).

where e is the efficiency, both intrinsic and geometric, of the counting

system. Combining Eqs. 21, 22, 23, and 24 yields finally for $(i?o)

$(#o) = 2Ar
c(7reA'o<rorr)-V»/

r
(l - e-'^)-1

(25)

If secular equilibrium is not achieved, we multiply the right side of Eq.

25 by [1 - e-'clT}~ 1
.

Neutron-induced activities can also be used to measure fast neutrons;

the reaction

C 12 + n -> C 11 + 2w (26)

for example, does not occur unless the neutron energy is greater than 22

Mev. This suggests the use of carbon as a threshold detector for neutrons

whose energies exceed 22 Mev. C 11 has a period of 20.5 min, a convenient

value. Other reactions are useful in other energy ranges.

9.12* Transmission experiments

Neutrons, like gamma rays, disappear from collimated beams
by "one-shot" processes. Therefore we can measure an absorp-

tion coefficient y.x , or a cross section a, just as for gamma rays.
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They are related by (see Eq. 28, Chapter 7)

(7 = nx/nn (27)

in which nn is the density of nuclei in the absorber. Cross sec-

tions measured in this way, if the absorber is an element with
several isotopes and if n„ is the nuclear density for the element,

are mean total cross sections. The cross sections for the separated

isotopes are, of course, of more theoretical interest.

The total cross section as measured in a transmission experi-

ment (assume one isotope) can conveniently be written, following

Weisskopf and collaborators, as the sum of two terms, the reaction

cross section <rr and the elastic scattering cross section <re i

<?t = o> + ffel (28)

ael is taken to describe the elastic scattering only (i.e., scattering

in which kinetic energy is conserved); o> then includes all other

processes, such as neutron absorption followed by fission, by
gamma emission, or by alpha emission, etc. Surprisingly enough,

inelastic scattering is also included with o> rather than with ce i)

we will see in Chapter 13 that its basic mechanism puts it logically

in this group; ur can then be written as

°V = oy + <77 + (Ja + <Ti
• (29)

where the ax 's reier to the four processes mentioned above. In

general all cross sections vary with neutron energy in different

ways.

It often happens that only one process is important. For Fig.

5 the (n, a) process of Eq. 12 and for Fig. 7 the in, y) process

Cd113 + n -» Cd114 + y (30)

are the only ones that are appreciable if the neutrons are in the

thermal range. A transmission experiment gives only a. If two
or more processes occur we need extra information to sort out the

individual cross sections.

Transmission experiments can be carried out in a reasonably

straightforward way for high-energy neutrons, using beams pro-

duced as described in Sect. 9.5. Monoenergetic beams of slow

neutrons can, in a certain energy region, be produced by reflection

of neutrons from a crystal, using the fact that a beam of neutrons

has wave properties. We can also work with a beam in which the
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slow neutrons have a spread of energies and arrange that the de-

tector be sensitive to only a chosen narrow energy band. Both

methods also allow us to measure the neutron energy.

9.13- Pulsed accelerator methods

Energetic neutrons, produced in an accelerator by reactions such

as those of Eq. 4, can be slowed down by elastic collisions with

the protons in a paraffin slab placed near the target. The energies

of these neutrons are then in such a range that they can be meas-

ured by timing their flight (electronically) over a measured dis-

tance in the laboratory. A 1.0-ev neutron, for example, requires

73 Aisec to travel 100 cm.

It is essential to produce the neutrons in periodic bursts. This

can be done by arranging the accelerator (assumed a cyclotron)

Cyclotron

on

Detector

on

«n il

(b)

Time-

~<J Time-

Fig. 10. Cyclotron "on times" (a) and detector "on times" (6) for the time-of-

flight method. The delay time is ta.

ion source so that it will not operate unless the voltage on one of

its electrodes exceeds a certain value. The voltage wave form

shown in Fig. 10 can pulse the ion source periodically into opera-

tion. A pulse duration of 10 Msec and a repetition rate of 1000/sec

are typical. Periodic bursts of fast deuterons strike an internal

beryllium target; the fast neutrons that result escape through the

cyclotron vacuum chamber wall, strike a paraffin source block

and are slowed down to low speeds.

The slow neutrons of each burst move from the source block

in various directions; they spread out along the lines of travel,

the faster neutrons leading and the slower ones lagging. The

farther from the source we go, the greater will be the time between

the passages past an observation point of two neutrons of differ-

ent speeds (both belonging to the same burst). If a detector (often

a BF3 proportional counter) is placed a distance L (say 6 meters)

from the source block, the energy of the neutrons passing through
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it at any instant is determined by the time t which elapsed since

the burst; it is given by

E = \mv2 = \m{L/tf (31)

We need only to arrange the detector to be insensitive except

when a certain voltage is applied to it, and then to pulse it into

operation according to the schedule shown by Fig. 10. This pulsed

accelerator method was devised independently and almost simul-

taneously by workers in the USA (A138), the Netherlands (M38),
and England (Fe38).

We can vary at will the delay time td between the pulses applied

to the cyclotron and to the detector. If we want to measure the

energy distribution of the source neutrons we simply note the de-

tector rate for each delay setting td and compute the energy from
Eq. 31. To measure a cross-section curve we repeat this procedure
with an absorber in the beam. The ratio of counter readings

(corrected for background) with and without the absorber is the

transmission of the specimen for the energy involved. Figures 5
and 7 were measured in part by this technique.

The finite widths r of the source and the detector pulses introduce an
uncertainty of this constant magnitude in the measured time. For high

energies (short flight times) this means that the fractional uncertainty in

the energy gets larger. This (Table 1) sets an upper energy limit to the

TABLE 1

Some Slow Neutron Monochromators; prom Feld (Fe53)

Usable Energy Uncertainty, ev
Range,

evDevice 0.025 0.1 1 10 100 1000

Argonne thermal chopper 0.002-0.2 0.005 0.05

Argonne fast chopper 0.001-5,000 0.001 0.05 0.1 1.7 40 1000
Columbia pulsed cyclo-

tron 0.001-10,000 0.001 0.05 0.07 1.2 30 1000
Harwell pulsed electron

accelerator 0.001-20,000 0.001 0.05 0.1 1.3 20 500
Crystal spectrometer 0.02-100 0.0015 0.01 0.2 5

usefulness of the method. A further contribution to the uncertainty in

timing comes from the fact that some neutrons, statistically, will take

longer than others to be slowed down in the paraffin block. Also, the

finite length of the detector makes L a little uncertain.

Another important item is the overall system delay time; this is due
to (1) the time required for the acceleration of the deuterbns, (2) the



Sect. 14) NEUTHOXS 233

moan time spent in tlie paraffin block, and (3) electronic delays in the

detecting and recording apparatus. This delay time must be measured

and subtracted from the indicated time of flight to obtain a quantity (

to use in Eq. 3T

.

The pulsed cyclotron device developed at Columbia UniversitA iUfill

has a path length of !0 m. Pulse durations froiu 2 to 80 jtfsec can be

selected. depending on the energy interval being studied. The overall

system delay is about 10 ^sec. The mean time spent in the source block

is about 30 jusec for thermal neutrons; it is smaller for neutrons of higher

energy. The detector consists of two separate and independent counters,

each of which is pulsed into operation for 16 consecutive and equal inter-

vals during each burst; the information is fed to 32 separate counting

channels. This means a great saving in running time and also greater

precision because slow changes in beam intensity do not affect the relative

intensities of fee 32 Bets of data.

9,14- Mechanical velocity selector

If we want lo use the time-of-flight method for neutrons from a

reactor the problem of "pulsing the source" arises. The device

Fio. ii.

Aluminum

Steel

Cadmium

Multiple sandwich

of 0.004" to 0.008"

cadmium and
1/3Z" aluminum foils

Cross section of the rotating shutter of a slow neutron velocity

selector. From Fermi, Marshall, and .Marshall (Fe 47).

of Fig. 1 1 placed in front of the? thermal column of a pile can do

this (Fe47). it is a refinement of an earlier device used by Dunning

and his co-workers at Columbia University (I)3o) to measure

flight, times of neutrons from a Eta-Be source, thermalizcd in

paraffin

.
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Cadmium absorbs thermal neutrons strongly; aluminum does
not. The rotating cylinder, then, will pass two collimated neutron
bursts per revolution. A small mirror is mounted on the rotating

shaft, A light beam, pointed toward the shaft, is reflected from
the mirror onto a photocell when the cylinder is in a particular

angular position. The detector is pulsed by the electric signal

from the photocell. The needed variable delay can be obtained
by changing the angular position of the photocell.

The resolution is fixed by the highest speed at which the cylinder can
be rotated. Let Act be the effective range of angles for which the rotating

cylinder passes neutrons. If w is the angular speed, then the time At
during which the cylinder is "open" is At = Aa/w. For the instrument
of Fig. 11, Act was ~6° and co was 15,000 rev/min; this yields At « 1 /usee.

For neutrons above about 0.3 ev, cadmium begins to be as transparent

to neutrons as is aluminum and the shutter no longer produces well-

defined bursts. A "fast chopper" has been built by Selove (Se51) at the

Argonne National Laboratory. It consists, in part, of a rotating steel

cylinder 16" long and 4" in diameter. Six grooves about 2 cm deep and
0.025 cm wide are cut parallel to the axis. An identical but non-rotating

cylinder is placed on a common axis. Bursts are produced if neutrons

moving in an axial direction strike the end of the cylinder. This device

has an upper limit of usefulness of 5 kev compared with 0.2 ev for the
"thermal chopper" of Fig. 11.

9.15* Slow neutron crystal monochromator

The de Broglie wavelength associated with a beam of particles

of mass m, speed v, and energy E is

X = h/mv = h/(2mE) H (32)

For thermal energies the wavelengths are about the same as crys-

tal interplanar spacings (~1A) ; diffraction effects may be expected
if we let thermal neutrons fall on crystals, as was predicted by El-

sasser (E36) and by Wick (W37). The condition for a diffraction

peak, just as for x-rays, is Bragg's law

n\ = 2d sin 9 (33)

where n is the interference order number, d the interplanar spac-

ing, and 6 the internal glancing angle for the incident and the

diffracted beams. Combining Eqs. 32 and 33 gives

E = n2h2/8md2
sin

2
(34)
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Monoenergetic diffracted beams of various energies can be obtained

if a collimated beam containing a spread of energies falls on a

crystal oriented so that Eq. 33 is satisfied. To change energy,

we merely change 0.

Figure 12 shows a crystal monochromator built at the Argonne National

Laboratory by Zinn (Z47). The primary neutron beam is partially colli-

mated by a 9-ft steel channel which pierces the pile shielding; the beam

strikes a LiF crystal whose interplanar spacing (100 planes) is 2.0 A.

Bf3 proportional

counter

Fig. 12. A crystal spectrometer at the Argonne National Laboratory

From Zinn (Z47).

The detector is a well-shielded BF 3 proportional counter; in front of the

counter is a cadmium diaphragm made of twelve long cadmium sheets

spaced 3 mm apart; with these collimators, the half-width of the diffracted

beam is about 30 minutes of arc.

For each position of the rotatable spectrometer arm, counter readings,

with and without an absorbing sample in place, are taken; from this we

can then find a transmission and thus a total cross section for the nuclei

of the sample. The angular positions of the arm and of the crystal allow

us to compute the glancing angle; Eq. 34 then gives the neutron energy.

At 0.02 ev, for example, the glancing angle from Eq. 34 would be <~30°

in the first order (n = 1) . We then have a point on a plot of cross section

against energy. As the arm is rotated, the crystal automatically follows

at half the angular speed, to maintain the Bragg condition. The upper

energy limit for this instrument is ~65 ev.
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9.16- Neutron diffraction—theoretical (Fer47)

As far as diffraction of neutrons by a single scattering center is

concerned, we can write the elastic scattering cross section (see

Eq. 30, Chapter 3) as

o- = 47ra
2

(35)

where a may be either positive or negative in particular cases.

The scattered wave from such a nucleus will be spherically sym-

metrical because we are dealing with 1 = encounters. Indeed,

for thermal neutrons the impact parameter needed to yield the

lowest non-zero value of angular momentum (I = 1) can be shown
to be 10

—

8

cm (see argument of Sect. 3.5). This is 10* times the

range of the nuclear forces so that higher order partial waves may
be safely ignored.

Nuclei bound in crystals behave, at thermal neutron energies, as if they

had infinite mass. This is because the binding energy of the nucleus in

the crystal lattice (several ev, say) is much greater than the neutron

energy (^0.025 ev). On this account, the scattering cross section for

bound nuclei exceeds that for free nuclei by (A + 1)
2/A 2

, where A is the

nuclear mass number. This must be taken into account if cross sections

are measured at energies high enough so that the nuefei appear free.

Likewise, the "bound" scattering length exceeds the "free" scattering

length by the factor (A + \)A. All quantities in this and the following

section refer to the bound state.

It remains now to see how the scattered spherical waves from

the individual nuclei in a crystal combine to give the scattered

wave for the crystal as a whole. For a polycrystalline sample,

Eq. 33 will be satisfied for just a few directions; here there will be

a maximum in the scattering; in other directions, there will be

destructive interference and no scattering. Scattering associated

with these Bragg reflections is called coherent scattering. The
rate at which neutrons are scattered in these allowed directions is

determined by a coherent scattering cross section acoh. In an ideal

case (perfect crystals of one isotope only with no spin dependence

of the scattering and no thermal motion) the scattering is all co-

herent and the measured total cross section will be just acoh.

If we consider crystals made of several isotopes of one element,

if we recognize possible spin dependence of the scattering, and if

we allow the crystal temperature to be something other than
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0°K, we will find that some neutrons are scattered in all directions,

and that fewer are scattered in allowed Bragg directions. This is

called diffuse scattering; it is associated with the three inherent

randomnesses we have introduced in passing from our ideal ex-

ample to a more typical one, and with other sorts of randomnesses

such as lattice imperfections. The measured total cross section

a in the more general situation is

<r = (fcoh + <rs + <rj + <rT •
• (36)

The last three terms are the diffuse scattering cross sections due

to the spin, isotope, and temperature effects.

Let us consider a special case in which the diffuse scattering is due

only to the isotope effect. Theory shows that the coherent scattering

cross section is given by

(Tcoh = <Mpiai + P2«2 -I )
2

(37)

The factor in parentheses, a weighted mean scattering length for the ele-

ment concerned (compare Eq. 35), determines the Bragg scattering. The

p'ti are the fractional isotopic abundances for the element. One adds the

amplitudes before squaring to get the intensity, as is done in optics when

waves interfere coherently. The total elastic scattering cross section,

however, is found by adding the contributions due to each isotope con-

sidered independently

a = 47r(piai
2 + p2a2

2
-j

) (38)

This corresponds, in optics, to adding the intensities of light waves that

combine incoherently. Equation 38 measures the total number of scat-

tered neutrons. Equation 37 measures those that are scattered into Bragg

peaks; the rest are scattered diffusely in other directions.

We can now compute the diffuse scattering due to the isotope effect.

From Eq. 36, with <rs = ct = 0,

a-1 = ff — (Tcoh (39)

Considering only two isotopes and considering that pi + p% = 1, leads by

way of Eqs. 37 and 38 to

oi = 4irpi(l — pi)(ai — o2)
2

(40)

This vanishes, as we expect, for pi = or 1 or for ax = a^. In either

case we are dealing effectively with a single nuclear type. The analysis

considering other sources of diffuse scattering is along similar lines. For

the spin effect, for example, there are two different scattering amplitudes,
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one for parallel neutron-nucleus spins and one for antiparallel ones. We
replace pi and P2 here by the probabilities that each of these spin con-

figurations will occur.

9.17* Neutron diffraction—experimental (W48)

The Debye-Scherrer-Hull x-ray technique for powdered sam-

ples can be used for neutron diffraction. The neutron beam from

the pile falls on a crystal which is oriented to yield a diffracted

beam of a certain wavelength; this monoenergetic beam falls on

the sample. A BF3 counter, always pointing toward the sample,

is rotated slowly about it; the counter readings (corrected for back-

ground) as a function of angle of rotation are the diffraction pat-

tern (Fig. 13). The peaks occur at angles for which the Bragg

eu

(111)
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220)(31D(222)
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A
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(331)(420)
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Fig. 13. A neutron diffraction pattern of a powdered aluminum sample.

The numbers over the peaks are the Miller indices of the planes responsible

for the reflection. From Wollan and Shull (W48).

condition is fulfilled for various planes. The amplitude of the

peaks depends upon <jco\ for the crystal; the amount of scattering

between the peaks is measured by ad- These quantities can be

deduced from the diffraction patterns.

X-ray diffraction intensities depend upon scattering from the

electron shells of the atoms; neutron diffraction intensities depend

largely (see below) upon scattering from nuclei. This suggests

that neutron diffraction can supplement x-ray diffraction where

the sample contains elements which are either very close together

in atomic number or very far apart. If they are very close (KC1,

for example) the x-ray scattering will be nearly the same for each
;

if far apart (PbO or anything containing hydrogen), the strong
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x-ray scattering of the heavier element may mask that of the

lighter.

For crystals containing two or more elements (each assumed to

have only one isotope) the relative intensities of the Bragg reflec-

tions are greatly influenced by the relative signs of the scattering

amplitudes. In the NaCl type of structure, for example, the x-ray

diffraction peaks that have odd Miller indices (111), (113), etc.,

are weak; those with even Miller indices (200), (220), etc., are

strong. In neutron diffraction, the same conclusion holds if the

two nuclei involved have the same sign of scattering amplitude.

If the signs differ, however, the above statements must be reversed.

In x-ray diffraction the scattering lengths are always negative.

While neutron diffraction can tell us whether two scattering

amplitudes have the same sign or not, it cannot tell us for any given

nucleus whether a is positive or negative. Reflection of neutron

beams from mirrors offers a way of getting this information. It

can be shown theoretically that a substance with a positive scat-

tering length should, if made into a mirror, reflect neutrons totally

at small external glancing angles. This total external reflection,

first achieved by Fermi and Zinn (Fe46), comes about because

unlike the common optical situation, the refractive index of the

mirror substance (if it has a positive scattering length) is slightly

less than unity. The limiting glancing angle, above which there

is no reflection, is given by

8C = \(Na/irYA (a > only) (41)

where X is the neutron wavelength and N is the number of atoms

per unit volume. For beryllium mirrors, Fermi and Marshall

(Fer47) found experimentally that dc was 12.0 minutes of arc.

The mere existence of a totally reflected beam shows that Be has

a positive scattering length. The scattering length computed

from Eq. 41 is 0.89 X 10~12 cm. It can be checked against a

value computed from cross-section measurements. The scatter-

ing amplitudes for most nuclei are positive. We have already

mentioned (Sect. 3.9) an application of this method to the deter-

mination of the singlet and triplet scattering lengths for neutrons

on protons.

An application of neutron diffraction is the use of a long graphite rod

to provide a source of "cold" neutrons (A46, W37); these are neutrons

whose most probable speed is well below the most probable speed for
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thermal neutrons at 300°K (~28O0 m/sec) . One end of the polycrystalline

rod is placed next to the thermal column of a pile. Neutrons diffusing

down the rod can be scattered out of it if they have a Bragg reflection.

0.01 0.1

Neutron energy, ev

Fig. 14. Scattering cross section of finely divided BeO for neutrons. The

solid and the dashed lines are theoretical curves based on two assumptions as

to the relative phase change on scattering for the beryllium and oxygen nuclei.

From Fermi, Sturm, and Sachs (Ferm47).

Equation 33 shows that neutrons whose wavelength is greater than 2d

(where d is the largest lattice spacing) cannot possibly have Bragg reflec-

tions of any order for any glancing angle. Such neutrons are not attenu-

ated much in passing down the rod.

For graphite, 2d is 6.69 A. For a rod 23 cm long and 10 cm in diameter

the effective wavelength for transmitted neutrons was measured (Ferm47)
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to be 7.15 A; this means a speed of 533 m/sec; such a speed would be the

most probable one for neutrons in thermal equilibrium at 18°K.

The transmission of a polycrystalline rod or a powder below the above

cutoff wavelength shows many abrupt changes; they occur at wavelengths

for which
X = 2dx (42)

where dx is an interplanar spacing (not necessarily the largest). Figure

14 shows some data (Ferm47) taken partly with a crystal spectrometer

(100) (110) (111) (200)

I \ I

(311)

20* 30*

Scattering angle

50*

Fig. 15. The neutron diffraction pattern of MnO (a) above and (b) below

the antiferromagnetic Curie point, which is at 120°K. From Shull and
Smart (Shu49).

and partly with a mechanical velocity selector, for finely powdered BeO;

the abrupt changes in total cross section are clear. The solid line is the

theoretical curve if the scattered waves from the two nuclei are in phase.

The dashed line is the theoretical curve if the phases differ by 180°.

Experiment clearly supports the first curve.

Another important application of neutron diffraction is the study

of magnetic materials, taking advantage of the fact that a neutron

can be scattered by interaction of its magnetic moment with the
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atomic or ionic magnetic moments of the sample atoms, if such
exist. We have ignored this effect completely so far. It has been
used by Shull and Smart (Shu49) for the detection of antiferro-

magnetism in MnO in a very convincing way. Antiferromagnet-
ism is a situation in which the atomic spins alternate regularly in

direction as one goes through the lattice. Since such a condition

*
X
4 V *f

Magnetic

unit cell
Chemical
unit cell

Pig. 16. The chemical and magnetic unit cells in MnO. The arrows show
atomic spin orientations. The circles show positions of the Mn atoms only.

From Shull and Smart (Shu49).

gives zero external magnetic moment, it cannot be studied by
many of the methods used for ferromagnetism, in which the spins

are all parallel. Antiferromagnetic substances, like ferromagnetic

ones, should have Curie temperatures, above which the thermal

agitation is so great that purely paramagnetic behavior prevails.

Figure 15 shows neutron diffraction patterns for MnO below
and above its Curie temperature (122°K). In the antiferromag-

netic state (lower curve) extra lines appear. They can be ac-

counted for in terms of a "magnetic unit cell" whose edge is just

twice as great as that of the ordinary chemical unit cell. Figure

16 shows that the minimum "magnetic repeat distance" is two
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atoms in the antiferromagnetic state. This information could

not have been learned from x-ray diffraction.

9.18* Integrated absorption cross sections—the pile oscillator

A reactor can be operated so that its neutron density remains constant

with time. In such a critically operated reactor there is a delicate balance

between the rate of neutron production by fission and the rate of neutron

loss by leakage from the pile or absorption within the pile. If a neutron

absorber is placed in the pile, the neutron density will start to drop. We
must make adjustments—pull out a control rod—to restore critical op-

eration. The amount of adjustment needed is a measure of the absorbing

effect of the sample (And47). This method measures the absorption and

not the scattering. Transmission experiments measure the sum of the

two.

Langsdorf (La48) and Hoover et al. (H48), following a suggestion by
Wigner, have developed a dynamic method in which they oscillate the

sample in and out of the pile periodically; the period for Langsdorf's

arrangement is about 20 sec. The fluctuating neutron density produces

a fluctuating ion current in a BF3 chamber placed in the pile. The alter-

nating component of the ion current can be amplified and measured; it is

proportional to the mean absorption cross section of the sample for pile

neutrons. The calibration constant can be found by using boron, whose

absorption is well known from other experiments. By oscillating the

sample through a cadmium sleeve the mean absorption cross section for

thermal neutrons can be found. Langsdorf says that the mean absorption

cross section for bismuth can be measured to a few per cent; this cross

section is only about 0.05 barn; in a transmission experiment it would be

masked by the scattering cross section which is 200 times larger.

PROBLEMS

1. Non-ionizing particles of energy E have head-on collisions with protons

and with alpha particles. What will be the ratio of the proton "knock-on

energy" to the alpha particle "knock-on energy" if the non-ionizing particle

is (a) a neutron, or (6) a gamma ray?

2. In reaction 4b, what neutron energy is expected (a) at 45°, (6) at 90°,

and (c) at 135° to the deuteron beam, for 1.0-Mev deuterons? If the deuteron

energy is increased by AEd the neutron energy will increase by AEn . Evaluate

SEn/dEd at each of the above angular positions.

3. For neutrons in the pile interior in equilibrium at temperature T, what

is the most probable neutron energy (assume a Maxwell distribution)? What
is the most probable neutron energy in the beam from the thermal column?

What are the de Broglie wavelengths?
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4. Verify that the curve of Fig. 5 leads to a value of av close to 1.61 bn

m/jiisec.

5. In116 (95% abundance, 54 min period) is used as a neutron detector under

conditions such that secular equilibrium obtains. Suppose that the waiting

and counting times are 30 sec and 10.0 min respectively and the efficiency of

the counting system is 1.0%. If the foil has a mass of 1.5 g and if 8500 counts

are obtained, what is the resonance neutron flux?

6. Prove that if the two nuclei in a crystal of the NaCl type scatter with

opposite phases the 111 reflection will be strong and the 200 will be weak.

7. A nucleus with a thermal neutron scattering cross section of 4.0 bn, is

placed in a flux of 1 neutron/cm2
sec. Evaluate numerically for a large sphere

surrounding the target (a) the rates associated with the ingoing and outgoing

parts of the incident beam, for I = 0; (6) the same for the complete beam in-

cluding the scattering; (c) the outward rate associated with the scattering;

(d) the magnitude of the scattering amplitude; (e) the magnitude of the phase

shift. In all of the above assume that elastic scattering is the only process

that happens. Consult Appendix 4.

8. From Fig. 1, make a rough plot of the net rate per unit volume at which

thermal neutrons are being created or absorbed at various radii. Does the

curve have the shape that you expect on the basis of physical reasoning?

9. The element Rb (Rb86
, 72.2%; Rb87

, 27.8%) has a measured coherent

scattering cross section for thermal neutrons of 4.1 ± 0.3 bn and a measured

total cross section (for "bound" atoms) of 12.5 ±1.0 bn. Assume that the

difference is due only to the isotope effect. What can you conclude about the

scattering lengths for Rb86 and Rb87
? The mean weighted scattering length

for the element is known to be positive.

10. Ni58 has a total cross section ("bound" atoms) of 24.4 ± 0.5 bn. At

what maximum glancing angle would you expect total external reflection from

a mirror made of this isotope?

11. Using Eq. 15, Appendix 4, show that the scattering cross section for

bound nuclei at thermal energies is greater than that for free nuclei by the

factor (A + if/A 2
.



10- Nuclear Masses, Mass Numbers,

and Mass Abundances

10.1 • Introduction

Precise mass differences for nuclei can often be found indirectly

from nuclear disintegration experiments, using AE = Amc2
. We

will deal here, however, only with the measurement of nuclear

masses and mass abundances by electric and magnetic deflection

of ion beams. For the accurate determination of masses, the

highest possible precision is needed. On the other hand, instru-

ments of only moderate precision can be used to measure mass

numbers, to determine the relative abundance of isotopes, or to

produce separated isotopes. Instruments in which a mass spec-

trum is recorded photographically are called moss spectrographs.

Those in which a voltage or a magnetic field is adjusted to make

each part of the spectrum in turn fall on a fixed detecting slit are

called moss spectrometers. The word spectroscope is loosely applied

to either arrangement.

The first mass spectrograph was devised by J. J. Thomson in

1912 and used by him to show that neon exists in two stable forms

of different mass. During this same period, Soddy was concluding

from his studies of natural radioactive disintegrations that iso-

topes (his word) also existed among the heavy radionuclei. Aston

(~1919) first made mass measurements of precision sufficient to

show clearly that the masses of the different nuclear species did

not bear simple integral relationships to each other. The precision

of mass measurements has increased steadily since Aston's pioneer

work. Mass data today form one of the most useful bodies of

knowledge in nuclear physics.

10.2- Mass spectroscopes—fundamentals

All mass spectroscopes start with an ion source. Often the ions

are made by electron bombardment of gases. Alternately, the

material to be studied can form part of a solid electrode and a

245
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spark or arc can be struck. Suitably coated filaments suffice for

some elements. Ions are accelerated electrically out of the source

through a slit in its wall.

The ions from the source slit have these characteristics: (1)

their charges may be ±e, ±2e, ±3e, etc., although negative and
triple and higher charges are rare; (2) they are moving in a diverg-

ing beam; and (3) they have may different speeds. Let us assume
that all the ions are singly charged. It is the function of the spec-

troscope to bring to a focus at a detector all ions with the same
mass but with different initial speeds and directions. This is

called velocity focusing and direction focusing. In practice, it is

not possible to achieve perfect focusing; we must be content with

focusing those ions that emerge from the source slit with their

initial speeds largely contained in a certain range Av and with

their initial directions making no more than a certain angle a with

a particular direction.

All spectroscopes have a resolving power, defined from

5 = m/Am (1)

Am is the smallest variation in mass that can be detected when
ions of mass m are focused. If the detector is a photographic

plate, Am corresponds to the width (at half-amplitude) of a den-

sitometer trace of the focused line; 5 > 50,000 has been achieved.

We will discuss below some mass spectroscope elements and will

then describe several instruments. We will always assume that

the ions are singly charged unless we specifically state otherwise.

10.3* Electrostatic elements

One way to deal with the speed variation problem is simply to

accelerate all the ions from the source through a potential differ-

ence V, chosen so large that eV is much greater than the initial

ion energies. All singly charged ions will then have, at the exit

slit, approximately the same energy eV, no matter what their

mass. The speed will be given by eV = %mv2
or

v = (2eV/m) 1A
(2)

in which e is the electronic charge. This arrangement is not, by

itself, a complete spectroscope. We still need to separate the

emerging beam in space according to its discrete speed (and hence

mass) components.
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Figure 1 shows another electrostatic element. The two curved

lines represent the plates of a cylindrical condenser. The radius

of curvature of the central ray is p, the plate separation is I, and
the potential difference between the plates is V. Let us consider

singly charged ions of mass m, projected along the input arrow with

various speeds. If the speed is too great the ions will not be affected

much by the radial electric field and will strike plate A. Very

slow ions will be bent to strike B. If the speed is just "right"

the ion can move along the central ray. For such ions the electro-

static force is always at right angles to the velocity so that their

speed remains unchanged. Newton's

second law gives

Ee = mv2
/p (3)

Source

Fig. 1. A cylindrical con-

denser spectrometer element.

If l/p « 1 the electric field E is V/l.

Equation 3 then becomes

>2 = eV(p/2l) (4)

Note that eV is much less than the

ion energy.

The arrangement of Fig. 1 is an energy filter. If we project

ions with various speeds and masses along the central ray, the

only ions that get through the exit slit are those whose energy is

equal to that given by Eq. 4. The emerging beam is made up
of several speed components, one for each mass (assuming, of

course, that ions with the proper speeds are available at the input

slit).

Let us ask what happens to an ion whose energy is right but
whose initial velocity vector makes a small angle ±a with the

input arrow of Fig. 1. For such ions, Hughes and Rojansky
showed (H29) that approximate direction focusing (Fig. 2) takes

place if the angular aperture of the cylinder is chosen to be ir/\/2

( = 127°17'). The distance AB (the "full line width") in Fig. 2

may be shown to be 4a2
p/3. This goes to zero with a, as it must,

and has the value 0.4 mm for p = 10 cm and a = 1°. The actual

line width is larger because of the finite entrance slit width. We
assume that ions of only the "right" energy are present.

We can also ask: what happens to ions whose energies are not

quite right for central-ray focusing? They, too, are approxi-

mately direction focused. The focal line, however, does not lie
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on the central ray. In Fig. 2, for example, point C refers to a

singly charged ion of mass m whose initial direction is right but

whose energy is only 92% of which that may be computed from

Eq. 4.

The distance AC can be shown to be ~2pft where ft is given by

ft
= - v )/v (5)

v is the speed the ion needs to have to pass along the central ray

and v is its actual speed. AC goes to zero with ft, as it must, and

Fig. 2. Some ion paths in a cylindrical condenser spectrometer element.

OA is the central ray radius p. From Hughes and Rojansky (H29).

has the value —2 mm for ft
= —0.01 and p = 10 cm. This spread-

ing out of approximate foci along OA according to energy is called

energy dispersion. Those ions (regardless of m) whose energies can

be computed from Eq. 4 lie on the central ray; those whose energies

are lower lie inside this ray, and those whose energies are higher

lie outside. For ions of the same mass, the energy dispersion is

also a speed dispersion; it represents a failure to achieve velocity

focusing.

Figure 2 also suggests that if we use an angular aperture of just half of

ir/\/2, we have a collimator. For a certain speed and mass (but for

various a's) the emerging ion beam is a closely parallel one. If the speed

is right the emergent beam is tangent to the central ray at the exit plane

(in the half-angle instrument). For a somewhat higher speed, the parallel
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emergent beam bends a little outward from this tangent. This phenom-

enon also is an aspect of speed dispersion for ions of the same mass.

Figure 3 shows a more general case of an electrostatic element.

d and d{ are the perpendicular distances of the source slit ("ob-

ject") and the focused line ("image") from the limiting radii of

Fig. 3. A generalized cylindrical condenser element in which the object O
and the image / are not located at the condenser boundaries, as in Fig. 2.

The finite image width is not shown.

the sector whose angle is $. Focusing will be achieved (see Her-

zog, H34; also Ha53) if the condition

(d„ - a)(di -a) =b2
(6)

is satisfied, where

a = (p/s/2 ) tan V2 $ (7a)

and
b = (jp/y/2 ) sin \/2 * (7ft)

It is assumed that the energy of the ions is such that, with a = 0,

they would traverse the central ray (i.e., the energy satisfies Eq.

4). If we put d = di = in Eq. 6, the focusing condition $ =
v/y/2 readily results, as for Fig. 2. Note finally that d and di

are not in practice measured from the actual face of the sector but

from its effective face, which is a little further out because of the

effects of fringing of the electrostatic field.

10.4* Magnetic spectroscope elements

Figure 2, Chapter 6, shows a familiar magnetic momentum filter.

If singly charged ions of mass m are projected from a source at

S, we have at once
mv = Bpe (8)

Only ions whose momenta are given by Eq. 8 can get through a
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narrow exit slit placed as shown. This device has well-known

direction-focusing properties.

Barber (Ba33) worked out the more general case and showed

that direction focusing can occur for any value of $ (Fig. 4). It

Fig. 4. A sector-shaped magnetic field element, showing object slit £2 and

image slit S3.

is only necessary (Appendix 11) that Eq. 6 be satisfied, with,

however,

a = p cot $ (9a)

and

b = p esc <£ (96)

For d = di = we readily obtain $ = 180°, as we expect. As in

the electric case, d and di must be measured from an effective

face somewhere in front of the actual face, because of fringing of

the field. The line width caused by imperfect space focusing is

shown by Stephens (St34) to be pa2 for the symmetrical case of

d = di.

The device of Fig. 4 has a dispersion characteristic also. If we
consider ions of various masses, it is a momentum dispersion; if

we consider only ions of the same mass, it is also a speed disper-

sion. Ions with large momenta will lie outside the central ray;

those with small momenta will lie inside it.

Sector-shaped magnetic fields can also serve as collimators. This is

clear by passing a bisector through Fig. 4. Magnetic collimators show a

speed dispersion of the emerging beam (for ions of the same mass) just

as radial electric field collimators do. As in optics, a collimator can also

be used to focus a parallel incident beam.

We are not surprised to learn that there is an exact analogy between

the motion of ions in electric and magnetic fields and the behavior of

light in prisms, lenses, etc. Each of the sectors of Figs. 3 and 4 behaves
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like a combination of a cylindrical lens (for focusing) and a prism (for

dispersion). Herzog (H34) of the University of Vienna first pointed this

out in detail.

We can see the optical analogy from Eq. 6 if we consider a very narrow

sector (thin lens approximation). For * small we have, from either Eqs.

7 or Eqs. 9,

a « 6 (10)

If we call this quantity / we can then rewrite Eq. 6 in the familiar form

of the lens equation

± + ±-± (ii)

d di f

in which / appears as a focal length.

For $ 3> our analogy must be to thick lens optics. Equation 11 still

holds for thick lenses if d , d t and/ are measured, not from the lens center

but from an appropriate pair of principal planes. Let us state, and then

prove, that these planes are located behind the effective sector face by a

distance A, given by
A = 6 - a (12)

If this is true, Eq. 6 can then be written

[(d„ + A) - (a + A)][(ds
- + A) - (a + A)] = (a + A) 2

(13)

This can again be written in the form

_J_ + _J_ = -i- (14)
d„ + A ^ di + A a + A

which again is the lens equation. da + A, for example, is, by definition

of A, the distance of the object slit from the corresponding principal plane.

10.5- Mass spectrometer—Nier type

The name of Alfred Nier (N47) of the Univeristy of Minnesota

is associated closely with spectrometers designed for abundance

measurements (Fig. 5). The element to be measured is put in

gaseous form; it flows from a storage bulb through a capillary

leak into the gas inlet. From here it passes into an ion source

where it is bombarded by a stream of low-energy (~90-ev) elec-

trons from a hot filament. If the element to be examined is carbon

and if the gas is carbon dioxide, Table 1 shows the ions that are

commonly formed.



252 INTRODUCTORY NUCLEAR PHYSICS [Ch. 10

TABLE 1

Ions Formed BY Electron Bombardment OP C02

Ion Mass Position Ion Mass Positi

(C 12
)
+ 12 (C 13 16

)
+ 29

(C 13
)
+ 13

(C 12 17) + 29
(0 16

)
+ 16 (C 12 18

)
+ 30

(0") + 17 (C 12 16 16
)
+ 44

(0 I8
)
+ 18

(C 13 16 16) + 45
(C 12 16 16)++ 22 (C 12 16 17

)
+ 45

(C 12 16
)
+ 28 (C 12 16 18

)
+ 46

These ions are accelerated, practically from rest, by a potential

difference of about 1200 volts between the ion source and an ad-
jacent slit. The ions that leave this slit have discrete speeds, one

Phillips

ion gage

Gas inlet

Alnico

poles

Preamplifier Scale in centimeters

Fig. 5. A mass spectrometer of a type much used for abundance studies.

This instrument has two ion collectors placed very close to each other and
arranged as part of an automatic controlling and recording scheme. The
Phillips gage serves to measure the vacuum maintained by the pumping

system. From Nier (N47).

for each discrete mass. Their directions are limited to a cone of

a few degrees half-angle. Doubly charged ions will have twice the

energy of singly charged ones of the same mass.
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The ions next pass through a 60° magnetic sector of the type

described above. An ion collector with a suitable slit is placed at

the focus. Combining Eqs. 2 and 8 gives (for a charge of ne)

neB2
P
2/2V knV—l (15)

Usually B is held fixed and the ions are brought to the detecting

slit by adjusting V. The constant k can be evaluated by focusing

the instrument on 16+ whose atomic mass is exactly 16.0000 mu
by definition. Note (Table 1; Eq. 15) that not m but m/n de-

termines the mass position.

The ion beam is measured as a current to a Faraday cage. Figure

6 shows a few well-resolved peaks near mass position 80. The

1DU

140

f 120

3 100 - 1

1 80

Positive

o

o
Masses 78 & 80 *

xlO &

u

20 n | i

78 80 82

Mass units

84 86

Fig. 6. A mass-spectrum analysis of krypton, taken with an instrument like

that of Fig. 5. The ordinates for the peaks at mass positions 78 and 80 should

be divided by 10 to show these peaks in their true relation to the others.

From Thode and Graham (T47).

amplitude of the peak is proportional to the concentration of the

ion in the ion source although many precautions must be taken to

be sure that this is really so (Ni50; 148). In the most careful work,

reliable abundance ratios accurate to a few tenths of a per cent

seems possible.

With care, instruments of this type can also be made to yield

precise mass values. Ney and Mann (N46) report, for example,

3.97163 ± 0.00005 for the mass ratio HeVH1
. The ratio recom-

mended by Bainbridge (Ba53) is 3.97164 ± 0.00002.
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10.6" Natural abundances

The isotopic abundances of the elements, although normally in-

dependent of the source of the sample, are not always so. For
one example, we have elements whose isotopes are involved in

radioactive decay; the differences in abundance ratios for various

lead samples are well known. Sr87
, the decay product of Rb87

,

is present in abnormal amounts in rubidium-containing minerals.

A40
, the decay product of K40

, is far more abundant in argon found
in potassium-containing minerals than in argon found in the at-

mosphere (A148).

There are wide variations in the He3/He4
ratio (A148). Helium

is formed in radioactive minerals because of alpha decay. Such
helium, of course, is all He4

. The fact that He3
exists in helium

samples from other sources suggests a second primordial source

for helium. It has been suggested that He3 comes from the beta
decay of H3

, which in turn is formed by cosmic-ray bombardment
of various nuclei in the air and the ground.

In carbon the C 12/C 13
ratio varies somewhat; (M41) for lime-

stone it is 89.2; for coal it is 91.8. Presumably the various chemi-
cal, biochemical, and physical processes that the carbon has under-

gone are significantly mass sensitive. Small differences of this

kind have been found for a few other elements as well.

Wartime developments in isotope separation relieve the nuclear

experimenter from having to work with elements with the abun-
dances that nature provides. Many stable nuclei can now be ob-

tained in enriched forms. The separations may be accomplished

by magnetic spectrometer or by diffusion methods.

It is possible to check the measured chemical atomic weights

by mass-spectrometer methods. Consider the element silicon,

which has three stable isotopes, Si
28

,
Si

29
, and Si

30
. Their masses

and relative abundances are shown in Table 2. The "total" given

TABLE 2

Mass Measurements on Silicon

Mass Abundance
Abundance, Error, X

Isotope % Mass, mu 10 mu Mass/100

Si28 92.27 = 0.09 27.985837 37 25.82

Si29 4.68 = 0.05 28.985719 45 1.35

Si30 3.05 = 0.03 29.983313 38 0.914

Total 28.09
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in this table is the weighted mean mass of a silicon atom as it

occurs in nature. To change to chemical mass units, we must
multiply by the conversion factor 0.99972 cmu/mu, which gives

28.086 emu. This number, expressed in grams, should be compared
with the chemical atomic weight (28.06 g).

Mass-spectroscopic methods can be used to assign mass numbers to

radionuclei if the material can be had in sufficient quantity. The mass
numbers of many isobaric decay chains established during nuclear fission

have been established in this way. A technique originally worked out by
Wilkins and Dempster (W38) has been applied to a number of radionuclei

by Inghram (H46) and his co-workers. The procedure is: (1) place a

sample in the ion source so that some radioactive ions are generated,

(2) expose a photographic plate in the usual way marking the mass posi-

tions by means of a non-radioactive standard, and (3) lay this plate face

down on a second plate in a dark room for a certain time. If any radio-

active ions were deposited on the first plate, their decay will cause a

blackening on the second plate at the appropriate mass number.

Another use of the mass spectrometer is the identification of the stable

products of neutron capture reactions. Cadmium, for example, is known
to absorb neutrons strongly. Which of the eight stable isotopes is re-

sponsible? Dempster (De47) made a mass analysis of normal cadmium
and of cadmium that had been exposed in a strong thermal neutron flux

for a long time. Table 3 shows some of his results. The decrease in Cd 113

TABLE 3

Abundances of Cadmium Isotopes

Abundance, %
Sample Cd 113 Cd 114

Normal cadmium 12.3 28

Neutron-exposed cadmium 1.6 39.5

abundance is equal, within the precision of the measurements, to the in-

crease in the Cd114 abundance. There is no question but that the reac-

tion is

Cd 113 + n -> Cd 114 + y (16)

PRECISION MASS SPECTROGRAPHY

10.7- Matched doublet method

The straightforward way to establish the mass scale of a spec-

trograph is to calibrate at one point, using 16+ or 16++
as a de-

fined standard. Much more precise results come about if the com-
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parisons to O16 are carried out by the matched doublet method.

This involves measuring only the small mass differences that oc-

cur for ions whose A/n ratios are the same (their m/n ratios will

not be exactly the same) and applying these differences as "cor-

rections" to an approximate mass value. Because the measured

values appear only in the correction terms, the precision of the final

result is greater than that of the measured values. The lines

should be matched in intensity for best results.

Table 4 shows three fundamental mass doublets. The mass

differences hold equally well for the exact ionic masses and the

TABLE 4

Thbee Important Mass Doublets

(Due to Ewald)

Doublet Symbol A/n Mass Difference, mmu
H2'-H

2 a 2 1.5503 = 0.0015

H3
2-^C 12 P 6 42.291 = 0.012

H4
1-0 16 7 16 36.371 = 0.012

exact atomic masses. The symbol HC12
refers to the doubly

charged C12++ , which comes at mass position six. Note that the

precision of these measurements is only ~1 part in 103 . In spite

of this, the masses themselves can be learned to much better pre-

cision (~1 part in 106). Consider the formula

H = ^O16 + f« + i/3 + At
= A016 + f(H^

1 - H2
) + i(H3

2 - *cl2)

+ ^(C 12^ 1 - O16
) (17)

The symbols refer to exact atomic masses. We can easily check

that the equation is correct by expanding it. For the atomic mass

•of H 1 we have then

H1 = 1.00000 + |X 1.5503 X 10~3 +|X 42.291 X 10~3

+A X 36.371 X 10~3

= (1.008141 ± 0.000002) mu (18)

'The role of the measured quantities as "corrections" is clear; the
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first term (1.00000) is exact by definition of the mass unit. Sim-

ilar formulas are

H2 = iO16 - \a + J/9 + iy (19)

and
C12 = 3 16 _ aa _ 1^ + |T (20)

Other masses can easily be computed from these anchor values

and other data.

Much precise mass information comes from studies of nuclear

reactions using the E = rac
2

relation. Li and his co-workers

(Li52) have computed a series of masses for light nuclei up to S32

from reaction data alone. The agreement with mass spectrographic

values is, on the whole, quite good (Sect. 13.3).

10.8* Mass spectrograph—Mattauch type

Mass spectrographs have been built by Aston (A37), Dempster

(De35), Bainbridge and Jordan (Ba36), Mattauch (M36), and by

many others. Of these, we describe only Mattauch's instrument.

It consists of an electrostatic element followed by a magnetic

element. In this instrument, the speed dispersion of the first ele-

ment (for ions of a given n/m ratio) is just compensated for by

the speed dispersion of the second. A given point on the photo-

graphic plate accepts ions (of a certain n/m ratio) which leave the

source with a certain spread in both speed and direction. This

holds for every point on the plate; this double focusing for all masses

is unique for this instrument.

In Fig. 7, Si is the ion source and S2 a narrow source slit. This

slit is so placed with respect to the electrostatic sector, and the

Photographic

plate

Fig. 7. Mattauch's precision mass spectrometer.

potential difference V applied to the sector is so chosen, that the

ions emerge in parallel beams from the sector. The direction of
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the emerging beam varies with the ion speed. This sector is thus

a collimator with a speed dispersion characteristic. The figure

shows two parallel beams emerging at a small angle to each other.

The magnetic sector is so located that each of these beams is

focused at point p on the plate. The magnetic field is thus also a

collimator, working backwards. Note that the angular deflec-

tion in the magnetic field is always 90° and that the photographic

plate is in the magnetic field.

From Eqs. 6 and 9 with d = oo

and di = we get <p = 90°, as we
expect.

For the central ray in Mattauch's

instrument, Eqs. 3 and 8 must ap-

ply simultaneously. Generalizing

to a charge we and eliminating v

between them leads to

Fig. 8. A microphotometer trac-

ing of a matched triplet taken

with the instrument of Fig. 7.

The components, reading from

left to right, are 16+
, N14H2

1+
,

and C12H4
1+

. From Mattauch
(Ma38).

m = (B2le/VPe)nPm
2

(21)

Putting x + x = pm y/2 gives

m = (B2le/2VPe)n(x + x )
2

(22)

In Eq. 22, x is the distance along

the plate from a fiduciary mark;

x is the distance of this mark from the point at which the central

ray enters the magnetic field. The mass scale is thus quadratic

in x. The dispersion coefficient, in the first parentheses of Eq. 22,

can be measured empirically for various regions of the plate by

recording the spectra of a sequence of ions whose mass differences

are known to at least 1 part in 103 ; the difference between CH4+

and CH3
+

, for example, is just the hydrogen atomic mass. Figure

8 shows a microphotometer tracing of a matched triplet at the

A/n = 16 position (Ma38).

10.9- Time-of-flight method

Goudsmit (Gou48) has suggested a novel type of mass spectroscope,

based upon two facts. The first is that an ion, projected normally into

a uniform magnetic field, will move in a circle. From Eq. 10, Chapter 6,

its period of revolution is

T = 2irp/v = 2irm/neB (23)
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This revolution time is independent of the speed of the ion and, for a

given charge, depends only upon the mass. For to = 150 mu, B = 100

gauss, and n = 1, the time of flight is about 1000 ^isec. It should be

possible to measure this quantity, and hence the mass, by pulsing the ion

source and noting the elapsed time until the ions reach the detector.

The time-of-flight method depends also on the fact that direction focus-

ing takes place for a 360° deflection. The ion source and the detector

cannot, of course, occupy the same position; it is necessary to place one

on top of the other (assuming a vertical field direction). The ions then

travel in helixes; all singly charged ions of the same mass will, after a

time T given by Eq. 23 (or any multiple thereof) pass through a line that

intersects the source slit and is parallel to the field. It is interesting that

the 180° focusing position is one in space only and not in time. A central

feature of this instrument is that the absolute precision is independent of

to. This follows because the precision of measuring T (±0.01 Msec) is

independent of T. Thus the relative mass precision increases with m; it

decreases for most other instruments. An absolute precision of <~1 mmu
has been obtained (R52). At to « 200 mu, this means a relative pre-

cision of 1 part in 200,000.

PROBLEMS

1. An ion moving along the central ray of a cylindrical condenser would

seem to experience the same forces as one moving in a uniform magnetic field

so chosen as to yield the same path radius. In the first case, however, focus-

ing occurs at ~127° whereas in the second it occurs at 180°. How does this

difference in behavior arise?

2. Warren, Powell, and Herb (W47) have described a precision 90° electro-

static analyzer. The radius of curvature is about 40.0 in., and the gap width

is about 0.312 in. What potential difference must be applied to make 2.00-Mev

protons follow the central ray?

3. Bainbridge and Jordan (Ba36) have described a mass spectrometer, one of

whose elements is a cylindrical condenser with an angular dimension of x/\/2

and a central-ray radius of 25.4 cm. If 20.00-kev 16+ ions enter this element

from a source at the condenser aperture, what condenser potential is needed?

The gap width is 1.90 cm. Plot the dispersion (AC, Fig. 2) at the exit aper-

ture as a function of the departure of the ion energy from 20.00 kev.

4. In the above spectrometer a second element is a 60° magnetic sector. If

20.00-kev 16+ ions are to enter and leave this sector at right angles to the

pole face edges and if the radius of curvature of the central ray is 25.4 cm,

what magnetic field must be applied?

5. In an early mass spectrometer described by Nier (see N47) assume that

B is 2000 gauss; the radius of curvature is 12.5 cm. Plot V as a function of

M for singly charged ions over the range M = 16 to M = 28.

6. The doublet C^Hs1 - N14HX has a mass difference of 12.563 ± 0.027

mmu. What mass results for N 14
, using this doublet and those listed in Table

4?
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7. Some characteristics for Mattauch's spectrometer (Fig. 7) are:

Central-ray radius for electrostatic element 28.0 cm
Gap width for electrostatic element 0.40 cm
Angular aperture for electrostatic element n-/4\/2

Angular aperture for magnetic element w/2
Angle between plate and direction at which central ray enters

the magnetic field tt/4

Linear extent of plate (measured from point at which the cen-

tral ray enters the magnetic field) 6.5-36.3 cm

Suppose that we want to focus 16+ ions at a point 30.0 cm from where the

central ray enters the magnetic field. What must be the condenser voltage

and the magnetic field strength? For these conditions, what spacing can we
expect for the

16_-C 12H4
1_

doublet? What must be the distance l e in Fig. 7?

8. Derive an expression for the half-width in time for ions of mass M and
energy E focused at 180° in a uniform magnetic field of strength B.



1 1 • Nuclear Structure

11.1 • Binding energies

A certain energy is needed to pick a nucleus apart into its nu-

cleons; if we divide it by the number of nucleons, we get the mean

binding energy per particle, B. The nucleons are to be at rest and

separated so far that there are no forces between them. Conser-

vation of energy gives for this process

B = [MPZ + Mn(A - Z) - M)c2/A (1)

M is the atomic mass of the nucleus; Mp is the mass of the hydro-

gen atom; and Mn is the neutron mass.

9.0

8.0

£ 7.0

6.0

£5.0

g°4.0

3.0

2.0

50 100 150

Mass number
200 250

Fig. 1. The mean binding energy per particle for the most stable nucleus at

each mass number.

Figure 1 is a plot of B against A for the most stable isobar at

each A. Important features are: (1) a central region for which

B is nearly constant and equal to ^8.5 Mev/nucleon; (2) a smaller

261
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binding energy per particle, which means a less stable nucleus, for

both small and large mass numbers; and (3) some irregularities for

small mass numbers.

The drop at small A has been interpreted by Wick (W34), on

the liquid drop model, as a surface-tension effect. Nucleons near

the nuclear surface cannot interact with as many of their neigh-

bors as can those in the interior, thus reducing the number of

bonds. The effect on B is greater for small nuclei because here a

greater fraction of the nucleons are near the surface. A surface

energy of

Es = 4wr2 = (Airr
2O)A* (2)

can be assigned to each nucleus, where is a surface tension co-

efficient. The quantity in parentheses can be evaluated from bind-

TABLE 1

A Binding Energy Study of Na23

Binding

Energy of B,

Particle Particle Mev/
ucleus Removed Removed nucleon

Na23
V 9.68 8.11

Ne22 n 9.43 8.04

Ne21 n 7.52 7.97

Ne20
P 12.90 7.99

F» V 7.94 7.73
Q18 n 7.95 7.72
0" n 4.13 7.71

Q16 V 12.12 7.94

N 16 n 10.76 7.66

N 14
P 7.57 7.44

C 13 n 4.89 7.43

c 12
P 15.97 7.64

B 11 n 11.43 6.88

B io
P 6.50 6.43

B9
P -0.21 6.22

Be8
P 17.21 7.02

Li7 n 7.16 5.57

Li6 n 5.17 5.30

Li5
P -1.47 5.33

He4 n 20.5 7.03

He3
P 5.44 2.53

H2 n 2.18 1.09

H 1 — — —
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ing energy data (Sect. 11.7) to be ~12 Mev. This means that

is about 1010 tons/mni! In Sect. 11.3 we will see that the drop

at large A is associated with Coulomb repulsion effects.

For particular nucleons the binding energy varies about the mean

value B. Consider Na23 for which B is 8.11 Mev. Let us pick this nu-

cleus apart in such a way that the residual nucleus at all stages has a

known mass. Table 1 shows the binding energies of the nucleons as they

are removed, one by one. Note that the binding energy of a proton in

Li5 or B 9
is negative—these nuclei can emit a proton spontaneously. On

the other hand it is very hard to remove a nucleon from a nucleus that

has an even number of neutrons and protons (He4
, Be8

, and C12
).

11 .2- Saturation and short range of nuclear forces

The fact that B is nearly constant for intermediate masses al-

lows us to say that nuclear forces are saturated, just like the forces

that bind molecules together. In methane, for example, carbon

forms stable bonds with four hydrogens only. A fifth hydrogen,

placed nearby, would not be stably bonded. Molecular bonds are

understood in terms of a sharing or exchange of electrons between

atoms. Carbon, with four electrons to share, has just four bonds.

The saturation then is a consequence of the exchange character

of the bond. An example of a force that is not saturated is the

Coulomb force. Every charge interacts with all other charges, no

matter how many there are.

To show that nuclear forces are saturated let us compute B
for a nucleus with, say, A >50. Let us assume first that each nu-

cleon interacts with all others (no saturation) ; let us next assume

that each interacts with only a small number n of its neighbors.

In both cases _
B = NE (3)

iV is the mean number of bonds associated with each nucleon,

and E is a mean bond energy. For the first case N is_ (A — 1),

for the second it is n. Thus, if we assume saturation, B does not

depend on A; this is just what we observe for a large region of

Fig. 1.

From a study of the binding energies of very light nuclei we

can verify that nuclear forces have short ranges; this means that

the bond energy drops off rapidly as the particles are separated,

a fact already familiar from Chapter 3. Table 2 shows the needed
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data. We see that the energy per bond increases as we go down
the column. The bonds per nucleon also increase as we go down
the column, which suggests that the nucleons are drawn closer

TABLE 2

Some Chabacteeistics of Very Light Nuclei

Binding Number Bonds Energy
Energy, of per per Bond,

"ucleus Mev Bonds Nucleon Mev
H2

2.20 1 1 2.20
H3

8.33 3 2 2.78
He 3

7.60 3 2 2.52
He 4 28.11 6 3 4.69

together. Thus a small decrease in nucleon separation, over a
certain region, means a large increase in bond energy.

11 .3 • Coulomb effects

Coulomb's law tells us that the protons in a nucleus repel each
other, partially canceling the specific nuclear attraction. Because
the Coulomb force is unsaturated, this effect will be more impor-
tant for large nuclei. There are two consequences. First, the
mean binding energy per nucleon, B, will drop as Z increases
(Fig. 1). Second, the locus of stable nuclei will depart from the
N = Z line in the direction of extra neutrons (Fig. 2, Chapter 1).

Consider an imaginary nucleus with 116 neutrons and 116 protons
(A = 238). It would be so unstable because of Coulomb repulsion that
it would break up by spontaneous fission. If we try again, using 115
protons and 117 neutrons, the nucleus would still be unstable. Its B
value would still be positive, but this guarantees only that the nucleus
will not break up spontaneously into 238 pieces! We must keep on taking
out protons and replacing them with neutrons until we reach, say, 96
protons and 142 neutrons. This nucleus (Cm238

) is still not stable; it

emits alpha particles with a period of ~2.5 hr. If a small amount of energy
is added to it, it will split into two pieces with a large energy release
(fission). Both of these are Coulomb repulsion effects. The low value of
B for Cm238

(7.6 Mev/nucleon) also shows its relative instability. Cm238

is in a de_cay series whose final member is Pb206
. Although Pb206

is stable
its low B value (7.8 Mev/nucleon) and its isotopic number (42 more
neutrons than protons) show that Coulomb effects are still there.
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To find the total Coulomb energy for a nucleus we multiply the

number of p-p pairs by the energy of a typical pair. If we imagine

two protons, each spread uniformly through the same spherical

volume of radius r, the energy of the pair can be computed as

Epp = 6e
2/5r (4)

The number of p-p pairs is Z(Z — l)/2. The total Coulomb en-

ergy Ec is then

Ec
= 3e

2Z(Z - l)/5r « 3e
2Z2/5r (5)

This amounts to 0.13 Mev per nucleon for S35 , increasing to 3.5

Mev per nucleon for Pu238
.

11.4- Mirror nuclei

Let us consider a nucleus, light enough to be near the A = 2Z

region, which has one more neutron than proton. It will have an

adjacent isobar which has one more proton than neutron and the

pair is called a mirror or a Wigner pair. Examples range from H3
,

He3 to Ca39
, K39

. At least one member must be beta active

since the masses of the isobars must satisfy one of Eqs. 30, Chapter

6. When the odd nucleon changes from a proton to a neutron a

certain number of p-p bonds are removed and a certain number of

n-n bonds substituted. The number of n-p bonds remains un-

changed. Mirror pairs are thus very suitable for testing the charge

symmetry of nuclear forces, i.e., Coulomb effects aside, are the n-n

and the p-p forces the same for nucleons in the same state?

Let X A and Yz+i
A be mirror nuclei. Let the atomic masses

be M z and Mz+i ; assuming charge symmetry there are still two

reasons that Mz is not the same as Mz+l . First, XA differs from

YA because a neutron replaces a proton; thus Mz should exceed

Mz+X by (Mn — Mp), where M„ is the neutron mass and Mp is

the mass of a hydrogen atom.

Second, Mz+1c
2 should exceedMzc

2 by the difference in Coulomb

energies between the two or by

AEC
= (3e

2/5r)[Z(Z + 1) - Z(Z - 1)]

= 6e
2Z/5r (6)

Combining both terms leads to

(Mz+1 - M z)c
2 = AEC - (Mn - Mp)c

2
(7)
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If the p-p bond has a different energy from the n-n bond we would
need another term in Eq. 7. Combining Eqs. 6 and 7 leads to

r = 1.2e
2Z[(Mz+l - Mz)c

2 + (Mn - M^c2]"1

(8)

Consider the typical pair Mg23
, Na23

. Mg23
is a positron emitter

with an 11.6-sec period and a positron end point of 2.99 Mev.
From Eq. 306, Chapter 6, we can compute (Mz^ - Mz)c

2
as

4.01 Mev. Since (Mn - Mp)c
2

is 0.781 Mev, Eq. 8 gives 3.96 X
10

13 cm for r. This yields 1.4 X 10~13 cm for the constant r

of Eq. 1, Chapter 1. According to Cooper and Henley (Coo53),
a mean value of 1.2 X 10~13 cm follows for r from a study of
mirror pairs if the calculation is carried through with certain re-

finements that are omitted here. This agrees with a number of

other measurements of this quantity (Table 2,

Chapter 1) and is a strong argument in favor

of the charge symmetry assumption which
underlies Eq. 8.

11 .5 • Odd-even effects

Table 3 shows the striking result of classi-

fying stable nuclei according to whether their

atomic, mass, and neutron numbers are odd

TABLE 3

Distribution of Stable Nuclei

Fig. 2. A highly

schematic energy-

level diagram for

the 14 neutrons and
12 protons in Mg26

.

A
Z
N
Cases

Even
Even
Even
162

Even
Odd
Odd
4

Odd
Even
Odd
55

Odd
Odd
Even
53

or even. The four nuclei with A even, Z odd,

and N odd, are all very light (A < 14) and
must be treated as special cases. Table 3

suggests that, in the nuclear ground state, like nucleons are paired
off with opposite spins in essentially the same quantum levels.

Consider Mg26
, one of the nuclei in the second column of Table 3.

Assume that its 12 protons and 14 neutrons are grouped in pairs with
opposite spins, as in Fig. 2; the next highest empty level may be a proton
level or a neutron level. If we add a neutron we get Mg27

, which is a
negatron emitter; if we add a proton we get AF, which is stable. This
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tells us that the proton level

"turns into a proton" by

beta decay and moves down

to the lower proton level.

Al27
is in column 5 of Table 3.

Let us add a second par-

ticle to the stable nucleus

that now is Al27
, trying again

to make a stable nucleus.

According to the pair hy-

pothesis, we should add a

proton to fill the hole in the

half-filled proton level. If

we do, we get Si
28

, which,

as expected, is stable. An
added neutron would have

given the negatron emitter

Al28
.

In Chapter 1 we dis-

cussed an energy surface,

a three-dimensional locus

of points representing Z,

N, and the rest energy

Mc2
for each nucleus.

Table 3 suggests that

there are really (to a first

approximation) three

such surfaces, all close to-

gether. Figure 3a shows

a cut through one of these

surfaces along an isobaric

line with A odd. The

arrows represent beta

transitions. Since one of

the isobaric masses will

be less than the others

there can only be one

stable isobar (Ru101
in

must lie lower. If a neutron is added, it

_L _L I I _L _L
40 41 42 43 44 45 46 47 Z
Zr Nb Mo Tc Ru Rh Pd Ag

(a)

I I I I

40 41 42 43 44 45 46 47 Z
Zr Nb Mo Tc Hu Rh Pd Ag

(b)

Fig. 3. (a) Schematic plot of rest energy

versus atomic number for odd A (= 101).

Open circles are radioactive nuclei; filled

circles are stable nuclei. (6) Same for even

A (= 100).

this case) for each odd A

;

this stable isobar will have Z even or odd with about equal prob

ability, as Table 3 shows.
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Figure 3& shows a cut through the remaining two surfaces along

an isobaric line with A even. Note that nuclei with even Z fall

on the lower curve, those with odd Z on the upper. The arrows

this time show that stability is not possible for A even, Z odd
nuclei but that there may be several stable isobars (Mo100 and
Ru 100

, for example) with any given even A, if Z is also even.

11.6* Charge independence of nuclear forces

In addition to the ground states the excited states of mirror

nuclei also give evidence for charge symmetry. Figure 4, for

7.46

Hi> IH§HH
c:
UJ

4.62

0.48 0.43

Li
7 Be'

Fig. 4. Excited energy levels for the mirror pair Li7 and Be7
. The cross-

hatched areas represent broad levels.

example, shows some excited states for the mirror pair Li7 and
Be7

. The similarity is apparent at a glance. The small energy

differences between corresponding levels can be accounted for by
differences in the Coulomb effects. The spins and parities of cor-

responding levels prove, where they have been measured, to be the

same. This is good evidence that the nucleus does not care much
if one of its neutrons is exchanged for a proton.

In Chapter 3 the approximate equality, in the singlet state, of

the n-p and p-p effective ranges suggests the stronger hypothesis

of charge independence, namely,

n-n = p-p = n-p (same state; no Coulomb effects)

Charge symmetry refers only to the equality of the n-n and p-p

bonds. A growing body of evidence leads us to assume that nu-
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clear forces are, however, charge independent. This hypothesis

suggests that we should view the nucleon as a single particle that

can exist in two states, the neutron state and the proton state.

A quantum number r is introduced to distinguish between these

states just as the spin quantum number I (= Yi) distinguishes

between the two spin states of a nucleon. The formal treatments

of t and / in fact are closely parallel so that t has come to be called

the isobaric (or isotopic) spin although it has nothing to do with

spin. For a single nucleon t has the value 14 and the allowed

"projections" or subvalues of rj- = +3^, which describes the pro-

ton, and tj- = —H which describes the neutron.

Nuclei can also have isobaric spin quantum numbers which, like the

ordinary spin quantum numbers, may differ from level to level. All of

the corresponding levels in mirror pairs, for example, have r = Y2 with

Tf = ±y2 . Corresponding levels are those in which the internal nuclear

arrangements, i.e., the nuclear wave functions, are similar in all respects

except that a neutron replaces a proton. A nuclear state with t =

would be one in which it would not be possible to construct a second

(isobaric) nucleus with a similar wave function by simply replacing a

neutron by a proton or conversely ; some internal shuffling of the nucleons

would have to accompany the interchange so that the new state could

not be described as "corresponding." A nuclear state with t = 1 on the

other hand should have corresponding states in two other (isobaric)

nuclei. The three adjacent isobars would be described by rf = +1, 0,

and — 1 and the set called a triad or an isobaric triplet. The corresponding

states should have the same spin and parity and, aside from Coulomb

effects, the same energy.

Figure 5 shows some levels in the adjacent isobars O 14
, N 14

, and C 14
.

The ground states (heavy lines) for O 14 and C 14 go over to N 14 by beta

decay, as shown. The known energy releases in the beta processes have

been used to establish the relative energy scale for the three isobars.

It is proposed that the levels marked r = 1, rf = ±1 and form a triad.

The spins for the ground state of C 14 and the first excited state of N 14

have been measured to be zero; the parities are also known to be even.

The ground state of O 14
, like all other even A-even Z nuclei, surely also

has zero spin. Thus the spins are very likely identical. We anticipate

that, if there were no differences in Coulomb force among the three isobars

(and no difference between the neutron and the proton masses) the levels

would fall at the same energy. The N 14 ground state (spin 1) is apparently

an isobaric singlet (r = 0) with no corresponding levels in adjacent isobars.

These facts are borne out by noting that the beta decay from O 14 ground

state goes almost entirely to the first excited state of N 14 rather than to
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its ground state. The decay furthermore is very rapid (76 sec) compared
with the slow (5600 yr) C 14 decay. The lifetime for beta decay depends
on the wave functions of the initial and final states and is short if these

states are similar (i.e., have a large overlap; see Sect. 6.18). This fits in

then with the notion that the states forming the triad are similar to each

other but different from the state r = 0. Note that tj- can be found at

once for any nucleus (it is just Yi{7i — N) and is the same for all levels of

> 5
a>

§§4

C
uj 3

2

T = 1,7V = -1

Fig. 5. Excited energy levels for O14
, N14

, and C 14
. Some of these levels are

connected by beta transitions as shown. The heavy lines show the ground

states (divided by the square of the nuclear radius).

a given nucleus), t, however, can only be found by detailed comparison

of the properties of the level with those of adjacent levels or by theoretical

prediction based on some model.

The concept of isobaric spin, developed by Heisenberg (H32) and by
Wigner (Wi37), is of growing importance in nuclear physics.

11.7- Empirical mass formula

If we had a formula that gave the precise atomic mass of any nucleus

it would be very useful for stability calculations. Nuclear theory is not

far enough along to derive such a result from first principles. However,

a useful semiempirical relation has been derived by von Weiszacker

(W35*, see also Co53).

As a first approximation, the mass M of a nucleus is the sum of the

masses of its nucleons, or

M = ZMP +(A- Z)Mn + AM (9)
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in which AM is the all-important correction term. The specifically nu-

clear binding forces make a contribution to AM which is negative and

presumably proportional to the number of nucleons; surface-tension

effects call for a contribution to AM which is positive and proportional to

the nuclear surface area (to A% ; see Eq. 2). The contribution of Coulomb

effects is also positive; as Eq. 5 shows, it is closely proportional to Z2A~1A
;

the coefficient, which we will call «, is 3e 2/5r c
2

, or 0.627 mmu.
Apart from all these effects, Eq. 9 must contain in it the fact that, for

a given A, there is a particular value of Z which corresponds to the most

stable nucleus; for light nuclei, this value is A/2. A positive term propor-

tional to (Z — A/2) 2/A would seem useful; this term vanishes for Z = A/2.

Finally, to take account of odd-even effects, we introduce an empirical

contribution 8, with values shown in Table 4.

TABLE 4

The Odd-Even Tekm in Eq. 10

(a = 36 mmu)

A Even Odd Even
Z Even — Odd
JV Even — Odd

-aA~% +aA-y<

Adding all contributions, we have

M = MPZ + Mn(A -Z)-aA+ $Ay* + eZ2A~X

+ y{Z- A/Zf/A + 8 (10)

We must now give values to a, 13, and y.

One empirical fact that Eq. 10 must contain is the relationship between

Za and A where Za is the atomic number corresponding to the most

stable nucleus for a given A, i.e., to the minimum of the parabolas of

Fig. 3. We find it by evaluating (dM/dZ)A from Eq. 10 and equating it

to zero. This leads to Mn - Mp + 7 nn

This is the equation of the stability curve on a Z, A plot. To make Eq.

11 fit this curve we must put y = 83 mmu.
The constants a and fi may be evaluated by fitting measured masses.

Because there are only two constants, the problem is quite overdeter-

mined. One set of best values is a = 15.04 mmu and f)
= 13.35 mmu.

Equation 10 in final form is

M = 993.94A - 0.86Z + 13.35A^

+ 0.627Z 2A"^ + 83(Z - \AfA~ 1 + S (12)
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The result will appear in millimass units. Table 5 shows a spot test of

Eq. 12. The predictions are close enough to serve as useful guides for

many purposes.

TABLE 5

Test of Semi-Empirical Mass Equation

Atomic Mass, mu

Nucleus From Eq. 12 Measured

Fe56 55.9570 55.95286 ± 0.00014

pd 108 107.948 107.93690 =fc 0.00050

Nd 144 143.970 143.95067 ± 0.00075
pt

195 195.037 195.02642 ± 0.00080
TJ238 238.120 238.125 =fc 0.001

11.8- Nuclear shell structure

In Sect. 11.5 we have been able to explain a number of things

by thinking of a nucleus as made up of paired nucleons. We can

correlate many more facts if we go further and assume that the

paired nucleons are arranged in shells, like planetary electrons.

We know that atoms with 2, 8, 18, etc., electrons are exceptionally

stable, and we describe these configurations as closed electron

shells. Atoms with one more or one less electron than is needed
for a closed shell are exceptionally active chemically. We can

interpret this, speaking loosely, as a desire on the part of the atom
to achieve a stable closed electronic shell.

It turns out that nuclei with 2, 8, 20, 50, 82, or 126 nucleons of

the same kind are also particularly stable. In Table 1 we have
already noted the exceptional stability of He4 and 16

, both of

which are in this class. Let us list some of the items brought

forward, chiefly by Mayer (M48), to support the claims made
about the above "magic numbers," as they are called.

1. For element with even Z, no single isotope occurs in nature

with an abundance >60%. The three exceptions, Sr88 , Ba138
,

and Ce140
all have magic neutron numbers. We assume that

these nuclei must be more stable than average or they would not

have such great abundances.

2. The lightest isotopes of even-Z nuclei (for Z > 32) form a

group in which the isotopic abundances are <2%. Again the

exceptions to this rule have, save for one, magic neutron numbers.

They are Zr96 , Mo92
, Ru96

, Nd142
, and Sm144

. Ru96
, with Z = 44
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and N = 52, is not "magic"; its abundance, however, is only 5%,
not far over the arbitrary limit.

3. There are seven stable isotones with N = 82. No other iso-

tonic group is as large.

4. There are six stable isotones with N = 50. Again, no other

isotonic group (except N = 82) is as large. One of these >so-

tones, Rb87
, is not actually stable but it has a very long life. The

average number of isotones for even N varies between three and

four.

5. Calcium (Z = 20) has five isotopes spread out over eight

mass numbers. This large spread is unusual for this part of the

nuclear chart and indicates exceptional stability. Tin (Z = 50)

has more stable isotopes (ten) than any other element.

6. The final product of three of the heavy radioactive chains is

lead (Z = 82); the most abundant lead isotope, Pb208
, has 126

neutrons. The final product of the neptunium chain, Bi209 , also

has 126 neutrons.

7. Measurement of absolute abundance in the earth's crust

shows abundance peaks for Zr, Sn, Ba, W, and Pb. For each ele-

ment it is possible to find one or more magic-number nuclei.

8. We might expect that nuclei with one neutron in excess of

a closed neutron shell would not show a large binding energy for

this neutron. As a matter of fact three of the four known spon-

taneous neutron emitters O17
, Kr87

, and Xe137
, are in this group;

the fourth, Kr89
, has just 2 neutrons outside a closed shell.

9. The electric quadrupole moments and the neutron capture

cross sections show exceptional behavior for magic-number nu-

clei. If we recall that the quadrupole moment vanishes for a com-

plete spherical symmetry, we are not surprised to find low values

for closed shell nuclei (Fig. 6).

The magic numbers can be predicted quantum mechanically according

to a scheme advanced independently by Mayer (Ma49) and by Haxel,

Jensen, and Suess (H49). Let us fix our attention on a single nucleon in

a nucleus; we assume that the rest of the nucleons serve simply to deter-

mine the average potential in which the particular nucleon moves. Let

us suppose that the mean potential is something like a square well. If

we solve the Schrodinger equation for this potential we find in general a

series of bound states. The deeper the well, the greater the number of

states there will be. In column 1 of Table 6 we list the spectroscopic

descriptions of the states starting at the top with the state of greatest
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Fig. 6. Quadrupole moments as a function of the number of odd nucleons

for even-odd nuclear species. The arrows indicate closed shells. From
Townes et al. (To49).

binding energy (1 s). The numeral refers to the number of times the

wave function passes through zero as we proceed radially outward; the

letter is the usual abbreviation for the orbital angular momentum of the

state. The states are not uniformly spaced in energy, and indeed if we
change the potential slowly from a square well to that of a three-dimen-

sional harmonic oscillator (V = —kr2
) the levels grouped between hori-

zontal lines in column 1 merge to exactly the same energy. Close-lying

level groups or shells are therefore present.

In column 2 we write as a subscript the total angular momentum that

results from combining the orbital motion with the nucleon spin motion.

All levels except I = (s-levels) are split in two ; we assume that the level

with j — I + Yz is always deeper in the well than the corresponding

j = I — % level. In column 4 we list the multiplicities of these states,

corresponding to the fact that a vector described by angular momentum
quantum number ,;' can form 2/ + 1 substates, corresponding to (2j + 1)

allowed orientations in space. Thus according to the exclusion principle

we can have no more than 8 nucleons in the 1/^ state. An important
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TABLE 6

Debivation op the Magic Numbers (M48)

Level
Effect of Nucleon Spin

Popula-

tion of

Level

Popula-

tion of

Shell

Number
in

Square

Well
Weak Spin-

Orbit Coupling

Strong Spin-

Orbit Coupling

of Nu-
cleons

Is \Sy2 lS},4 2 2 2

\p
ipn

\py2
lPH

4

2 6 8

Id

2s

ldtff.

2«^

ldH
ld%
2s^,

6

4

2 • 12 20

1/

2p
2pM

2ph
2ph

8

6

4

2

10 30
Iff

2d^

2<%$

3s^

50

2d

3s

lff%

2e^
2d.%

3s^

8

6

4

2

12 32
\h

2/%

2/«

3p%
3ph

82

2/

3p

\hr„

2/?i

3p^
3pw

lii%

10

8

6

4

2

14 44li

Etc.

126

2g
3d

4s

liij.§

Etc.

12

Etc.
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question now is: how do the levels in column 2 lie in energy? A logical

suggestion is that they cluster into those groups that would truly degen-
erate in a (spinless, isotropic) harmonic oscillator. We choose to modify
this grouping, however, according to a vital hypothesis: that the energy
difference between the states I + y2 and I - Y2 increases with I and can
be large enough to push the Z + y2 state further down into the well so
that it moves from one "oscillator group" to the next lowest one. In
column 3 the lg% 17uH and liiaA levels are shifted in this way by this

strong spin-orbit coupling. Column 5 shows the total population of the
shells so formed, and column 6 shows how the magic numbers result from
adding up the shell populations.

We can learn something about the spins of odd-A nuclei if we
assume that the nuclear spin is due entirely to the odd nucleon.
Mayer in this way has predicted successfully the measured spins

of all such nuclei up to Z = 83; there were only two exceptions
among 64 cases, a remarkable achievement. Consider Cb93

, for

example; it has 41 protons and 52 neutrons so that the odd nucleon
is a proton. From columns 3 and 4 in Table 6 the 41st proton is

in a 5g»A state so that its angular momentum is %. If we assume
that the angular momentum contributions by all the other protons
and by all of the neutrons cancel each other we would expect the
nuclear spin to be %. That is just what it is. In some cases (prob-

lem 13) it is necessary to assume that the levels within the shells

are filled in an order other than that given in column 3 of Table
6. This is not surprising since the energies of the levels in any
shell are rather close together; it does not interfere with the pre-

diction of the magic numbers.

The basic idea of shell theory is that the nucleons behave as

though they were confined in a common potential well and they
interact with each other only slightly. This is directly opposed
to the liquid drop idea, which implies a strong interaction. In
Sect. 11.9 we will show how these two ideas may be reconciled.

Shell theory is vastly useful in beta decay theory, in isomerism
studies, and in nuclear reaction studies.

11.9- Shell theory and the liquid drop model

We have already pointed out that the shell or independent par-

ticle model of the nucleus seems to be in conflict with what is

variously called the liquid drop or the strong interaction model,

due to Niels Bohr. In the shell model the nucleons are thought to
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undergo periodic motion in orbits and to interact only slightly with

each other. In the liquid drop model the nucleons are thought

to interact strongly with each other so that collective motions are

possible. There are at least three important bits of evidence for

such collective motions. The first is nuclear fission, whose main

features can be described in terms of the free vibrations of a liquid

drop. The second concerns quadrupole moments which, in some

cases, are too large to be accounted for by the motion of only a

small number of nucleons (To49). Suppose, for example, that a

nucleus consists of a closed' shell of neutrons and protons (no

quadrupole moment) plus one extra proton. This extra proton

will make its biggest contribution to the quadrupole moment if

its mean position is as asymmetrical as possible. The extreme

case is for it to reside permanently at a given spot on nuclear sur-

face. The expected quadrupole moment (Fig. 9d, Chapter 5) is

then ~R2 where R is the nuclear radius. For Sb123
,
for example

(1 proton outside a closed shell of 50), the largest possible value

from a 1-particle model is <~5 X 10~2S cm2
; the value predicted

by shell theory would actually be only about half as great as this

extreme limit. The measured value is ~ — 11 X 10
-

cm . The

assumption is that collective distortions of the nuclear core, in-

volving many nucleons, also contribute to the quadrupole moment.

A third example of collective behavior has to do with the ob-

served mean lives for gamma radiation of the electric quadrupole

type. The observed lives are ~100 times shorter than estimates

based on the assumption that only one proton moves during the

transition. This suggests that changes in the deformation of the

core are involved.

Aage Bohr (Boh51) and Bohr and Mottelson (Bo53) have sug-

gested a model in which both collective and individual particle

motions play a role. The individual nucleons are imagined to

move in orbits as before, in a potential distribution determined

by the remaining nucleons; however, it is now suggested that the

entire shell configuration can undergo periodic oscillations in

shape. Such collective oscillations do not take place in the elec-

tron shells of the atom because of the stabilizing influence of the

heavy, centrally located nucleus. No such fixed center of force

exists within the structure of the nucleus, however. This collec-

tive motion of the nucleons influences the individual particle orbits

because it changes the potential of the region in which these par-



278 INTRODUCTORY NUCLEAR PHYSICS [Ch. 11

tides move. If the nucleus consists of almost closed shells the

collective motion, because of the stability of the core, is small and
the independent particle characteristics are prominent. For nu-
clei whose neutron and proton numbers are intermediate between
the magic numbers the reverse tends to be true. Thus in Fig. 6

the quadrupole moments pass through zero at the magic proton

numbers, a prediction of the independent particle model; between
the magic numbers we have the large values characteristic of col-

lective motions.

The collective oscillations, which can be compared to surface

oscillations of a liquid drop, can have angular momentum asso-

ciated with them. The analogy of a small "tidal wave" deforma-
tion rotating around the nuclear surface suggests itself. The angu-

lar momentum of the nucleus can be made up then of this (quan-

tized) collective rotational motion and the angular momenta (spin

and orbital) associated with the individual particles. We have
already seen that ground-state spins are predicted rather success-

fully by the shell model alone. It is gratifying then that analysis

shows (Bo53) that in most cases the combined shell-collective

model of Bohr and Mottelson predicts the same spin as that pre-

dicted by shell theory alone. An important class of exceptions are

nuclei with 3 nucleons in excess of (or short of) closed subshells

with a particular j value. Here theory predicts that the spin will

be either the shell theory value (i.e., j) or one unit less (i.e., j — 1).

Kr79
, for example (compare Table 6), has 3 neutrons in subshell

g%. Shell theory predicts a spin of %; the observed spin is %,
however, consistent with the collective-shell prediction. Eight sim-

ilar instances are known.

For even-even nuclei the collective-shell model makes some in-

teresting predictions about the energies of the lowest excited

states. They are given by

Ei = (K
2/2d)I(I +1) I = 0, 2, 4, • • • (13)

where / is the spin of the nucleus. 8 is a moment of inertia, not

of the nucleus itself, but of the tidal wave deformation mentioned
earlier; d is thus zero for a spherical nucleus. Equation 13 sug-

gests then that the first few excited states of even-even nuclei are

associated with quantized collective rotational motions (cf. Eq.

34, Chapter 3). It is well known that the spins of such levels,

where they have been measured, do indeed lie in the sequence
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0, 2, 4, • • • . Figure 7 shows a plot of the measured energy differ-

ence between the ground state and the first excited state (/ = 2)

for a number of even-even nuclei. This energy, from Eq. 13,

should be just 3h2
/&. The striking feature is the strong maximum

at A = 208. Here we are in a region where both the neutrons

(~126) and the protons (~82) form closed shells. The collective

,
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Q°
°o/°
Jo o

/
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'

140 160 180 200
Mass number. A

220 240

Fig. 7. Energy of first excited states in even-even nuclei with A > 140.

The arrow shows the position of Pb208 which has closed shells of both protons

and neutrons. From Bohr and Mattleson (Bo53).

motions are not expected to be prominent in this region. Thus

d, which measures the deformation, will be small and E2 will be

large as observed. Another peak is seen near the shell N = 82.

Another test of Eq. 13 is to observe the ratio E4/E2 , for which a

value of 3.33 is predicted. Table 7 shows that this value is indeed

realized except near closed shells.

The collective rotational levels of the sort described by Eq. 13

can be excited if the nucleus is bombarded with charged projec-

tiles (Huu53; Mc53). The "nuclear tidal wave" is excited by

Coulomb rather than by specifically nuclear forces. Thus the

bombarding particle need not penetrate the Coulomb barrier,

and excitation can occur at quite low energies. Excitation of

these levels can be detected by observing, with a scintillation
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TABLE 7

Energies of First and Second Excited States in Even-Even
Nuclei with A > 140

Nucleus Ei E4 M4/E2

gm150 337 777 2.3

HP76 89 289 3.2

Hf 180 93 307 3.3

pjj208 2614 3200 1.2

Ra 226 67 217 3.2
^^228 58 187 3.2

Th230 50 167 3.3

pu238 43 146 3.4

* A large value means a near-closed shell; cf. Fig. 7.

counter, the gamma rays emitted during the subsequent decay of

the nuclei to their ground states. Figure 8 shows the gamma
pulses observed by Temmer and Heydenburg (T54) when Mn55

is bombarded with 2-Mev alphas. Figure 9 is a plot of the relative

yield of this 128-kev gamma radiation as a function of alpha-
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Fig. 8. The distribution in energy of photons emerging from Mn56 sample

bombarded with 2-Mev alpha particles. The peak represents the decay of

the first excited state of the nucleus Mn86 after it had been excited by alpha

bombardment. From Temmer and Heydenburg (T54).
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particle energy. The solid line is a theoretical curve based on the

collective model; it has been arbitrarily fitted to the experimental

data at the highest energy. The excellent fit over a range of

1000 E
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Fig. 9. Yield of the 128-kev peak of Fig. 8 for various alpha energies. The
solid line is a theoretical curve. From Temmer and Heydenburg (T54).

~403
in yield is indeed remarkable. The shell-collective model

makes possible an interpretation of a great deal of nuclear data.

Only a portion of its successes have been detailed here.

PROBLEMS

1. Verify that the Coulomb repulsion energy in Pu238 amounts to about

70% of the measured total binding energy. What fraction of the measured

energy is surface energy?

2. Derive Eq. 4.

3. Si27 and Al27 are mirror nuclei. The former is a positron emitter with

£ = 3.48 Mev. What radius can be computed from Eq. 8? What r value

for Eq. 1, Chapter 1, results?

4. Why are there no mirror nuclei with A "> 40?

5. From a table of nuclei, select a stable nucleus in which the next unfilled

level is a neutron level. See Fig. 2.

6. What is the isobaric spin projection (tj-) for all of the levels in Sn108
?

What values of t are possible and what values are not possible for the various

levels?

7. In Fig. 5 show that, assuming charge independence, all levels in C14

should have corresponding levels in N 14 but that the converse is not neces-

sarily true.
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8. Using Eq. 12 plot a parabola, like those of Pig. 3a, for A = 153. The
only stable isobar with mass number 153 is Eu153

. Does Eq. 12 predict this?

9. Sketch the stability line predicted by Eq. 11 on the plot of Fig. 2,

Chapter 1.

10. From Eq. 12 derive an expression for the disintegration energy E re-

leased in alpha emission by a nucleus with initial atomic and mass numbers Z
and A. For a given Z (say 84) show how E varies as neutrons are added to

the initial nucleus. Compare Fig. 6, Chapter 4.

11. From Eq. 12, derive an expression for B; what value is predicted for

middle-mass nuclei?

12. What spins are predicted for Na23 and Ta181 according to shell theory?

Are either of the nuclei in the class mentioned in Sect. 11.9 for which the

collective-shell prediction may differ from the shell prediction? The measured
spins are % and % respectively.

13. According to beta-decay theory (Sect. 6.16) the decay of Y91 should in-

volve a spin change of 2 units (and a parity change). Show that shell theory

predicts a spin of % for Y91
. What change of level order is necessary if a spin

of % (the measured value) is to result for Zr91
. This change of level order is

also borne out by other evidence.

14. It has been noted (Fee49) that isomerism tends to occur for odd-A
nuclei with nearly rilled neutron and proton shells. Show from a study of

Table 6 that the conditions for isomerism are present for such nuclei.

15. What energy would you predict for the third excited level in Th230

(Table 7)?



1 2 • Charged Particle Accelerators

12.1 • Introduction

Early physicists had only two sources of fast nuclear particles,

natural alpha emitters and the cosmic radiation. Both have

limits in adaptability and intensity. One curie of alpha activity,

for example, corresponds to an undirected alpha current of only

0.01 juamp. In the cyclotron and other devices, directed beams
1000 times as intense are common. With natural alphas, however,

(1) the nuclear model of the atom was established, (2) the first

artificial transmutation was performed, (3) artificial radioactivity

was discovered, (4) the neutron was discovered, and (5) nuclear

fission was discovered. In the last example, the natural alphas

were used in a Ra-Be neutron source. From cosmic-ray studies

has come the discovery of many new particles. Pair produc-

tion, high-energy Bremsstrahlung, and nuclear reactions in the

bev range were also first studied in the cosmic radiation. In spite

of these impressive achievements, the need for laboratory-accel-

erated particles of controllable energy, intensity, and direction is

still clear. In what follows we will for concreteness describe some

specific accelerators. They were picked as representative of their

type; space does not permit listing the many accelerators operat-

ing or being constructed in many institutions both here and abroad.

12.2- Transformer—rectifier sets

One way to accelerate charged particles is to apply a potential

difference between a source of such particles and a suitable elec-

trode. A hot filament will serve as a source if the particles are

electrons. If they are positive ions the source is a gaseous dis-

charge tube containing hydrogen, deuterium, helium, etc.; it has

a small hole in its wall through which the ions may be made to

emerge by suitable electric fields.

The ion source is placed at one end of an evacuated accelerating

tube and the target or beam exit aperture at the other. The tube
283
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must be long enough to avoid excessive potential gradients along

its walls; these may cause breakdown of the tube material. Be-

cause of the necessary separation between the source and the beam
exit aperture, some form of axial focusing is necessary if the beam
current is to be usefully high. This is provided by means of elec-

trostatic lenses (Sect. 12.5) placed inside the accelerating tube.

The technical problems in the design of such tubes increase greatly

with the applied potential.

As sources of direct potential to be applied to accelerating tubes,

transformer-rectifier combinations were first used. Cascaded trans-

formers and voltage multiplying arrangements permit extension to

somewhat higher voltages. In 1932, Cockcroft and Walton (C32)

at the Cavendish Laboratory succeeded for the first time in pro-

ducing nuclear disintegrations using a laboratory-accelerated beam.

They studied the reaction

Li7 + p -> He4 + a

using 150-kev protons accelerated in a voltage multiplying arrange-

ment. Later apparatus in their laboratory produced 800-kev

protons. These methods are not practical for higher energies.

12.3* Electrostatic generators

The electrostatic generator, conceived by Lord Kelvin in 1890

and put into useful practice by Van de Graaff (V31), is an impor-

tant tool for producing readily controllable high potentials. Fig-

ure 1, which shows a metallic spherical shell of radius R on an

insulating stand, illustrates the principle. If there is a charge

+Q on the shell, the electrostatic potential at the points a distance

R from the shell center is -{-Q/R. The potential on the surface

and for all points within the surface is constant and equal to

+ Q/Rq. If an extra charge -\-q is placed inside the shell, say on a

small insulated metal disk, its presence will increase the potential

near the disk by a greater amount than it will increase the potential

of the sphere, which is farther away. Should the charged disk

and inner surface of the shell be connected by a wire, the dif-

ference in potential between the ends will cause electrons to flow

from shell to disk. In effect, the charge +q is transferred to the

shell, which raises the shell potential from Q/Ro to (Q + q)/Ro.

If this charge-transfer process is repeated over and over the

shell potential will rise until the rate of loss of charge from the
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shell by corona discharge, by passage down a possible accelerat-

ing tube (the useful beam), and by leakage along the supports

equals the rate at which charge is introduced from the outside.

In order to have the equilibrium shell potential as large as possible,

the rate of introduction of charge into the shell should be as great

as possible.

In practice, charge is introduced into the shell by the continuous

motion of insulating belts. Charge is both "sprayed" onto the

Fig. 1. An arrangement to show the operating principle of a Van de Graaff

generator.

belt outside the shell and removed from it inside the shell by the

action of sharp metal rods called corona points. The corona

points are connected to a conventional d-c potential source of,

say, + 100 kv. Because of the large electrostatic field in the air near

the points, ions (positive and negative) are formed. The positive

ions, drifting along the field lines, strike the belt and stick to it;

the negative ions migrate to the points. The mechanism of charge

removal inside the shell is similar.

The equilibrium potential of an electrostatic generator can be increased

if it is operated in a suitable atmosphere at high pressure. In the instru-

ment developed by Herb (H40) and collaborators at the University of

Wisconsin, a "Freon"-air mixture at 100 lb/in. 2
is used. The function of

the "Freon" molecules is to capture electrons in collision processes and

thus raise the potential gradient required to produce a corona discharge.

Figure 2 is a schematic view of the Wisconsin generator. The high-
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voltage end is supported by a horizontal tripod of hollow Textolite col-

umns. The charging belt and the porcelain-metal fabricated accelerating

tube are located between the tripod legs. Corona rings surround the

tripod assembly at regular intervals along its length. Small adjustable

discharge points are fastened to each corona ring permitting a controlled

corona discharge to an adjacent ring. The corona rings are metallically

connected to, and thus determine the potentials of, electrostatic lenses

used for focusing in the accelerating tube.

The ion source is powered by a generator driven by the charging belt

and located within the high-voltage shell. Instead of a single shell, two

concentric shells (A and B of Fig. 2) are commonly used. The innermost

is operated at full potential with respect to the pressure tank; the outer-

most is connected to the corona ring assembly at such a point that the

potential difference between it and the tank is two-thirds of the maximum
potential difference. This voltage-dividing arrangement causes the poten-

tial gradient at the inner shell surface to be less than it would be if the

outer shell were not in place, thus reducing corona. There is provision

for a third, still larger, concentric shell. Were there only a single shell,

the maximum proton energy from the device would be only 2.5 Mev
compared to 4.5 Mev when the concentric shells are in place.

If hydrogen is introduced into the ion source, the beam will contain not

only protons but also ionized hydrogen molecules. A magnetic analyzer

is used to separate these beam constituents, based on the fact that the

deflection of an ion in a magnetic field depends upon its speed and its e/m
ratio. Analyzed proton beams up to 10 namp in strength and continu-

ously variable in energy up to ~4.5 Mev are available. The energy

spread of the beam at 1.0 Mev is 3 to 5 kev. With the help of a precision

electrostatic analyzer, the energy spread at the analyzer output can be re-

duced to as little as 200 ev for an 0.05-Mamp proton beam.

The voltage developed by the Wisconsin generator, and thus the energy

of the proton beam, can be varied by altering the strength of the corona

discharge to a special corona point placed near the high-voltage shell.

The corona discharge variation is accomplished by changing the potential

of the corona point. This is done electronically, and accelerating poten-

tials, once set, can be automatically held to their set values. The "signal"

to actuate the electronic arrangement that regulates the energy of the

proton is generated by electrostatic analysis of the mass-2 (molecular

hydrogen ion) beam at the output of the magnetic analyzer. This beam,

not normally used for other purposes, is made to shift from one conduct-

ing jaw of an insulated slit to the other as its energy changes; it thus

provides the necessary error signal, in the form of the differential electric

current to the two jaws, to operate the control mechanism.
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12.4- Linear resonance accelerators

Direct application of a potential to an accelerating tube becomes
harder as the particle energy increases. One turns to methods in

which a moderate accelerating potential is applied several times

with a cumulative effect on the particle energy. The linear reso-

nance accelerator, proposed first by Ising (124) and tested in a
preliminary way by Wideroe (W28), was the first such method.
We will first discuss the acceleration of ions to moderate energies

only so that relativistic effects are small.

Figure 3 is a sketch of an early linear accelerator due to Sloan

and Lawrence (S31). It consists of an ion source and a series of
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Fig. 3. A linear accelerator for heavy ions. From Sloan and Lawrence (S31).

N hollow metallic cylinders or drift tubes of gradually increasing

lengths. Alternate tubes are connected together electrically; the

two sets of tubes are connected to a high-frequency oscillator whose
electrical output has a wavelength A. An ion is acted upon by an
electric field only when it is close to or in one of the intertube

gaps. It travels with constant speed through the field-free region

inside the drift tubes. We can choose the length of each tube so

that an ion that receives a particular energy increment eV at the

first gap will arrive at all the other gaps at just the right time to

receive this same increment. This design potential V , which de-

termines the tube lengths, is normally close to but less than the

voltage amplitude V of the oscillator output.

The basic resonance relationship is that T, the constant travel

time through each of the tubes, must equal half the oscillator pe-

rf0d
'

°r
T = Ln/vn = X/2c (1)



Sect. 5] CHARGED PARTICLE ACCELERATORS 289

Ln is the effective length of the wth tube; it is closely equal to the

center-to-center distance between the two adjacent gaps.

If n is the number of gaps that have been traversed, we can write, con-

sidering only those ions whose initial phase is such that they are optimally

accelerated

neVo = %mvn
2

(2)

Eliminating vn between Eqs. 1 and 2 leads to

L„ =X(ne7 /2mc2
)
H (3)

We can find the total accelerator length by summing Eq. 3 over the iV

sections. To get the result in closed form, we can replace the summation

by an integration

N /•* 2X • pVn \ *

L = J2Ln ~ \(V*/2»u*) MJo

n* *i = -£ (2^) N* (4)

Since the final energy E is NeVo we can eliminate N and thus find

E = (3Le7 /2X)^(2wc2)^ (5)

This approximate formula shows that to get large energies we should

choose heavy particles of large charge, use high frequencies and large

accelerating potentials, and make the machine very long.

Sloan and Lawrence got a 0.1-m amp beam of singly charged mercury

ions of 1.3-Mev energy, with 30 tubes. The peak accelerating potential

was 42 kev, and the frequency 10 mc/sec. The voltage-multiplying

factor is 31. However, if such heavy ions are used to bombard a light

target not much energy is available in the center-of-mass system (prob-

lem 3). Linear accelerators for protons (Sect. 12.7) had to await the war-

time development of high power, high frequency oscillators.

12.5- Radial focusing

As for all accelerators, the intensity of the beam from a linear

accelerator depends vitally upon the ion-focusing characteristics

of the device. Both radial focusing and phase focusing are needed.

Let us discuss the former first, still limiting ourselves for the pres-

ent to speeds slow enough that relativistic effects are slight.

Figure 4 shows the electrostatic lines of force at an intertube gap

for the oscillator half cycle during which acceleration can take

place. Assume that the accelerating potential is close to its peak

value, K". Consider an ion which, at the time it enters the gap, is
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not on the tube axis. While passing through the left half of the
gap (region ab) the ion is (1) accelerated along the axis by the
axially directed electric field component, and (2) accelerated toward
the axis by the radial field component. While passing through the
right half of the gap (region be), the ion is (1) further accelerated

axially and (2) accelerated radially away from the tube axis.

The two radial displacements do not cancel, however, because the
particle spends more time in region^. There is a net inward radial

Axis

Fig. 4. The electrostatic field configuration between two drift tubes in an
accelerating tube. There is axial symmetry about the axis shown.

displacement, and we speak of radial focusing. Actually the ions

will oscillate back and forth through the axis as they advance
along the tube.

The radial focusing is accentuated if the ion crosses the gap
during the quarter cycle in which the accelerating potential is

decreasing from V toward zero. Because of the finite time needed
to cross the gap there is then a greater difference between the in-

ward and outward radial displacements. Crossing during the

quarter cycle in which the accelerating potential is increasing from
zero toward V weakens and may completely wipe out the radial

focusing. If we rely entirely upon a speed difference in the two
halves of the gap, radial focusing will be less effective as the speed
increases. Radial focusing at such speeds is possible then only

if the passage is made during the quarter cycle in which the ac-

celerating potential is decreasing from V toward zero. Unfortun-

ately, as we see below, this condition is incompatible with the re-

quirement of phase focusing.
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12.6* Phase focusing

Let us choose the design accelerating potential of the acceler-

ator V somewhat less than the maximum accelerating potential

V. This means that the accelerating potential at each gap will

pass through its design value twice during each accelerating half-

cycle, corresponding to phases such as a and a' of Fig. 5. An ion

with either of these relative phases would pass through the accel-

erator and come out with the optimum energy. Few ions, how-
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Fig. 5. A plot used to describe bunching and debunching in the linear

accelerator.

ever, will emerge from the source at just the right times for this

to happen. We can show that ions whose initial phase is near a

will tend to approach a in phase at successive gaps. This phase

focusing is necessary if we are to have a usefully intense beam.

Phase defocusing occurs at a'.

At each gap there is a characteristic energy, that possessed by

an ion which goes through the accelerator in perfect resonance.

In Fig. 5 this means that its phase will be a at each gap (or a';

we will assume a, however). Consider an ion that arrives at a

particular gap with an energy greater than the characteristic

energy. Since the ion is too fast it will have a phase such as b,

earlier than a. It will thus be accelerated less than normal and

will arrive at the next gap with a phase closer to a. An ion that

arrives at a gap with less than the characteristic energy will ar-

rive late (phase c of Fig. 5). It will be accelerated more than

normal and will also gradually shift its phase toward a. Thus

ions that cross the gap during the rising portion of the accelerat-
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ing cycle tend to "bunch" in phase about a; they are said to have

phase stability. Actually the ions will oscillate in phase about a.

Ions with phases near a', on the other hand, are phase unstable

and are lost to the useful beam.

Phase stability means that small errors in the lengths of the

drift tubes or in other mechanical or electrical characteristics of

the machine can be tolerated. The ions will tend to adjust them-
selves automatically to the right phase, namely, to that phase at

which the ion receives energy from the electric field at just the

proper rate to allow it to keep up with the electric wave traveling

along the axis, i.e., to keep itself in resonance.

12.7- University of California linear proton accelerator

As we said above, the requirements for phase and radial focus-

ing are incompatible. Alvarez and collaborators, (see F54:) in a

Fig. 6. Lines of force for a linear accelerator when the entrance to the right-

hand tube is covered by a metallic grid.

linear resonance accelerator designed to produce 32-Mev protons,

met this difficulty by placing a metallic grid across the entrance

end of each drift tube. This results in force lines such as those of

Fig. 6. We see that radial focusing can now occur for particles

crossing at any time during the accelerating half-cycle; phase-

focusing conditions remain unchanged.

Alvarez's accelerator operates at 200 mc/sec (X = 1.5 m) using war-

surplus radar oscillators. Its main feature is a large resonant cavity, en-

closed in a vacuum tank 40 ft long and 4 ft in diameter. The mode of

oscillation provides an axially directed oscillatory electric field at all

points on its axis. Cavity oscillations are maintained by radio-frequency

power coupled in at 25 different points along the cavity wall, from 25

different oscillators; these are phase-synchronized by a master timing cir-
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cuit. The oscillators do not run continuously but are pulsed into opera-

tion for 300-Msec intervals 15 times per second. The peak power during

the pulse is 2.5 megawatts.

Drift tubes (46) are located on the axis of the cavity. Protons are in-

jected into the cavity at 4-Mev energy, from an electrostatic generator

which serves as an ion source. The final beam is monoenergetic to about

0.3% and is about H in. in diameter at the exit port. The beam current

during the pulse is ~1 /^amp.

The direction of the radio-frequency accelerating field at the

gaps is the same for all gaps at any instant. Comparison with

Fig. 3 shows that the two situations are different. For Alvarez's

accelerator the basic resonance condition is T = X/c which differs

by a factor of 2 from Eq. 1. A big advantage of the linear ac-

celerator is the ease with which the beam can be injected at one

end and brought out into the laboratory at the other. These are

major problems for accelerators with circular symmetry. Also,

its energy range can readily be extended by adding more sections.

Finally, radiation losses (Sect. 12.13) do not set an upper energy

limit as they promise to in machines with circular symmetry.

A 600-Mev linear proton accelerator is being constructed at Har-

well, England.

12.8- Linear electron accelerators (SI48)

The electron acceleration problem is completely relativistic. At

1.0 Mev, for example, the electron speed is already 0.94 c. A
common electron accelerating arrangement (Fig. 7) may be de-

mmmmm
(a)

(b)

Fig. 7. (a) A "disk-loaded" circular wave guide, showing (6) the electric field

configuration. From Slater (S143).

scribed from one point of view as a series of resonant cavities

coupled together by circular holes, or, from another point of view,,
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as a circular wave guide "loaded" with metallic annular disks.

With proper design an electromagnetic wave travels along the
axis with a speed which increases from the speed of the electrons

on injection toward that of light. An electron can be accelerated
by the electric field component of this wave and can travel with
it. Other waves besides the one responsible for the acceleration

will be present in the structure, but, because the speeds of all are

different, their effect upon the electron motion will average to
zero.

Several circumstances combine to make the problem of the irreconcil-

ability of the phase- and radial-focusing requirements less serious for elec-

tron accelerators than for ion accelerators. As far as radial focusing is

concerned we have neglected effects due to the action of the magnetic
portion of the cavity field. In the California linear proton accelerator

these effects are negligible. However, as the particle speed approaches c,

analysis shows that, to a first-order approximation, the magnetic and
electric focusing effects just cancel! The situation is one of neutral equi-

librium with neither focusing nor defocusing. For the period during
which the electron speed is building up from its injection value, positive

focusing can be obtained by means of focusing grids or by means of a
superimposed axial magnetic field.

Positive phase focusing also disappears for particle speeds close to that
of light. "Bunches" formed during the early stages of acceleration will

continue to be accelerated, but there will be no tendency to restore the
proper phase should any disturbance occur. This means that the high-
energy end of the accelerator must be constructed to very rigid mechan-
ical and electric tolerances if the beam is to gain energy optimally. That
phase focusing should disappear at the speed of light is reasonable because
it depends upon the ability of a particle to readjust its phase by adjust-
ing its speed in the proper way. This cannot happen if the particles are
all moving at substantially the same speed c.

Returning to radial focusing, we can inquire whether, assuming no
radial forces, electrons with initial radial velocity components will not
move steadily out of the beam as they progress down the tube. Rela-
tivistic effects make this effect practically negligible, however. It is not
the radial velocity that remains fixed but the radial momentum mv. As
the electron moves down the tube, m increases steadily so that the radial

velocity must decrease steadily. The radial displacement does increase

but only very slowly.

A linear accelerator of the disk-loaded, traveling-wave type is

under construction at Stanford University. When completed it
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will be 220 ft long and should produce 1.0-bev electrons. In 1954

it had achieved 350-Mev electrons in an 80-ft length. It is made
up of 10-ft sections of copper tubing 3.2" in diameter, each con-

taining 115 disks. Radio-frequency power at 10.0-cm wavelength

is fed to each section from a klystron amplifier. All of the ampli-

fiers are fed from a single master oscillator, thus making possible

the necessary synchronism. Pulse lengths of 1 ^sec and repetition

rates of 60 ~/sec are typical.

12.9- Cyclotron

The cyclotron, devised by Lawrence in 1932, is probably the

most familiar device for accelerating ions by the repeated applica-

tion of accelerating potentials. A charged particle of energy E,

moving in a plane perpendicular to a constant magnetic field B,

will move in a circle of radius R with an angular speed co. From
the relativistic equation

Bev = mv2/R (6)

we readily find the angular frequency

co = Be/m (7)

At low-enough speeds the relativistic mass m does not differ

much from the rest mass m , and co is independent of particle en-

ergy. Fast particles move at high speed in large circles; slow ones

Feed lines

to oscillator

Internal beam

Electric

deflector

Window

External

beam

Lower pole •

Fig. 8. A schematic diagram of a cyclotron.

move at low speed in small circles. The assumption that m does

not differ much from m is basic to cyclotron operation. We will

often use Eq. 7 later with its full relativistic implications.
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Figure 8 is a diagram of a cyclotron. The ion source is located

centrally between the two hollow metal "dees." The dees form

part of a radio-frequency oscillator which tunes sharply at angular

frequency co (= 2irf ). The dee assembly is in a vacuum chamber

and is placed between the poles of a large electromagnet. The
condition for resonance acceleration of particles in a cyclotron is

this: the time required for an ion to make one-half a revolution in

the field must equal one-half of the oscillator period. In other

words

CO = w (8)

or, from Eq. 7

/o = Be/2irm (9)

where /o is the oscillator frequency.

The kinetic energy can be obtained from

Bev = mv2/R (10)

in which R is the radius of the outermost orbit. It proves to be

E = \rru? = B2R 2
e
2/2m (11)

Some approximate relative relationships involved in Eqs. 9 and

11 are shown in Table 1. Table 2 shows some characteristics of

a typical cyclotron.

TABLE 1

Some Approximate Relative Cyclotron Relationships *

Frequency Magnetic

Fixed Field Fixed

Ion B E /o E
H 1

1 1 1 1

H2 2 2 V* V*

H 3 3 3 M Vs,

He3
V2 3 % %

He4 2 4 Yi 1

Li« 2 6 v% h
* m has been replaced by the mass number A in Eqs. 9, 10, and 11.
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TABLE 2

Characteristics op the University of Pittsburgh Cyclotron

Material

Weight

Pole face diameter

Air gap

Saturation field

Coil construction

Coil cooling

Coil power at 16,000 gauss

Type
Tubes used

Frequency

Input power

Peak interdee voltage

Effective dee radius

Dee internal height

Types of vacuum pumps

Vacuum maintained

Shielding

Internal beam current measured

Magnet

Low metalloid (manganese and carbon)

iron

180 tons

47 in.

4% in.

16,000 gauss

17 tons of 1 in. by K 6 in. copper strip

in 10 circular "pies"

Circulating oil with heat exchanger

200 volts, 80 amp.

Oscillator

Push-pull (grounded plate)

2 type 880's

12 mc/sec

20-70 kw at 6-9 kv
200 kv
21 Ji in.

1 in.

Miscellaneous

Large Kinney mechanical pump; 8-in.

oil diffusion pump
10
~6 mm-Hg

4 ft of water; recessed in hillside

Temperature rise of cooling water;

Faraday cage

Deuteron energy

Alpha energy

Proton energy

Internal beam current

(deuterons)

External beam current

(deuterons)

Performance

16Mev
32Mev
8Mev
<~300 /jamp

~20 /uamp
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12.10- Focusing in the cyclotron

A mechanism that tends to force the ions to travel in the median
plane of the dees is necessary if we are to have a focused beam.
Two such mechanisms are provided. The first, electric focusing,

is similar to radial focusing in the linear proton accelerator with

the exception that the symmetry is planar rather than axial. As
expected, this type of focusing becomes less effective as the speed
increases. In practice it becomes ineffective at a radius equal to

one-third to one-half that of the exit aperture. Rose (R38) and
Wilson (Wi38) have shown that vertical oscillations take place for

ions in the cyclotron as they spiral outward. These oscillations

are associated with both the electric focusing forces and those of

magnetic origin, discussed below. While the electric oscillation

amplitude increases with orbit radius, fortunately the magnetic
focusing soon takes over and the oscillation amplitude then de-

creases as the ions approach the dee periphery.

Further median plane focusing is provided at large radii by the

action of the fringing magnetic field. Analysis of Fig. 9 will show

Median
" plane

Pig. 9. The magnetic force lines for a cyclotron. The arrows show the

directions of the resultant force for circulating ions.

that, in such a field, there is always a force component directed

toward the median plane. It is found highly desirable to accen-

tuate this effect by deliberately distorting the magnetic field some-

what (shimming). A drop of about 3% of the central field value

over the radius of the machine is typical. Because B is no longer

constant, resonance cannot be satisfied at all radii. Relativistic
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mass increase of the ion as its speed and hence its orbit radius in-

crease unfortunately produces departures from resonance in the

same direction as those produced by shimming (Eq. 9). Never-

theless, the greater beam current that results from the improved

magnetic focusing makes shimming a practical necessity. The

field at the center is chosen somewhat higher than the resonance

field while the field at the periphery is somewhat lower. Rela-

tivistic effects ultimately limit the energy that can be achieved in

a cyclotron (B37). To minimize them it becomes necessary to

use very large accelerating voltages so as to allow the ion to achieve

its final energy in as few steps as possible.

12.1 1 • Stable orbits in the cyclotron

For a given path radius in a cyclotron the magnetic field (as-

sumed non time-varying) has a certain value. For an ion to move

at this radius it must have a certain energy, and hence a certain

relativistic mass. Equation 7 then fixes the ion angular frequency

oi. This can equal the oscillator angular frequency o> at only one

radius. Consider a particle at this radius that happens to cross

the dee gap at a time of zero interdee potential. Being in reso-

nance, it will continue to circulate at that same radius.

The above phenomenon would not be very important if it were

not for the fact that such a constant-speed orbit, once formed, is

stable against either acceleration or deceleration of the ion, pro-

vided the passage is made while the accelerating potential is de-

creasing through zero rather than increasing through zero. This

phase stability allows circulating ion currents of a considerable

size to build up at the appropriate radius. The possibility of these

stable orbits is vital to the operation of the synchroton and the

frequency-modulated cyclotron.

To see how phase stability comes about, consider that an ion

arrives a little too soon at the interdee gap and that it is circulat-

ing near crossover a of Fig. 10. It will then be accelerated. Its

relativistic mass will go up, and it will tend to move in an orbit of

larger radius (slightly smaller B). Both effects will decrease the

angular frequency of the ion (Eq. 7) so that it will arrive at its

next gap passage later in phase. Similarly, an ion that arrived late

will, for two reasons, suffer an angular frequency increase and will

arrive earlier at the next gap passage. Note that an ion that loses

speed actually arrives at the next stop earlier than one that does
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not; angular speed is significant here rather than linear speed as in

the linear resonance accelerator. The quarter-cycles favorable to

phase focusing are different for these two machines. Ions circu-

lating near c of Fig. 10 will, on the other hand, be phase unstable.

& +
a

*-Time

Fig. 10. Illustrating phase stability in cyclotrons.

12.12- Frequency-modulated cyclotron

The limitation on cyclotron energy caused by relativistic effects

can be removed in a way suggested by Veksler (V44) and by Mc-
Millan (M45). They suggested how the radii of phase-stable or-

bits might be increased, thus increasing the particle energy. In

the frequency-modulated cyclotron, also called the synchrocyclo-

tron, this (periodic) orbit expansion is brought about by a periodic

time variation of the oscillator frequency. In the synchroton

(Sect. 12.15), it is done by periodic time variations of the magnetic

field.

The stable orbit radius is that radius at which the ion angular

frequency co equals the oscillator angular frequency. By choosing

the latter large enough, the stable orbit radius can be made as

small as we wish. The limiting value of zero will be attained when
the oscillator angular frequency is given by

co = B e/m (12)

B is the field at the ion source. Let the oscillator frequency be

lowered gradually from this value to a> — Aa>. The stable orbit

radius will increase correspondingly during the process, and the

ions, as they spiral outwards, will remain bunched together by
phase-stability action. If the frequency shift is carried out very

slowly the bunched ions will cross the gap on the average only

very slightly earlier in phase than the phase-stable crossover point

(b in Fig. 10). They must be somewhat ahead in phase, on the

average, so that they can receive the accelerations necessary if the
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orbit radius is to increase. The location of 6 with respect to the

crossover point is described by a synchronous phase angle <p. The
greater the rate at which the frequency decreases, the greater will

be the synchronous phase angle, the greater the energy increment

per cycle, and the smaller the number of turns required to reach a

given radius. The synchronous phase angle will be that phase at

which the ion gains just enough energy per turn to keep its angu-

lar frequency matched to that of the oscillator. Just as for the non-

relativistic linear accelerator, the phase stability principle permits

us to relax the tolerances on some of the design parameters.

Let coo — Aco be the oscillator frequency when the stable orbit has ex-

panded to its maximum radius, where the magnetic field strength is

B (= Bo — AB) and the particle relativistic mass is m. Then

co — Aco = Be/m (13)

The ion kinetic energy is

E — (to — wo)c2

J3 2?oi

_o>o — Aco coo-

« m c
2
(Aco/coo - AB/Bo) (14)

Rearranging yields, for the fractional frequency change to produce a

kinetic energy E,
Aco/coo = AB/B + E/moc 2

(15)

Because we must keep Aco/co within achievable limits, Eq. 15 shows that

electrons, because of their small rest mass, cannot be readily accelerated

in the synchrocyclotron.

Ions in the synchrocyclotron arrive at the maximum radius in bursts

at a frequency equal to the modulation frequency of the oscillator. Sup-

pose the beam moves from the center to its maximum radius in a time T.

For the purpose of this calculation, assume that the ion travel time per

orbit r is constant and is given by

T = 27T/W (16)

where coo', the mean oscillator frequency, is

coo' = co — |Aco (17)

The number of orbits required to reach the radius R is

JV = T/t= 7W/2ir (18)

and the mean energy increment per orbit is

E/N = 2irE/WT (19)
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Considering that there are two gaps per orbit, the energy increment per

orbit is also given by
E/N = 2(eV) sin <p (20)

where V is the peak value of the accelerating potential. Equating Eqs.

19 and 20 leads to

sin <p = (irE/eVuo'T) (21)

The University of California 184-in. synchrocyclotron (Br47) ac-

celerates 190-Mev deuterons, 350-Mev protons, and 380-Mev
alphas, using dee voltages of only about 15 kv. Some character-

istics are given in Table 3. The frequency modulation of the oscil-

TABLE 3

Univeesity of California 184-In. Synchrocyclotron

Pole face diameter 184 in.

Useful magnetic gap 19 in.

Height available for ion beam 5 in.

Minimum oscillator frequency 9.0 mc/sec
Maximum oscillator frequency 12.6 mc/sec
Typical peak dee voltage 15 kv
Oscillator modulation frequency 120 cycles/sec

Time for beam to move from center to

80-in. radius ~10 -3
sec

Field at gap center 15,000 gauss

Decrease in field to 80-in radius 690 gauss

Field at 80-in. radius 14,300 gauss

Mean internal deuteron beam current (1947) 0.9 jiamp

lator is produced by a rotating mechanical condenser which forms

part of the resonant element of the oscillator. Bringing the beam
out of the vacuum chamber is much more difficult than for the

cyclotron because the ion energy is greater and consecutive turns

are closer together. It has nevertheless been done although the

loss in intensity is considerable.

12.13' Orbit oscillations and radiation losses

Let us imagine an ion moving at angular speed w in a stable orbit in a

magnetic field of cyclotron-like symmetry. For the time being we will

assume that there is no electrical acceleration. If displaced from its orbit

the ion will execute radial and vertical oscillations about the equilibrium

orbit because of restoring forces that depend on how the field is shaped.

We call these the "free oscillations" of the particle. Such oscillations

occur in all accelerators of circular symmetry.
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As far as vertical oscillations are concerned, the responsible restoring

forces are clear from Fig. 9. In Appendix 12 we show that their angular

frequency wv is given by

u, = Vna> (22)

where n is a dimensionless field parameter defined from

RdB
n ~ BdR (23)

At any radius, n is the fractional change in field divided by a fractional

change in R for a small radial displacement. Since dB/dR is negative,

n will be positive.

Figure 11 shows the situation for radial stability. The solid line is a

plot of the actual field variation with R, which we may write as

B = (BoR n)/Rn (24)

By taking
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where the subscript zero refers to the stable orbit position

the derivative of B in Eq. 24 we can

readily show that the n of that equation

is the same n that appears in Eq. 23.

The dashed line of Fig. 11 is the plot of

Eq. 24 for n = 1. It is clear that the

actual field configuration has been as-

sumed to have n < 1. If we consider

an arbitrary displacement of the orbit

radially outward to a point such as b,

the centripetal acceleration needed in

the larger orbit is less and could be pro-

vided by a magnetic field corresponding

to the ordinate of the dashed curve at b.

The actual field at b is greater so that

the orbit tends to return to its original

position. A returning tendency also occurs if a radial inward displace-

ment is considered. For n > 1 the equilibrium proves to be unstable.

In Appendix 12 we show that the angular frequency of the free radial

oscillations is given by

wr = V 1 — n co (25)

For a uniform field (n = 0) Eqs. 22 and 25 reduce to uv = and oir = o>

which, on reflection, are quite reasonable.

In an actual machine there will be phase oscillations as well as radial

and vertical ones. One consequence is that ions, having left the source,

may actually swing back into it during their first few cycles and be

u Radius

Fig. 11. Illustrating radial sta-

bility in the betatron, etc.
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lost to the beam. Bohm and Foldy (Bo47) have computed that the

capture efficiency, defined as the percentage of ions which leave the

source and are able to be successfully captured into stable orbits, has a

maximum at a phase angle of 30°. This corresponds to an energy gain

per turn of half the possible maximum. Typical capture efficiencies are

only 0.1 to 2%, so that the reduction of the beam from this cause is

considerable.

Every accelerating charge loses energy by electromagnetic radiation.

Some radiation energy loss from charges circulating in orbits must then

be expected. If the radiation loss per cycle becomes as large as the

energy gained per cycle from the radio-frequency field, a maximum in

energy has clearly been reached. In the synchrocyclotron the radiation

loss will eventually set an upper limit to the energy. For heavy ions this

limit is not yet in sight, although for electrons it seems to indicate a

limit of about 1 bev. A similar limit will occur for all machines of circu-

lar symmetry. In a linear accelerator, in which the only acceleration is

that associated with the desired speed increase of the particle, the radia-

tion loss is quite small.

12.14- The betatron

The betatron, conceived by Wideroe (W28) but first put into

operation by Kerst (K41), has been used to accelerate electrons to

energies in the 100-Mev range. If amagnetic flux <£ passes through

a conducting ring and changes at a rate d$/dt, an electromotive

force will be induced in the ring, causing a current to flow. The
electromotive force will be present whether or not the ring is pres-

ent and may be used to accelerate a suitably placed electron.

If E t is the tangential electric field component, owing to this

cause, at any point on the circumference of a circle of radius R
which encompasses the time-varying flux, we have

E t2*R = d$/dt (26)

The relativistic equation of motion of an electron of momentum
p in an assumed stationary circular orbit of radius R is

E te = dp/dt (27)

Combining Eqs. 26 and 27 and also Eq. 11, Chapter 6, leads to

d$/dt = 2ttR2 dB/dt (28)

Integrating, under the assumption that the flux is zero initially,

giv6S
* = 2*R*BR (29)
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which tells us what must be the change in flux through the orbit in

terms of the change in magnetic field strength at the orbit. The

energy of the particle does not enter. If B is the mean field strength

within the orbit, Eq. 29 can be written as

B = 2Bh (30)

As the field strengths in various portions of the loop change with

time during the acceleration, the equality of Eq. 30 must be con-

tinually maintained if the radius of the stationary orbit is not to

shift.

Figure 12 is a sketch of a betatron. The high central flux is

provided by suitable shaping of the pole faces and by means of

Fig. 12. Cross-sectional view of a betatron. Notice the high central flux and

the bulging force lines at the orbit position. From Kerst (K41).

centrally located disks of high-permeability material. The orbit

position is at the center of a ceramic "doughnut," not shown.

The magnet, made of laminated iron to reduce eddy current losses,

is energized at a few hundred cycles per second. Electron accel-

eration takes place during the quarter-cycle for which the field is

rising from zero to its maximum value.

The problems of getting the electrons into the stationary orbit at low

energies and getting them out after acceleration must be solved. Injec-

tion may be done by taking advantage of the necessary radial stability

of the betatron orbit. An electron released close to the stationary orbit

position will move toward this orbit and will describe a damped oscilla-

tory motion about it in the median plane, the oscillation amplitude get-

ting smaller and smaller as the magnetic field builds up. With careful

design an electron ejected from the electron gun will miss the gun on its

second and on all subsequent revolutions.
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The ejection problem may be solved by arranging things so that, at

an appropriate time, the flux condition of Eq. 30 is interfered with in

such a way that a different stationary orbit radius is called for. This

can be done by the sudden passing of a large current through orbit ex-

panding coils wound around the central polepieces. Such a current surge

produces a sharp increase in $ of Eq. 29. According to that relation the

stable orbit radius must increase, because Br drops off relatively slowly

with R so that R 2 in Eq. 29 is the controlling factor. The expanding orbit

can be made to strike, at grazing incidence, a tungsten target so that

x-rays are produced. They emerge from the target in the forward direc-

tion in a cone a few degrees in width; the higher the energy, the narrower

the cone. The orbit expansion current can be applied at any time during

the acceleration cycle so that the betatron can serve as a source of x-rays

with a continuously controllable maximum energy.

Let us estimate the energy that can be given to an electron in

the betatron. Assume that the central flux variation is given by

$ = $o sin tot (31)

and that acceleration takes place during one-fourth of the cycle,

i.e., during a time x/2u. The energy per turn available when the

flux changes is

eV = e d&/dt = ew$ cos cct (32)

During the acceleration period, its average value is (2/Tr)ea)$ .

Assuming the electron speed to be substantially that of light dur-

ing the entire acceleration process we obtain for the total distance

traveled during the acceleration process cir/2w. The number of

turns N is

Af = (c*/2o>)(%tR) = c/4wR (33)

The final energy is the product of the number of turns and the

mean energy per turn, or

E = ec3> /2wR (34)

In terms of the maximum magnetic field at the orbit the kinetic

energy is given, if E 2t> m c
2

, by

E = pc = BRec (35)

6 is the value of the field at the orbit at the end of the accelera-

tion period.
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Table 4 shows some characteristics of the General Electric beta-

tron. The number of turns, from Eq. 33, is 2.4 X 105
, a total

path length of 790 miles! The maximum energy increment per

turn is 420 ev.

TABLE 4

The General Electric 100-Mev Betatron (W45)

Pole face diameter 76 in.

Magnet weight 130 tons

Magnet material Enameled sheet steel

(4.5% Si)

Magnet lamination thickness 0.014 in.

Magnetic field at orbit (max.) 4000 gauss

Magnet power at full load 200 kw
Operating frequency 60 cycles/sec

Stable orbit diameter 66 in.

Electron injection energy 30-70 kev

(dB/dR)(R/B) at orbit 0.75

Vacuum maintained 10
_6 mm-Hg

An upper limit to betatron performance is set by radiation loss. If the

loss per turn is appreciable compared with the energy increment per turn,

the orbit will shrink, a phenomenon noted in existing machines. The

energy loss per turn by radiation according to Schwinger (Sw46) is given

(assuming E >>> wioc
2
) by

AE = (47r/3)(e
2/ft)(#/™«2

)
4

(36)

For the 100-Mev betatron, AE is 11 ev/turn. This is to be compared

with the previously computed energy increment value of 420 ev/turn.

For an electron of 1.0-bev energy in a field of 104 gauss, AE would be 30

kev/turn!

12.15- Electron synchrotron

The synchrotron operates on the same principle as the frequency-

modulated cyclotron. In each, we match the angular frequency

of the oscillator with that of the charged particle being accelerated.

In the synchrotron this is done by varying the magnetic field with

time, leaving the oscillator frequency fixed. If the particle speed

is near that of light, which can be assumed for electrons above

say 2 Mev, its angular speed will be close to o> = c/R. Because

oi remains constant, the orbit radius remains about constant.

Electrons can be injected at reasonably high speeds so that the
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orbit radius, although not constant, nevertheless would not in-

crease greatly. The magnetic field need fill only an annular and
not a circular region, saving greatly in magnet cost.

In practice, it proves easier to accelerate electrons to suitable

speeds by betatron action, allowing synchrotron action to take

over at a predetermined point in the acceleration cycle. To ac-

complish this, some central flux is needed but only enough to ac-

celerate electrons to a few Mev. There is still a considerable sav-

ing in magnet cost.

The General Electric Research Laboratories have built a com-

bination synchrotron-betatron which produces 70-Mev electrons.

Table 5 shows some of its characteristics. The orbit is contained

TABLE 5

The General Electric 70-Mev Synchrotron

Magnet weight 8 tons

Magnet material Enameled sheet steel

(4.5% Si)

Magnet lamination thickness 0.014 in.

Magnet power dissipation 10 kw
Operating frequency 60 cycles/sec

Oscillator frequency 163 me/sec
Radio-frequency voltage available 1000 v
Vacuum maintained 10

~6 mm-Hg
Synchrotron orbit radius 29.6 cm
Peak field at orbit 8100 gauss

Injection energy into betatron orbit 50-70 kev
Energy at switchover to synchrotron

operation 2 Mev

in a glass doughnut like that of the betatron. A 70° sector of this

tube is silver-plated inside and out and is a resonant structure at

163 mc/sec. The radio-frequency voltage is formed across a

3^-in. circumferential gap in the plating inside the tube and is

directed tangential to the orbit. The pulsing of the electron gun,

the change-over from betatron to synchrotron operation (actually,

the turning on of the radio-frequency field), and the expansion of

the orbit to strike an internal tungsten target are all controlled

electronically at proper times. As for the betatron, it has seen

chief application as an x-ray source. 300-Mev electron synchro-

trons are in operation at the University of California and elsewhere.
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12.16- Proton synchrotron

The speed of an electron approaches within 5% of that of light at

an energy of only ~1.5 Mev; a proton, however, must possess 2.7

bev of energy to fulfill this condition. Thus if we wish to accel-

erate protons in a synchrotron by varying the magnetic field, we
find that the orbit radius does not remain constant. However,

if we also increase the oscillator frequency during the field expan-

sion process just in proportion to the ion speed, we can satisfy the

relation v = uR for a constant value of R. This will let us use an

annular magnet.

Scientists at the Brookhaven National Laboratory have con-

structed a proton synchrotron (cosmotron) that has achieved ~3-
bev proton energy. Table 6 shows some of its characteristics.

TABLE 6

The Cosmotron (B53)

Diameter of orbit 60 feet

Weight of magnet 2000 tons

Ampere turns 336,000

Injection energy 3.5 Mev
Cooling water for magnet 500 gal/min

Vertical gap 6 in.

Horizontal gap 25 in.

Repetition rate 12/min

Time to accelerate to ~3 bev ~1 sec

Frequency limit of oscillator at

injection 370 kc

Frequency of oscillator at 3 bev 4 mc
Magnetic field at 3 bev 14,000 gauss

Pulse width 100 jusec

Energy gain per revolution ~1000 ev
Number of revolutions to reach

3 bev 3xl06

Pumping system 12 20" diffusion pumps
Cost $7,000,000

Man-years ~300

An even larger machine at the University of California (the

bevatron) has accelerated protons to ~7 bev. It has an orbit

diameter of 160 ft. A 25-bev machine is being constructed in

Switzerland under the auspices of the European Council for Nu-



310 INTRODUCTORY NUCLEAR PHYSICS [Ch. 12

clear Research. It will make use of a new strong-focusing principle

discovered by Courant, Livingston, and Snyder (C52) and by
Christophilos (see Cou53). The technique consists of arranging

the magnetic field gradient (but not the magnetic field) to alternate

in sign in successive segments of the accelerator. Courant, Liv-

ingston, and Snyder show that if this is done very high field gra-

dients (n « 3600) can be used. In a uniform gradient machine

we must have n < 1 (Sect. 12.13) or the beam will "blow up."

The alternating gradient technique produces a beam of much im-

proved radial and vertical stability; this allows the cross section

of the vacuum tank to be made smaller, which means a great

saving in magnet cost.

PROBLEMS

1. A particular electrostatic generator has a sphere capacitance to ground

of 300 Aipf. At 1.0 Mev, what charge does it carry? Suppose that it is oper-

ating with a beam current of 0.5 ma. In the absence of charging and of corona

loss, how long would it take for the beam current to drop the potential by

10%?
2. The length of the Sloan-Lawrence accelerator (Sect. 12.4) was 114 cm.

What length does Eq. 4 predict? What energy does Eq. 5 predict for Hg+

ions?

3. A 1-Mev proton collides with a resting Hg198 nucleus and is absorbed by
it (ignore the Coulomb barrier). A compound nucleus with the same excita-

tion energy could be provided by bombarding a resting proton with energetic

Hg198
nuclei. What energy would be needed? What are your conclusions

about the wisdom of heavy ion acceleration (study Eq. 5)?

4. Assume in the 80-ft Stanford linear accelerator that the electron beam
spreads radially by 2 mm owing to transverse velocity components. Estimate

the spread to be expected if "beam stiffening" because of the relativistic mass

increase did not occur.

5. Verify the expected deuteron, alpha, and proton energies given in Table 2

for the University of Pittsburgh cyclotron.

6. Prove that outward-bulging magnetic force lines in a cyclotron magnet

mean that the magnetic field strength drops off with distance from the pole

center in the median plane. Hint: Make use of the Maxwell relation curl

H = 0.

7. When the University of Pittsburgh cyclotron shifts from deuterons to

alpha particles it is necessary to drop the magnetic field slightly. If the atomic

masses of H2 and He4 are 2.014708 mu and 4.00390 mu, what is the fractional

decrease in field strength that is required?

8. Derive an approximate formula for the path length of ions in a conven-

tional cyclotron.
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9. Below are some magnetic profile data for the General Electric betatron.

R, B, R, B,

in. gauss in. gauss

4000 32.0 4090
4 9500 33.0 4000
27 9500 35.0 3810
28.8 5280 36.0 3720
29.6 4510 36.8 3600
30.4 4280 37.6 3400

At what radius is the flux condition fulfilled? If the data represent the max-
imum values of field strength what will be the energy gained per cycle? What
will be the maximum energy and the radiation loss per cycle at this energy?

10. In problem 9, what are the frequencies of the free radial and vertical

oscillations for electrons circulating at the calculated orbit position?

11. For the Berkeley 184-in. synchrocyclotron, accelerating deuterons, com-
pute the oscillator frequencies corresponding to orbit radii of zero and 80 in.

What fraction of the change in oscillator frequency is associated with the rela-

tivistic mass increase? Compute the number of turns and the synchronous
phase angle.



1 3 • Nuclear Reactions

13.1 • Introduction

If energetic nuclear particles from a radioactive source, a particle

accelerator, a reactor, or in the cosmic radiation are allowed to

fall upon bulk matter, there is the possibility of a nuclear reaction.

The first such reaction in which a transmutation of the target was

identified was
N14 + a. -> O17 + V (!)

which was studied in 1919 by Rutherford (R19) using alpha par-

ticles from a naturally radioactive source. The first transmuta-

tion reaction using artificially accelerated particles was

Li7 + v -» He4 + a (2)

which was observed in 1930 by Cockcroft and Walton (C32).

We place two restrictions on the types of reaction that we

choose to discuss here: (1) We assume that the projectile has a mass

number A less than five and that the target nucleus has a larger

mass number. (2) We assume that the energy available for the re-

action is not greater than a few times the mean binding energy of

single nucleons, say 50 Mev. Meson production or wholesale nu-

clear disruptions are thus not to be expected. For energies ap-

preciably higher than this the character of the interaction becomes

quite different. There is of course no sharp dividing line between

"low" and "high" energies.

Exactly what happens while the target and projectile are inter-

acting with each other is beyond the possibility of complete de-

scription at this stage of development of nuclear theory. Let us

then ignore the details of the interaction and see what can be

learned by simply examining the reaction products after they have

removed themselves from the site of the interaction. It is only

the "before" and "after" situations that are readily accessible to

experimental observation in any case.

312
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A typical reaction can be written:

a + X - Y + b

where X and Y are heavy nuclei, or for short

:

X (a, b) Y

(3a)

(36)

Because of the small available energy that was postulated b will

in general also have A < 5. Sometimes two light particles instead

of one are produced. If a is a gamma ray, the reaction is called

nuclear photo effect; if 6 is a gamma ray, it is called radiative capture.

We will largely ignore effects of the relative spin alignments of the

interacting particles. Spin-polarized projectiles and targets and
spin-sensitive detectors are not yet generally available so that most
observations at this writing are in terms of averages over all pos-

sible relative spin orientations.

If we have a = b, which implies Y = X, the reaction is called

scattering. If, further, not only the identity but also the kinetic

energy of the emerging particle—for an observer at the center of

mass—is the same as for the projectile, we have elastic scattering.

For inelastic scattering the emerging particle energy, for the center-

of-mass observer, will be less than

that of the projectile; this means

that Y has a certain amount of ex-

citation energy above its ground

state. This usually results in sub-

sequent gamma emission from Y.

Among the quantities involved in

a reaction that can be measured are

:

1. The charges, mass numbers,

masses, and kinetic energies of a, X,

and b. Conservation of charge and

of mass number serve to identify Y.

2. The angle 6 (Fig. 1) between

the trajectories of a and of b. Con-

servation of linear momentum serves

to assure us that all three trajec-

tories lie in a plane and further gives us expressions for the kinetic

energy of Y and for the angle <p in terms of more easily measured

quantities.

3. The reaction cross section.

Fig. 1. A nuclear reaction.

The open circles are the parti-

cles before the reaction; the

closed ones, after. Although

can have other values, we are

considering the special case of

6 = 90°.
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4. The threshold energy; this is the smallest projectile energy
at which the reaction will "go." For some reactions, called exo-

ergic, this energy is zero.

5. The differential reaction cross section da/dti, as a function of 6.

6. Gamma rays from the residual nucleus Y, which may be left

in an excited state. Their energies and angular correlations with
the b trajectory can be measured.

1 3.2 • Energetics

Let us apply the law of conservation of relativistic energy to

our reaction. Assuming that X is at rest we have, in the labora-

tory reference frame

mxc
2 + mac

2 + Ea = mYc
2 + EY + m bc

2 + Eb (4)

where the E's are kinetic energies and the m's are rest masses.

Rewriting Eq. 4 and introducing a new symbol yields

Q = (mx + ma — mY — m b)c
2

(5a)

= ET + E b - Ea (56)

This "Q-value" may be positive or negative or, for elastic scatter-

ing, zero. It is independent of Ea and is thus a convenient reac-

tion parameter. Equation 5 tells us that whatever change may
occur in the total kinetic energy of the system of particles must
be balanced by an equal change in the rest mass energy, in accord
with the familiar relationship of special relativity theory: AE =
Awe2

. By application of the law of conservation of linear momen-
tum we can eliminate the hard-to-measure Ey from Eq. 5b and
arrive at

Q = Eb ( 1 +—) - Ea (l -—) -— (EaEbmam byA cos B
\ niy/ \ my/ my

(6)

Although the very notion of a Q is a relativistic concept the speeds of

a, b, and Y are often small enough to justify use of the non-relativistic

formulas for kinetic energy and momentum. This has been done in de-

riving Eq. 6. Relativistic corrections (L37) are necessary for many mod-
ern precision measurements. The mass terms in Eq. 6 vanish as my —» °°,

a necessary requirement because they correspond to the recoil nucleus

kinetic energy term.
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Fig. 2. Ea versus Eb for the reaction H3
(p, n) He3

. Only a small region of

proton energy is plotted so as to show the double-valued region of neutron

energies in detail.

If the Q is known from previous measurement or computed from Eq.

5a one may wish to compute Eb in which case Eq. 6 can be recast in the

form (non-relativistic)

Eb

|
cos (mamhEa)

H ±
,A _ 1 {mambEa cos2 9 + (mY + mb)[myQ + (my — ma)E„\ }

yi

mY + mb
(7)

Thus under certain circumstances Eb can be double-valued for a given Ea

and a given angle 8. Figure 2 shows a plot of the endoergic reaction

H 3
(p, n) He3

for which Q = -0.7637 ± 0.001 Mev (Tas49). Inspection of Eq. 7 and
Fig. 2 reveals that:

1. Eb is single-valued if Ea exceeds Ea
' where

Ea -Q- my
my — ma

8)
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Double-valued behavior for Eb is clearly only possible for endoergic reac-

tions (negative Q). The value of Ea
' is 1.145 Mev for the reaction of

Fig. 2.

2. The lowest value of Ea at which the reaction will go occurs for

= and is given by

*.»__Q «L±J*_ (9)
my + mb — ma

Again, such a threshold energy only exists for endoergic reactions. The

threshold value for the reaction of Fig. 2 is 1.019 Mev.

3. For particular values of Ea in the range defined by Eqs. 8 and 9

emergent particles are found for all values of 6 from to a value 6m de-

fined from

MairiiEa cos2 6m + (mY -t- mb)[mYQ + (mY — ma)Ea] = (10)

For values of Ea above this range particles may be found at all angles.

4. For exoergic reactions (positive Q) only single values occur and all

values of 6 are possible; the plus sign must be chosen in Eq. 7 if a real

value of Eb is to be obtained. The reverse of the reaction H3
(p, n) He 3

is

exoergic, with Q = +0.7637 ± 0.001 Mev. Turning Fig. 2 through 90°

reveals the single-valued character of such reactions.

13.3* Experimental determination of Q
Q may be determined either from precise mass measurements

(Eq. 5a) or from energy measurements (Eq. 5b). The energy de-

terminations may be made by magnetic or electrostatic analysis

of the projectile and the emerging particle beams or by range

measurements. Magnetic or electrostatic analysis is usually more

precise because of small uncertainties in the range-energy relation-

ships.

Buechner and his co-workers (Bu48; see also Sect. 13.9) at the

Massachusetts Institute of Technology have been among the

leaders in the field of precise Q-measurements. In their experi-

ments the emergent beam of projectiles from a Van de Graaff

generator is focused in the plane of a slit in front of a thin target

by a 90° sector-shaped magnetic field. Particles whose e/m ratio

differs from that of the projectiles are thus removed from the beam.

Further, the momentum dispersion characteristic of the magnet

sector allows the slit jaws to select a narrow energy band from

the spectrum of energies supplied by the generator.

Particles that emerge from the target at right angles to the inci-

dent beam are deflected through 180° by a second (annular) mag-
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netic field and brought to a focus on a photographic plate which

is sensitive to individual nuclear particles. Eb can be found by

noting the position on the nuclear plate at which the density of

particle tracks is a maximum.

- Ion beam

Molecular beam'

Fig. 3. The apparatus used by Buechner et al. to study nuclear reactions.

A plan view is at the left, and an elevation at the right. Incident particles

from the Van de Graaff accelerator enter where the words "ion beam" appear

(Bu48).

The annular magnet is calibrated by substituting a polonium alpha

source for the target; these alpha particles have a magnetic rigidity of

(3.3159 ± 0.0002)105 gauss cm (abs emu). The magnetic rigidity P of

any emitted particle group can be found from

P = Pa{B/Ba)(R/Ra){Z/2) (11)

where Pa is given above; R is the measured radius of curvature for the

group being studied ; Ra is that for the polonium alphas ; B/Ba is the

measured ratio of field strengths under the two conditions, and Z/2 is

the ratio of atomic numbers of the projectile to that of the alpha particle.

The energy of the projectiles, Ea , can be measured by substituting a thin

gold or platinum foil for the target and noting the position of the peak

on the nuclear plate caused by elastically scattered projectiles.

Table 1 shows the Q-values for a few of the reactions which have

been measured precisely. The values have been adjusted according

to statistical procedures, taking into account that the individual
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TABLE 1

Adjusted Q-Values foe Some Reactions Involving Light Nuclei *

Reaction

H 2
(7, n) H 1

H2
(n, y) H 3

H2
(d, n) He3

H2
(d, p) H8

H3
(j>, n) He3

Li6
(p, a) He3

Li6
(d, p) Li7

Li7
(p, n) Be7

Li7
(p, a) He4

Be9
(7, n) Be8

Be9
(n, 7) Be 10

Be9
(p, d) Be8

Be9
(p, a) Li6

Be9
(d, p) Be 10

Be9
(d, t) Be8

Be9
(d, a) Li7

B 10
(n, a) Li7

B 10
(p, a) Be7

Q-Value, Mev
-2.225 ± 0.002

6.257 ± 0.004

3.268 ± 0.004

4.032 ± 0.004

-0.7638 ± 0.001

4.016 ± 0.005

5.020 ± 0.006

-1.6452 ±0.001
17.337 ± 0.007

-1.666 ±0.002
6.810 ± 0.006

0.559 ± 0.002

2.132 ± 0.006

4.585 ± 0.005

4.591 ± 0.004

7.152 ± 0.005

2.793 ± 0.003

1.148 ± 0.003

Reaction

B 10
(d, p) B 11

Bu (p, a) Be8

B 11
(d, a) Be9

C 12
(n, 7) C 13

C 12
(d, n) N 13

C 12
(d, p) C 13

C 13
(p, n) N 13

C 13
(d, p) C 14

C 13
(d, t) C 12

N" (n
; p) C 14

N 14
(n, 7) N 16

N 14
(d, p) N 15

N 16
(p, a) C 12

N 16
(d, a) C 13

O 16
(d, p) O"

O 18
(p, w) F18

F 19
(p, a) O 16

F 19
(d, a) O 17

Q-Value, Mev

9.234 ± 0.009

8.575 ± 0.006

8.016 ± 0.006

4.948 ± 0.004

-0.280 ± 0.003

2.723 ± 0.004

-3.003 ± 0.002

5.944 ± 0.004

1.309 ± 0.003

-0.627 ± 0.001

10.833 ± 0.007

8.608 ± 0.007

4.961 ± 0.005

7.684 ± 0.006

1.918 ± 0.004

-2.453 ± 0.002

8.124 ± 0.007

10.042 ± 0.007

* From Li, Whaling, Fowler, and Lauritsen (L51) ; see L51 also for

references to original papers. Van Patter and Whaling (V54) give a
much more extensive list.

measurements are not all independent,

the reactions

For example, the Q's for

F19
(p, a) O16

; O16
(d, p) O17. O17

(a, d) F1

should add up to zero as may be seen by repeated application of

Eq. 5a; the actual sum of the unadjusted measured values is

15 ± 14 kev.

Once a suitable set of adjusted Q's has been obtained it is possible

to determine precise atomic masses for the reacting particles in

terms of the assumed mass of 16.00000 mu for O18
, using relations

such as Eq. 5a. The chain used by Li et al. (L51) to evaluate the

proton mass, for example, contains some fourteen Q-values. Table
2 shows a few of the masses that have been determined by these

authors along with mass spectroscopic values. Many masses not

accessible to mass spectrometry can be measured. The agreement

is generally excellent for the lighter nuclei.
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TABLE 2

A Comparison op Atomic Masses Computed from Reaction Data
and Measured in the Mass Spectrometer *

Reaction Data Spectrometer

Nucleus Mass, mu Mass, mu f Difference

H 1 1.008142 ± 3 1.008141 ± 2 -1

H2 2.014735 =fc 6 2.014732 ± 4 -3
He4 4.003873 =fc 15 4.003860 ± 12 -13

C 12 12.003804 ± 17 12.003807 ± 11 +3
N 14 14.007515 ± 11 14.007525 ± 15 + 10

N 16 15.004863 ± 12 15.004928 ± 20 +65
0" 17.004533 ± 7 17.004507 ± 15 -26

18 18.004857 ± 23 18.004875 ± 13 + 18

pl» 19.004456 ± 15 19.004414 ± 17 -42

Ne20 19.998777 ± 21 19.998771 ± 12 -6
Ne21 21.000504 ± 22 21.000393 ± 22 -111

Ne22 21.998358 ± 25 21.998329 ± 19 -29

Si28 27.985767 ± 32 27.985792 ± 32 +25
p31 30.983550 ± 39 30.983622 ± 23 +72
s32 31.982183 ± 42 31.982272 ± 19 +89

* From Li (Li52). The errors and the numbers in the difference column

are in units of lO
-6 mu.

t These data by Ewald (Ew51).

13.4- Center-of-mass coordinates

Experimental observations are most conveniently made with

respect to a frame of reference at rest in the laboratory. On the

theoretical side, however, we have seen that a certain simplicity

results if the nuclear reaction is examined from the point of view

of an observer who is at rest with respect to the center of mass of

the interacting particles.

Table 3 shows readily derived expressions for some of the kinetic

energies of interest in nuclear reactions. Note that while the en-

ergy of particle b in the laboratory system is a function of angle,

it is independent of angle in the center of mass system. Various

interrelations may be verified; items 6, 8, and 9, for example,

must add up to give item 3; items 4 and 6 must add to give item

3. Note that the threshold requirement for endoergic reactions

(Eq. 9) corresponds to equating item 4 to zero.
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TABLE 3

Some Energy Expressions for Nuclear Reactions

Kinetic

Energy of

Coordinate

When System Expression

1.

2.

3.

System
System
System

Before

Before

After

Lab
Cm.
Lab

Ea

Ea(mx/mx + ma)

Q + Ea

4.

5.

6.

7.

System

Center of mass
Center of mass
Particle b

After

Before

After

After

Cm.

Lab
Lab
Lab

\ mb + my/
Ea(mjmx + m„)

Ea(ma/mY + mb)

Eq. 7

g Particle b After Cm.
mb

q + (i
m
; )e.~\

\ mY + mbJ J»r + mb

Q Particle Y After Cm.
my

r i (\
m" }r 1

my + mb \ my + mh) J

As an example let us derive item 2 in Table 3. Let va
' and vx be the

speeds of particles a and X as measured by an observer stationed at the

center of mass. By definition of the center of mass we have

mav a ' - mxvx (12)

We assume that particle X is initially at rest in the laboratory. There-

fore va , the speed of the projectile measured by a laboratory observer, is

just the relative speed of the two particles or

(13)Va = Va' + Vx'

The energy E2 described by item 2 in Table 3 is

Ei = \mava
n + \mxvxn (14)

Eliminating va
' and vx' from this expression by use of Eqs. 12 and 13

leads readily to the expression given in Table 3, noting that Ea is just

Hmava
2

.

The relationship between the angle 8 at which particle b is ob-

served in the laboratory system and the corresponding angle d*

in the center-of-mass system can be shown to be given by (see

S49, p. 99)
sin 6*

tan 8 =
:

(15a)

where

7 =

cos 8* + y

mam bEa

mY(mY + mb)Q + my(mY -f mb — ma)Ea
(156)
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Figure 4 shows a plot of 0* versus for various values of the param-

eter y. Note that for the special cases of y = 1 and 7 = 0, Eq. 15

reduces to
0* = 20 and 0* = (16)

respectively. The first case is that for elastic neutron-proton

scattering (Eq. 15, Chapter 3) ; the second case corresponds to a

180°

Fig. 4. A plot of 6 vs. 0*. See Eq. 15.

target nucleus so massive that the center-of-mass frame and the

laboratory frame are substantially identical.

An additional quantity of interest which has different values in the

laboratory and the center-of-mass reference frames is the solid angle.

Suppose that a laboratory experimenter is observing the emerging par-

ticles that lie between two cones whose elements make angles of and

+ dd with the projectile axis and whose common apex is at the target

position. The solid angle is dfl = 2ir sin dd. A center-of-mass observer
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would see these same particles filling the region extending from 6* to

6* to 6* + dB* where 6 and 6* are related by Eq. 15. The solid angle

corresponding to dQ, is dtt* = 2ir sin d* dd*. The relationship between dQ,

and d£l* may be shown to be, using Eq. 15,

dil = 1+7 cos 6*

(1 +27cos0* + 72
)

-,<m* (17)

13.5" Coulomb scattering

The most important nuclear scattering experiment historically

is that of alpha particles from heavy nuclei. In 1909, Geiger and
Marsden found that alpha particles, allowed to fall on foils of

dense materials, are sometimes deflected through very large angles

(>90°). In 1911, Rutherford pointed out that this large-angle

scattering could be understood if the positive charge of the atom
was concentrated in a very tiny core or nucleus. If the positive

charge of the atom were spread uniformly throughout the volume
of the atom (as had previously been supposed) the force on the

alpha particle would never be great enough to deflect it through

a large angle; see problem 17. In 1913, Geiger and Marsden
(Gel3) reported a long series of scattering experiments which
verified Rutherford's theory and established the nuclear model of

the atom.

In Geiger and Marsden's experiments, the atomic number of

the target was so high and the energy of the alpha particle so low

that the projectiles, classically, never

got through the repulsive Coulomb
barrier; they never came within range

of the specifically nuclear forces. This

kind of scattering is called Coulomb or

Rutherford scattering. In all experi-

ments in which there are charged

targets and projectiles, such scattering

is present, superimposed on whatever

specifically nuclear scattering may
occur.

Figure 5 shows the apparatus of

Geiger and Marsden. There is a colli-

mated source of alpha particles R, a

thin scattering foil F, and a fluorescent

The axis of viewing microscope M can be

Fig. 5. The apparatus used

by Geiger and Marsden for

alpha-particle scattering

studies.

scintillation detector S.
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rotated about the foil by means of ground conical joint C. The

scattering chamber was evacuated through tube T. The foil is so

thin that the chance for an alpha particle to be deflected more than

once in passing through the foil (multiple scattering) is negligible.

For a gold foil 3 X 10~5 cm thick, a typical value, only 1 part

in 2 X 10
s

of the foil area is "blocked out" by nuclei; single

scattering is sure to take place. Indeed, most incident particles

will not be deflected at all.

We would like to know the relative rates (per unit solid angle)

at which alpha particles are scattered in different directions. There

is symmetry about the axis of the incident alpha particles; there-

fore, measurements in any plane which contains this axis suffice.

The scattering rate per unit solid angle drops off very fast with

<p (Fig. 8); Table 4 shows some data obtained with great effort

TABLE 4

l-Paeticle Scattering from a Silver Foil (Ri

Relative Relative

Scattering Scattering

Rate per Unit Rate per Unit

(p Solid Angle <P Solid Angle

50° 22.2 30° 5,260

35 27.4 22.5 20,300

20 33.0 15 105,400

05 47.3 30 5.3

75 136 22.5 16.6

60 320 15 93.0

45 989 10 508

37.5 1760 7.5 1,710

by visual counting of scintillations on a fluorescent screen. 1 Alphas

from a thin-walled radon tube were scattered by a thin silver foil.

For the lower of the two ranges of angles the effective source

strength was reduced by about 1100 times; this avoids overtaxing

the observer.

Figure 6 shows a typical path for an alpha particle of mass m, charge

Z'e ( = 2e), and initial speed v . The initial direction of the path passes,

when extended, a distance b from a nucleus of charge Ze. This impact

1 With modern techniques, the central features of this pioneer experiment

can be done as a 3-hour student laboratory experiment! See Br48.
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parameter varies from encounter to encounter; it is close to zero for those

few particles that are turned back through <p ~ 180°; it is effectively

infinite for those many particles that pass undeflected through the foil.

Planetary electrons, because of their small mass, do not deflect the alpha

particles measurably. The scattering nucleus is assumed to be so heavy

that it does not move during the scattering event. For every b there is

a definite <p; let us find this relationship.

Fig. 6. The scattering of an alpha particle (Z'e) by a heavy nucleus (Ze).

Applying conservation of energy to the scattering event, we have (neg-

lecting the motion of the heavy nucleus and assuming only Coulomb

forces to act)

imt-o
2 = \rm? + ZZ'e2/R (18)

Here v is the speed at any point whose distance from the heavy nucleus

is R. Clearly v and v are equal both before and after the scattering;

v drops below v during the encounter. For 6 = 0, a head-on collision,

v drops to zero. Putting v = and solving for R leads to the classical

distance of closest approach

#o = 2ZZ'e2/mv 2 (19)

For 5.0-Mev alpha particles and a gold scatterer, Ro turns out to be

46 X 10~13 cm. Equation 1, Chapter 1, gives a radius for Aum of ~9 X
10 ~~13 cm; thus, classically, the alpha particle spends all its time in the

Coulomb force region well outside the range of the specifically nuclear

forces. Equation 18 can be rewritten

va
2 = v

2 + 2ZZ'e2/mR = [R2 + (R6) 2
] + 2ZZ'e2/mR (20)

in which R and Rd are the two mutually perpendicular velocity com-

ponents; they are expressed in polar coordinates with the heavy nucleus

as the origin.
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In an isolated event of the kind we are talking about, the angular mo-

mentum of the alpha particle about the heavy nucleus must remain fixed.

Choosing an axis perpendicular to the plane of Fig. 6 we have

mvob = m(R6)R (21)

or

6 = bva/R2 (22)

also

R = (dR/dd)0 = {dR/ddXWR2
) (23)

Combining Eqs. 20, 22, and 23 leads finally to

I-_L/^Y+J_ + l^f!- (24)
b2 RAdd)^ R*^ mbWR '

This is the differential equation of the path; the time does not appear in

it. The substitution U = \/R simplifies the process of solution. The

path equation turns out to be

R = a/(d cos 0-1) (25)

where

a = 26*/« (26)

and
tf = 1 + 46VK (27)

Equation 25 represents a hyperbola. Its two asymptotes are at

do = ± cos- 1 (1/rf) (28)

The deflection angle ip is

<p = r - 26 (29)

It can be shown readily that

tan (<p/2) = Ro/26 = ZZV/mW (30)

Equation 30 shows, as it must, that <p = for b = °o and that <p = ir

for 6 = 0. The way tp varies with Z, Z', m, and v is also reasonable.

Equation 30, which describes one event, cannot be checked experimen-

tally because we cannot know the individual impact parameters. We
must consider the actual situation in which there are many events.

Figure 7 shows a portion of the scattering foil, of thickness t and nuclear

density p. Let No be the total number of alpha particles that strike the

foil during the experiment. What fraction of these will have impact

parameters < b (will be deflected through an angle > <p)t For the typical

alpha particle of Fig. 7 we need to know whether there is a nucleus in
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the area xfc2 . The number of incident particles for which there is a nu-
cleus in this area is

N - iV (7T&V (31)

since irb
2

is just the cross section for having an angle of scatter greater
than <p. See Eq. 2, Chapter 1. Differentiating gives

dN = 2-TrNoptb db (32)

in which dN is the number of incident particles with impact parameters
between b and b + db (which are scattered through
corresponding angles between <p and <p + dtp).

Evaluating b db from Eq. 30 leads to

dN = irptNoiZZ'e^mvo2
)
2 cot (<p/2) esc2

(<p/2) cUp

(33)

Equation 33 still is not in good form to compare
with experiment. The dN particles are scattered

into the space between two cones (1) whose com-
mon axis is the collimation axis, (2) whose common
apex is the scattering foil, and (3) whose half-angles

are <p and <p + d<p. We need to divide dN by the

solid angle dQ, between these cones if we want some-
thing proportional to what is measured. From
geometrical considerations

d& = 2x sin <p cUp = 4x sin (<p/2) cos (<p/2) dtp (34)

Fig. 7. An alpha

particle strikes the

foil above at point

O. If it is to be
scattered through an
angle > <p there must
be a nucleus inside

the circle of radius 6,

where v and b are

related by Eq. 30.

Only a very tiny

portion of the foil is

shown.

Finally, the number of scattered particles per unit
solid angle as a function of <p is

dN/dQ = N pt(ZZ'e2/2nw 2
)
2 sin-4

fe>/2) (35)

In terms of a differential cross section per unit solid angle, Eq. 35 can be
written as

da-/dQ = (dN/dQ)/Nopt = (ZZ'e^nwo2
)
2 sin-* (<p/2) (36)

Interestingly enough a quantum-mechanical treatment of this problem
yields exactly the same result as we have derived here classically; Planck's
constant h just happens to cancel out of the final result. Figure 8 shows
the data of Table 4; the solid line is computed from Eq. 35. When these
experiments were done, the nuclear charge Ze of the scattering nucleus
was regarded as an adjustable parameter, all other quantities in Eq. 35
being known. The nuclear charges found by this method agreed with
the correct values to within a few per cent.
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Besides the angular dependence, Geiger and Marsden checked Eq. 35

for dependence upon p, t, and vo. Departures from Eq. 35 show that the

scattered particle has come within range of the specific nuclear forces.

For any target such departures are found if the energy of the alpha par-

ticle is high enough.

Scattering angle (lower curve)

5°„ 10° 15° 20° 25° 30°

2 5.0

•14.0

3.0

f 2.0

1.0

3
150"10° 30° 50° 70° 90° 110° 130°

Scattering angle (upper curve)

Fig. 8. A semilogarithmic plot of the scattering data of Table 4. The solid

curves are the theoretical curves, adjusted vertically in each case so as to pass

through the point shown by the double ring.

13.6* The compound nucleus hypothesis

In the preceding section we discussed a nuclear interaction (elas-

tic scattering) in which, because of the low energies involved, the

specific nuclear forces played no role. A knowledge of the Coulomb

potential alone sufficed to explain the results. For reactions in-

volving neutrons, however, or those involving charged particles

under conditions such that the Coulomb barrier may be breached,

some assumption must be made about the specifically nuclear in-

teraction. We consider here one hypothesis, the strong coupling

model of Niels Bohr, based on the comparison of a nucleus to a

liquid drop. We will see that it has considerable success in a

certain range of excitation energies (<30 Mev, say). For very

high energies (>500 Mev, say) the interaction is between the pro-

jectile and the single nucleons of the target; the fact that the

nucleons are bound in a target nucleus makes little difference in

first approximation. On the other hand, for excitation energies

of a few Mev only we can expect the strong coupling model to be

modified in some way that takes account of the fact that the in-
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dividual particle model (shell model) has striking successes in this

energy region.

In the strong coupling model when a projectile enters a nucleus

it becomes subject to strong internal forces. Its energy is dissi-

pated throughout the nucleus and its direction of motion violently

changed; its identity may be said to become lost. Sooner or later

one of the nucleons, or a small group of them, may, by a statistical

fluctuation, find itself at the surface with enough energy to escape.

If this process takes too long the excited nucleus may decay by

gamma emission. A compound nucleus is thus formed, whose

dominant feature is thus its long life. This implies that the mode
of breakup does not depend on the mode of formation. The de-

caying nucleus "forgets" how it was formed.

A compound nucleus, once formed, can decay in a number of

different ways, each with its own intrinsic probability. Often

one process will dominate strongly. If we bombard Na23 with

alpha particles the compound nucleus corresponds to an excited

state of Al27 . It can decay in these ways at least:

Na23 + a -> Al27 *

[Na23 + a

Mg2S + d

Mg26 + p (37)

Al27 + t
Al26 + n

The asterisk indicates that the compound nucleus is not in its

ground state. In each case the residual nucleus can usually be

left in one of its excited states, leading to still more modes of de-

cay.

The excitation energy e delivered to a compound nucleus is

e = Eamx/(mx + ma) + EB (38)

where Ea is the projectile energy in the laboratory system. EB is the

binding energy of particle a in the compound nucleus when the latter is

in its ground state. Thus even a slow neutron (Ea « 0) can produce a

compound nucleus with considerable excitation energy because, for me-

dium mass nuclei, Eb is about 7-8 Mev.
The first term in Eq. 38 is just item 2 in Table 3, which we have al-

ready derived. Since the compound nucleus is always at rest in the

center-of-mass system, this energy at least must be available internally as

excitation energy (i.e., as mass energy). In addition the work done by
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the nuclear forces when the two particles come within range must also be

available internally; this is the second term of Eq. 38. If we desire to

separate the two particles again, for example, an energy equal to Eb
must be supplied from somewhere. In more familiar terms a stone,

attracted to the earth from a great distance by gravity, will collide with

the earth and deliver to it an "excitation energy" just equal to the work

that must be done to remove the stone again to infinity, at, i.e., just

equal to, the "binding energy" of the earth-stone system.

The compound nucleus idea can be expressed formally by the

relation

c{a, b) = <rcPb (e) (39)

where <r(a, b) is the cross section for the complete reaction X (a,

b) Y; <rc is the cross section for the formation of a compound nu-

cleus with excitation energy e by absorbing particle a (with kinetic

energy Ea); Ps(e) is the normalized probability that the nucleus

so formed will decay by emission of b. It is assumed that P&(e)

is independent of the mode of formation of the compound nucleus.

This is the basic hypothesis of the compound nucleus concept.

Consider, for example, the compound nucleus Zn64 * which may
be prepared from the reactions

Cu63 + p -> Zn64 *
(40)

Ni66 + a -» Zn64 *
(41)

The asterisk again indicates that the compound nucleus is in an

excited state; it can decay in at least three ways:

"Zn63 + n

Zn64 * Zn62 + 2n (42)

.Cu62 +p+n
Applying Eq. 39 to the six possible reactions, we can show that

we must have, if the compound nucleus assumption is true:

<r(p, n):c(p, 2n):<r(p, pn) = c(a, n) :<r(a, 2n) :<t{a, pn) (43)

It is assumed that the bombarding energy for each of the reactions

of Eqs. 40 and 41 is adjusted to yield the same excitation energy

for the compound nucleus. Figure 9 shows measurements due to
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Ghoshal (Gh50) which indeed seem to verify Eq. 43; this is strong

support for the compound nucleus idea for the range of excitation

energies involved in Ghoshal's experiment.

120

Energy of protons in Mev

9 13 17 21 25
TT-r

29 33
I

I

I

I

I
I

I

I

I

12 16 20 24 28 32 36 40
Energy of a in Mev

Fig. 9. Experimental cross section for the reactions of Eq. 43. The scales of

alpha energy and proton energy are shifted by 7 Mev to take account of the

fact that an alpha particle must have more energy than a proton (by this

amount) if they are each to produce compound nuclei with the same excitation

energy. See problem 13. From Ghoshal (Gh50).

We now turn our attention to the possibility of calculating cross sec-

tions such as a(a, b), using the strong coupling model. Equation 39 shows

that this involves the separate calculation of the cross section ac for the

formation of the compound nucleus and the probability P&(e) of its decay

by emission of b. We refer to the former problem in Sect. 13.8. To
compute P(,(e) we take advantage of the fact that the probability for

decay of a compound nucleus in a particular way is very closely related
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to the cross section for the formation of the compound nucleus by an

absorption process that is simply a reversal of the decay process. It can

be shown that (BW52)

Pb(e) = ^~~2
(44)

where the k's are wave numbers; o-c ,& is the cross section for formation of

a compound nucleus by the "reverse" reaction b 4- Y; both this quantity

and h must be evaluated for that energy of b that will yield the desired

excitation energy e in the compound nucleus. The term cr c ,„ in the de-

nominator 2 is the cross section for formation by absorption of an arbi-

trary particle n; the sum is taken over all possible modes of decay, in-

cluding emission of 6. The quantity of kn
2 in the denominator and also

<r c,„* must again be evaluated for that energy that will yield desired

excitation energy in the compound nucleus. The denominator is a con-

stant for all modes of decay, i.e., it is independent of the choice of b.

k2 in Eq. 44 is proportional to the square of the momentum; this in turn

is proportional (see Appendix 9, Eq. 3) to the density of states available

for the system. Thus the product ac,bkb
2

is very much like Eq. 41, Chap-

ter 6 in that it contains an intrinsic probability factor (crC|6) and a density

of states expression. This may make the form of Eq. 44 more reasonable.

Thus we see that the calculation of a detailed cross section a(a, b) de-

pends (to the extent that the strong coupling theory is valid) solely upon

olving the problem of calculating ac for various modes of formation and

for various energies. In the next sections we will point out what can be

done along these lines.

13.7* Partial wave analysis of nuclear reactions

Weisskopf and his collaborators (see BW52, Fes54) have made

successful application of this method to nuclear reactions. A
typical reaction involves four particles which suggests a four-body

Schrodinger equation. A great deal can be learned however by

considering only two bodies, the target X and the projectile a.

Our interest in the problem of compound nucleus formation also

suggests this approach. Following Weisskopf et al., we consider

two possibilities: (1) a is elastically scattered from X, and (2) a

reacts with X in such a way as to remove a from the incident beam

by any process other than elastic scattering. Process 1 is described

by an elastic scattering cross section <re i, and process 2 by a so-

2 Actually every possible energy of the emitted particle must be treated as a

separate mode of decay; thus the sum is more than a sum over different kinds

of particles.
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called reaction cross section <rr . The total cross section at is the

sum of these two terms (Eq. 28, Chapter 9).

In the method of partial waves one writes the wave function

describing the incident beam i/v as a sum of terms, each of which

can be identified loosely with a certain range of classical impact

parameters. More precisely, each term has an associated quantum
number I and represents that portion of the incident beam asso-

ciated with angular momentum Vh. It is possible to derive ex-

pressions for Ge i and o> as sums of partial cross sections associated

with the various ^-components of the incident beam (see Appendix

6). The results are

"el = Z ff.u I = °. 1, % 3
>

i

where

and

E
fc2

U-ttl 2
(45)

ir(2l + 1)

I

Vi = &ie
a*

(46)

i

i &

where \i]i\ is simply bi; 8i is phase shift (see Eq. 19, Chapter 3)

of the Ith partial wave as the interaction potential is switched on

and off; and bi is a measure of the extent to which the Zth partial

incident wave is absorbed. The quantity bi ranges from to 1,

with bi = 1 corresponding to no absorption, i.e., to pure elastic

scattering. Note that with 1 = and bi = 1 Eq. 45 reduces to

Eq. 21, Chapter 3, as it must. Note also that oy vanishes for

bi = 1, as we expect, and does not depend on the phase shifts.

This, too, is reasonable because the phase shifts refer to the scat-

tered waves only.

Equations 45 and 47 suggest that there is a relationship be-

tween o> and ae i. It appears most clearly if we consider the par-

tial wave cross sections o>,; and <re i,i- These quantities multiplied

by the quantity /?[= k2/Tr(2l + 1)] are plotted in Fig. 10. All pos-

sible values of these quantities lie in the cross-hatched area. Val-

ues outside this area are not possible. For example, f3<jr ,i cannot
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exceed unity and (3<re i,i cannot exceed 4. Note that Eqs. 45 and
47 cannot be compared directly with experiment because the 5;'s

and the bi's remain as yet undetermined.

Fig. 10. The cross-hatched area shows permissible value for the partial

scattering and absorption cross sections. From Blatt and Weisskopf

(BW52).

Figure 10 shows that it is possible to have a scattering event without

having an absorption but the converse is not possible. This follows be-

cause points on the vertical axis, from to 4, lie in the shaded region

while all points on the horizontal axis lie outside. Blatt and Weisskopf

explain this as follows: the presence of absorption means that the out-

going part of the wave is weakened. Such a weakening can be associated

with the coherent elastic scattering of part of the incoming wave, with a

phase shift of 180°. Thus absorption will always be accompanied by
elastic scattering.
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1 3.8- The "gross-structure" problem

Feshbach, Porter, and Weisskopf (Fes54) have applied the ideas

of the preceding section to the special case of neutrons as pro-

jectiles. They attempted particularly to derive expressions for

<r t as a function of neutron energy and target mass number. They
were able to do so satisfactorily and also to compute cc and to

account for the main features of the variation of elastic neutron

scattering with angle.

From the beginning these authors realized that, for excitation

energies of only a few Mev, the total cross section a t for neutron

irradiation typically shows a number of sharp peaks or resonance

(see Fig. 9, Chapter 9). No regular pattern of these resonances

is so far apparent from nucleus to nucleus, and it is clear that

their general arrangement depends on rather intimate details of

the nuclear structure. We cannot hope, at this stage of develop-

ment, for a theory that would predict all this detail. On the

other hand these resonances are only observed experimentally for

neutron energies «1 Mev and here only by use of rather special

techniques (Sect. 9.13). In this region of excitation energies, the

resonances are typically only a few ev wide. At higher excita-

tion energies, the energy level widths become greater (correspond-

ing to shorter mean lives; see Eq. 55) and the energy level

spacings become smaller. When the two are of the same
order of magnitude sharp resonance peaks in at are no longer

observed.

On the experimental side the conventional transmission ex-

periments, using neutron energies in the Mev range, do not have

good enough energy resolution, even for "good geometry" experi-

ments, to show narrow resonances; smooth curves result. Fesh-

bach, Porter, and Weisskopf are interested in producing a theory

that will fit these smooth curves. Hopefully, only a small num-
ber of parameters should be involved and there should be a fairly

regular variation of the total cross section with the mass number
of the target. This is called the gross-structure problem. That

these workers succeeded is clear from a comparison of Figs, llo

and 116, which show the experimental and theoretical total neu-

tron cross sections for various energies and mass numbers. The
general agreement is striking. We will now discuss their theory

in broad outline.
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In the region of a resonance, the complex phase and amplitude factor

qi of Eqs. 45 and 47 varies rapidly with energy. In the gross-structure

problem we deal with average phase and amplitude factors, where the

averaging is taken over an energy interval wide enough to contain many
resonances but small compared to the energy resolution of the experi-

ment. If we replace i)i by rjj in Eqs. 45 and 47 it is possible to show that

the cross sections so defined are no longer o> and <r ei but something dif-

ferent. In fact they are (see Fes54)

»r.. = i:^^\l-m\* (48)

and

tc = J:^^(1-M)" (49)

crc is just the cross section for compound nucleus formation; ase , the shape

elastic scattering cross section, can be understood by writing the elastic

scattering cross section <je i as a sum of two terms

ael = &se + Cce (50)

where cce is called the compound elastic scattering cross section. The

first term on the right measures the elastic reflection of the neutron wave

from the nuclear surface; the second term measures elastic scattering in

which a neutron is absorbed and later elastically re-emitted. A com-

pound nucleus is formed in this latter process so that a-ce contributes

to <rc . In fact

<Tc = Gr + Cce (51)

From this and Eq. 28, Chapter 9, it follows that

fft=<Te + <?se (52)

It is interesting that the process of using averaged phase and ampli-

tude factors produces cross sections that can be interpreted in this phys-

ically meaningful way.

To compute o- ( from Eqs. 52, 49, and 48 it is necessary to assume a

model of the nucleus on the basis of which calculations of rji can be made.

Feshbach, Porter, and Weisskopf use what has been called the "cloudy

crystal ball" model, previously used at higher energies by Serber. They

assumed a square-well potential with, however, a complex potential within

the well.

V = 7o(l + if) r < R
(53)

V = r > R

where R is the nuclear radius. If the real part only (Fo) existed the cal-

culated cross section would describe reflection of the wave from the nu-
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clear surface, i.e., cxse only. This was the situation for example in our
treatment of n-p scattering in Chapter 3, in which we assumed only a
real potential. The imaginary part (i£V ) describes an absorption of the
incident wave; this corresponds to compound nucleus formation. The
results of Fig. 11 are obtained by assuming r in Eq. 1, Chapter 1, to be
1.45 X 10

-13 cm, V to be 42 Mev and f to be 0.03. This value of f is

said to correspond to an absorption such that a beam of slow neutrons in

nuclear matter is reduced in intensity by 1/e in a distance of 2.4 X 10~12

cm. For comparison, a gold radius is only about M of this distance so

that there is considerable transparency for slow neutrons; the crystal ball

is not very "cloudy." Interestingly enough neutron scattering experi-

ments at somewhat higher energies (14 Mev; see Fe49) reveal very little

transparency; the total cross sections are just the "geometrical" ones and
have been used to determine nuclear radii (see Table 2, Chapter 1).

13.9- Excited nuclear states; resonances

So far we have been discussing situations in which the cross

sections vary smoothly with energy. Let us now consider the in-

dividual resonances which we have previously considered as

smeared out. We treat first the experimental situation.

If a thin target of low mass number is bombarded with pro-

jectiles whose energy is not too great, the emerging reaction prod-

ucts often occur in a set of discrete energies. This is evidence
that nuclei can exist in discrete, excited, quasistationary states,

a situation already familiar from radioactivity. The emission of

monoenergetic gamma-ray groups from a bombarded target and
the presence of sharp absorption maxima and elastic scattering

anomalies as the projectile energy is varied are still further evi-

dence (see Fig. 16). The resonances are associated with compound
nucleus formation as we will see below; thus the elastic scatter-

ing anomaly is attributed to a rapid variation of ace with energy;

cse is expected to vary only slowly with energy.

Figure 12, from the paper of Enge, Buechner, and Sperduto
(E52), shows some emergent proton groups for a fixed projectile

energy in the reaction

Al27 (d, v) Al28

This allows us to study levels in the residual nucleus Al28 . Study
of inelastically scattered deuterons would yield information about
Al27 levels. If the deuteron energy were varied and resonances

observed, we would learn about the levels of the compound nu-
cleus, Si

29
.
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The data of Kg. 12 were taken with the apparatus of Buechner et al.

described earlier for the determination of ground-state Q's. Figure 13

shows the track density for deuterons elastically scattered from the

~i 1

—

t—1°
I |

I
| I I I Ifl if

12 14 16 18 20
'I'M' "I >T ,

25 30 40 50 100 200 oc

Mass of target nucleus,MT

-J 1 i I i I I I
i I I

1.50 1.60 1.70 1.80 1.90

Energy of scattered deuterons, Mev

2.00 2.10

Fig. 13. Mass spectrum of the aluminum-on-Formvar target used by Enge
et al. (E52). It is actually a plot of the distribution in energy of elastically

scattered deuterons. The Al27 peak is reduced in size by a factor of 50 to

facilitate comparison.

target. From the positions of these elastic scattering peaks one can

determine the masses of all nuclei present in the target, using the relation

(problem 14)

mx — mdEei mx + md
Ed (0 = 90°) (54).

where Ed and Ee i are the energies of the incident and the elastically scat-

tered deuterons respectively, mx is the mass of the unknown scatterer

and md is the deuteron mass. With the mass analysis of the target thus

established, some of the peaks in Fig. 12 can be assigned to (d, p) reactions

for some of the target constituents other than aluminum; they have been

identified and labeled.
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Figure 14 shows the excited states of Al28

that result from analysis of Fig. 12. The

level density is relatively great for so light a

nucleus. Work of this excellent precision

requires (1) a well-collimated beam and

emergent-particle observing system so that

6 in Eq. 6 is well defined, and (2) a highly

monoenergetic beam, a thin target, and an

energy-sensitive detecting scheme so that Ea

and Eb of Eq. 6 are well defined. It is also

necessary, of course, to be certain of the

identity of the emergent particles.

If the incident beam energy can be varied

it is possible to study the levels of the com-

pound nucleus. Figure 15 due to Brostrom,

Huus, and Tangen (Bro47) shows the result

of such a study for protons on Al27 . The
ordinate measures the gamma radiation from

the target. The resonance peaks correspond

to the greatly enhanced probability of com-

pound nucleus formation if the energy is

chosen so that the compound nucleus (Si
28

in this case) exists in an excited level.

Figure 16 shows a plot of protons scattered

elastically from Al27 for energies near 985 kev

and also a plot of the gamma radiation from

the target, which is a measure of the absorp-

tion resonance. Clearly the scattering anom-

aly is associated with the absorption anomaly.

Ajzenberg and Lauritsen (Aj52) give an

excellent summary of what is known about

the energy levels of some 45 nuclei up to

A = 23. About 400 levels are reported; for

40 or 50 of these levels not only the energy

but also the spin and/or parity of the excited

nucleus have been determined. At this

Fig. 14. Energy levels in Al28 deduced by Enge,

Buechner, and Sperduto from data such as that of

Fig. 12 (E52).
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35 35

900 1000 1100

Proton energy, kev

1400

Fig. 15. Some resonance peaks that show up when Al27
is bombarded with

protons. The ordinate measures the gamma radiation from the target; the

abscissa is the proton energy in Mev. From Brostrom, Huus, and Tangen
(Bro47).

20

10

42

982 984 986

Proton energy, kev

Fig. 16. The upper curve

shows the elastic scatter-

ing of protons from alumi-

num as a function of pro-

ton energy. The ordinate

is the ratio of the observed

scattering to the scatter-

ing at energies far from

resonance. The lower

curve shows how the

gamma radiation from the

target varies with proton

energy; it is a measure of

the resonance absorption.

Both curves are drawn to

give a best fit, without

regard to theory. From
Bender et al. (Ben49).
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writing new and detailed information about nuclear levels is being

amassed rapidly.

13.10- Nuclear resonances—theory

The existence of nuclear resonances can be interpreted as evi-

dence for at least the partial validity of the compound nucleus

idea. Every resonance level has an energy width T related to its

mean life r by the uncertainty relation

IV « h (55)

Resonances can only be said to exist if the level width is appre-

ciably less than the mean energy interval D between the levels.

Weisskopf (We50) has shown that, assuming uniformly spaced levels,

D is related to the nuclear period T by

DT = h (56)

T is the time required for any given nuclear configuration to reoccur.

Suppose, for example, that the configuration of interest is that which

exists just after the nucleus has absorbed a slow neutron. The nucleus

will not in general re-emit the neutron after time T because the prob-

ability P of passage through the nuclear surface is low; the neutron wave

will instead be reflected back into the nucleus and we will have 3

r = T/P (57)

This implies, from Eqs. 55 and 56

Y/D = P/2ic (58)

so that if P « 1 the requirement for resonances is met. This low surface

transmission probability, which is associated with the large reduction in

kinetic energy experienced by the neutron as it passes through the nuclear

surface, implies a "long" life made up of many nuclear periods; this is

indeed the central feature of the compound nucleus idea.

A theoretical expression giving the shape of a nuclear resonance

absorption line has been given, first by Breit and Wigner (Brei36).

3 The transmission coefficient can be shown to be generally of the order of

Eo/Ei where Ei is the kinetic energy of the neutron inside the well and E„ is

this same quantity outside the well; note that Et » E for relatively low-

energy neutrons.
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It is, for the case in which all spins are assumed zero and for ener-
gies low enough so that the levels are well separated,

a(a, b) = -—— (59)
k
2 (Ea - e )

2 + \t2 ^
Here a (a, b) is the cross section for the reaction X (a, b) Y; k is

the wave number, and T is the "level width" defined from Eq.
55. Ta and r 6 are "partial level widths" defined from

TaTa = ft and T br b = ft (60)

where ra and rb are the mean lifetimes that the compound nucleus
would have if (1) the elastic scattering of a or (2) the emission
of b were the only possible modes of decay. It is clear that

r = r. + r( + £r, (61)
n

where the sum is taken over all possible modes of decay save the
two mentioned. The concept of "width" is not always applica-

ble so that the definition of the T's in terms of a mean life or its

reverse, a decay probability, is generally to be preferred. Ea is the
relative energy of the system a + X, and E is a constant, the

resonance energy. Note that in Eq. 59 a high value of the cross

section for the complete process implies a high value for the emis-
sion probability of b (high T b) and also, as asserted earlier, a high
probability of elastic re-emission (high Va).

Figure 7, Chapter 9, shows Eq. 59 fitted to the experimental
points for the reaction

Cd113
(n, y) Cdlu (62)

with the assumptions

E = 0.176 ev

T = 0.155 ev

<t = 7200 bn

o- is the value assumed by a{a, b) for the condition E = E
;

clearly

(7 = 4wTaT b/k
2 T2

(63)

For reactions involving neutrons with energies < 1000 ev Eq. 59 leads

to the familiar l/v variation for the reaction cross section that is often

observed (Sect. 9.8). If particle b is a gamma ray, for example (the usual
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situation when a slow neutron is absorbed), its energy for medium mass

nuclei may be of the order of several Mev. As Fig. 17 shows, Tb will

not then be very sensitive to the value of Ea , if Ea is restricted to the

small range mentioned. Ta on the other hand—the re-emission prob-

ability for a neutron—depends sensitively upon

Ea because of the general quantum-mechanical ZIUZIZZIZIZ
proportionality of transition probability to the

density of states available for the final system.

In fact the density of states in such a case is

proportional to the square of the momentum

(or the velocity) as shown in Appendix 9. Thus

ra ~»2
(64)

Let us now assume that the first excited level

for the nucleus is so high that in the region of

interest E <K E . Since T can be regarded as

reasonably independent of Ea and since k is

proportional to v it follows readily from Eqs. 59

and 64 that

a(n, y) ~ 1/f (65)

En—^z :

Ey

''

Fig. 17. Hypothetical

levels for a compound
nucleus formed by
neutron capture. Level

widths are not indi-

cated.

A relation similar to Eq. 59 can also be given for the elastic

scattering anomaly which always accompanies the absorption

anomaly. It is (Brei36; BW52) for the case of I = and for

neutrons assumed as a projectile

4x Ta

2(Ea - E ) + iT
+ e

+ikR
, kR (66)

The quantity between the vertical bars is a complex number.

The formula tells us to take the square of its absolute value to

get a real number for ae i. The first term between bars is called

the resonance scattering term; the second is called the potential

scattering term. R is the nuclear radius. A plot of Eq. 66 versus

energy resembles very much the scattering anomaly of Fig. 16.

The potential scattering term in Eq. 66 varies smoothly with

energy; it corresponds to elastic reflection of the incident neutron

wave at the nuclear surface (<rse). The resonance term corre-

sponds to elastic re-emission (<rce). It rises to large values near

Ea = E but is small elsewhere. For Ea < E the two terms

interfere destructively, yielding a low value of ae i- For Ea > E
the interference is constructive.



346 INTRODUCTORY NUCLEAR PHYSICS [Ch. 13

13.11* Deuteron-induced reactions

The deuteron has rather special properties as a projectile be-

cause of the ease with which it can be broken apart during a nu-
clear encounter. For reasons that we will examine later it often

yields high cross sections and is much used in cyclotrons for the

production of radioactive materials. We discuss first a technique

for measuring the cross section <r{a, b) for the reaction X (a, b) Y
as a function of energy. The method, called the stacked-foil

method, can be used if <r(a, b) varies fairly smoothly with energy

and if Y happens to be radioactive.

A stack of thin foil of the target material is placed in a cyclo-

tron beam and bombarded for a certain length of time. Assume
that we know the range-energy relation for the projectile in the

foil material; we can then compute the mean projectile energy at

each foil. After bombardment we measure the activity of each

foil, correcting for decay if that is important. The activity is

proportional to the cross section for the process; because we know
the projectile energy that goes with each foil, we can plot a rela-

tive excitation or yield curve.

The Advantage of the stacked-foil method is the simultaneous

exposure of the foils; the radioactivity lets us make the measure-

ments at leisure. Each foil, except those near the end of the range,

has essentially the same flux of deuterons through it. We do
not need to worry about whether the cyclotron beam current is

constant.

Clarke and Irvine (C44) have measured absolute excitation curves for

the reactions

Br81
(d, p) Br82 and Na28

(d, p) Na24

and a relative curve for

Br79
(d, 2n) Kr79

They used stacked foils of NaBr in the deuteron beam of the MIT cyclo-

tron (14 Mev; ~0.5 juamp). The stacks were made up of about 20 "sand-

wiches," each one consisting of 5 mg/cm 2 of NaBr between sheets of

aluminum 1.7 mg/cm 2 thick. The NaBr was vacuum-evaporated onto

one of the aluminum sheets. The stack was placed inside the target exit

port of the cyclotron and exposed to a collimated deuteron beam for one-

half hour.
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The activities must be separated and counted individually. The kryp-

ton nuclei are formed at random positions in the NaBr matrix; the gas

does not escape, even in the vacuum, until the NaBr is dissolved in

water. Because of this, Clarke and Irvine were able to collect the radio-

krypton from each foil in a small flask. The sodium and bromine frac-

tions were separated chemically. Aliquots of solutions containing these

activities were then absorbed on small disks of filter paper for counting.

To compute the absolute cross sections it is necessary to know the decay

schemes and the absolute efficiencies of the counting setups, among other

things. Figure 18 shows their results.
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Deuteron energy, Mev

Fig. 18. Some reaction cross sections measured by Clarke and Irvine (C44).

Peaslee (P48) has derived a theory for deuteron-induced reac-

tions such as those described in Fig. 18. He assumed as a model

a spherical nucleus of radius r surrounded by a Coulomb barrier.

It is basic to his theory that the deuteron is a rather loosely bound

projectile. He suggests that almost all of the {d, p) reactions go

this way: (1) the deuteron is stretched out radially (polarized)

because the Coulomb field repels the proton part of it but does not

affect the neutron part. (2) The deuteron actually breaks up,

the neutron entering the nucleus and the proton being repelled.

At low deuteron energies the breakup may occur part way through

the barrier; the neutron then coasts in to the nucleus. At high

deuteron energies (greater than the barrier height) we can think

of the polarized deuteron moving toward the nucleus and striking

it, neutron end first. The nucleus "swallows up" the neutron
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and repels the proton. In either event, we must not assume that

every time a neutron strikes a nucleus it will be absorbed; this

will happen only in a fraction f„ of the cases; f„ is the neutron

sticking probability, clearly a semiclassical concept.

This behavior was first postulated by Oppenheimer and Phillips in

1935 for deuteron energies less than the barrier height; it is called an
Oppenheimer-Phillips process.

It was thought earlier that the Oppenheimer-Phillips or stripping proc-

ess would not operate for deuteron energies above the barrier height.

Peaslee has shown that this is not so and that stripping may account for

almost all the effect at all energies (see also Sect. 9.6).

Peaslee has worked out an approximate quantum-mechanical theory

based on his model. He needs to assume only two parameters, a neutron

sticking factor £„ and a nuclear radius. Reasonable fits to curves such

as that of Fig. 18 can be made with reasonable assumptions of £„ and R;
the latter values however are usually up to 50% larger than those given

by Eq. 1, Chapter 1.

Peaslee has also applied this theory to (d, n) reactions. Here again the

deuteron splits apart, but this time the proton is swallowed up and the

neutron expelled. This is readily possible if the deuteron can get through

the barrier. We can imagine that sometimes, in spite of a tendency to

do otherwise, the deuteron will strike the nucleus with its proton end

first. We need to assume a sticking factor £p which tells us what the

chance is that the proton will enter the nucleus. At low energies the

(d, p) reaction will always be more favored than the (d, n) reaction be-

cause of the Coulomb barrier. At high enough energies the barrier is not

important and the ratio of cross sections becomes simply the ratio £n/£j,.

Butler has constructed a more detailed theory of deuteron-in-

duced reactions (But51). It predicts not only cross sections but

also the angular distribution of the emitted (i.e., stripped) proton or

neutron. His theory for this angular distribution contains as a

parameter a quantity I which, when multiplied by %, is meant to

be the angular momentum that the absorbed nucleon has inside

the target nucleus. Shell theory predicts that nucleons will move
in orbits with particular Z-values so that the possibility of compar-

ing these two theories exists.

Figure 19 shows some experimental angular distributions taken

by Fulbright and co-workers (F52) for the reaction Be9
id, p) Be10

.

A "Butler curve" for I = 1 is shown. Butler's theory has proved

of vast usefulness in making such Z-assignments and in testing
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20 40 60 80 100 120

Center-of-mass angle, degrees— 140 160

Fig. 19. Angular distribution of protons from Be9 (d, p) Be
10

,
due to Fulbright,

Bruner, Bromley, and Goldman (F52). The solid curve represents Butler's

theory for I = 1 for a deuteron energy of 3.6 Mev and an assumed nuclear

radius of 4.5 X 10~13 cm.

shell theory. The experimental fits are not always as good as

shown in Fig. 19, and it seems clear that there is room for possible

modification of this theory to include more detailed effects.

PROBLEMS

1. Derive Eq. 6.

2. Verify Eqs. 8, 9 and 10.

3. In Table 1, search for closed cycles, i.e., groups of reactions whose Q's

add to zero.

4. Derive all of the energy expressions in Table 3.
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5. Make a plot similar to Fig. 2 for the exoergic reaction Be9
(d, t) Be8 for

which Q = 4.597 ± 0.013 Mev.
6. R. R. Wilson and co-workers have reported the following data for the

differential scattering cross section for 14.5-Mev protons on protons.

da/dQ,

6 (10-
" 6 cm2/steradian)

20° 4.6

24 3.1

28 3.6

36 3.0

90 3.34

Both of these quantities are in the center-of-mass system; express both in the
laboratory system.

7. In Eq. 15b, prove that n-p (elastic) scattering corresponds to y = 1.

8. Show that Eq. 45 reduces to Eq. 21, Chapter 3, for the case I = and
6; = 1.

9. An elastically scattered wave is coherent with the incident wave, i.e., it

bears a definite phase relation to its outgoing part. Equation 50 suggests that
some elastic scattering processes proceed by elastic re-emission from a com-
pound nucleus. How can the scattered wave be coherent with the incident
wave in such cases, in view of the extended and uncertain interval between
the act of absorption and that of re-emission? Use the uncertainty principle
in the form of Eq. 10, Chapter 2.

10. What are the compound and the residual nuclei in the reaction
Al 27

(a, p)? If the alpha energy, in the laboratory system, is 6.0 Mev, what is

the excitation energy of the compound nucleus?
11. According to Clarke and Irvine the thin-target yield for the reaction

Na23
(d, p) Na24 for 7.0-Mev deuterons is 0.44 bn. If a sodium target is

5 mg/cm2 thick, what fraction of incident 7.0-Mev deuterons interact to form
Na24

?

12. Prom the excitation curve of Fig. 18 compute roughly the thick-target
yield for Na24 production for 14-Mev deuterons incident on a thick NaBr
target. Express in millieuries per microampere hour for an assumed infinite

bombardment.
13. Prove that the energy scales in Fig. 9 should be displaced by about

7 Mev, if the assumed compound nuclei are to be compared on the basis of
the same excitation energy.

14. Derive Eq. 54.

15. Geiger and Marsden, in one of their experiments, bombarded a gold foil

with 5.40-Mev alpha particles. What is the classical distance of closest ap-
proach? What deflection is experienced if the impact parameter just equals
this distance of closest approach?

16. In the above problem, is it possible to calculate the fraction of the inci-

dent particles scattered through an angle greater than any given angle, say
90°? Make any reasonable assumptions.
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17. A 5-Mev alpha particle makes a head-on approach toward a resting

gold atom. Plot the force as a function of distance on the assumption that

the positive charge is (a) distributed uniformly through a sphere of radius
10~8 cm, and (6) confined to a nucleus of radius given by Eq. 1, Chapter 1.

18. In the reaction of Eq. 62 what relative values for ra and T;, follow from
the constants assumed in Eq. 59? Assume that elastic neutron scattering or

gamma emission are the only possible processes.

19. In Eq. 59 show that r is the half-width of the resonance curve.



14* Nuclear Fission

14.1 • Introduction

The word fission (M39) was borrowed from the biologists to

describe the splitting of a heavy nucleus into two roughly equal

parts. Fission of heavy nuclei, like alpha emission, is exothermic

because of the increasing mutual repulsion of the protons with

increasing Z. For a given A, there is a limiting value of Z
above which fission will occur spontaneously. For A = 240,

it is ~110.

The first fission process to be discovered was that which occurs

when uranium is bombarded with neutrons. With thermal neu-

trons, the effect is due entirely to IT
235

, which constitutes only 1

atom in 139 of normal uranium, most of the rest being U238
. The

fission is that of the compound nucleus U236 which is formed

when TJ
235 absorbs a thermal neutron. The cross section is about

550 bn for thermal neutrons (XX51). Hahn and Strassmann

(H39) working at the Kaiser-Wilhelm Institute in Berlin were able

to show by exhaustive tests that barium (Z = 55) is formed in

solutions of uranium compounds that are irradiated with slow

neutrons. This led them to the concept of fission as an explana-

tion. Fission has been observed for many nuclei with A > 200.

It has been induced by neutrons, photons, electrons, mesons, pro-

tons, deuterons, and alpha particles.

14.2* The fission process

Consider this fission process

U235 + n -* [U236 ]
-> X + Y (1)

where n is a slow neutron and X and Y are the primary fission

fragments. Conservation of Z and A are not enough to deter-

mine X and Y uniquely; they only serve to identify Y when X
is known, and vice versa. Figure 1 shows the statistical nature

352
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of the fission process. It shows the distribution with mass num-
ber of the primary fission fragments that are found when U235

is bombarded with thermal neutrons. We see that symmetrical

fission (A = 118) is rare; it happens in only about 0.01% of the

cases. The most common occurrence is a splitting into two

100 120 140

Mass number

Fig. 1. The distribution of fission fragments by mass number resulting from

the bombardment of U236 by thermal neutrons. Note that the vertical scale

is logarithmic.

fragments with mass numbers ~96 and ~140. This asymmetry

seems to be a magic number effect, in that the fragments possess

closed shells of 82 and 50 neutrons respectively (Me52). The
curve of Fig. 1 must be symmetrical about its central minimum;
for every heavy fragment there is a corresponding light fragment

with the same percentage abundance.

It is impossible for both primary fragments to be stable. For

symmetrical fission, for example, both primary fragments will lie

somewhere on the sloping line of Fig. 2 marked "A = 118." We
need only to specify their atomic numbers. If we choose one to

be on the stability line (say 50Sn
118

), the other must be 42Mo118
,
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150

55
^- 100

50

which is quite far removed from the stability line. The heaviest

stable molybdenum isotope is, in fact, Mo100
. If we choose both

fragments to have the same atomic number as well as the same
mass number, they will be 46Pd

118
. This hypothetical nucleus

would be unstable.

The primary fragments are unstable because they contain too

many neutrons for their size. These neutrons were needed for

stability in the parent nucleus

because of Coulomb effects; the

combined Coulomb energy of the

fragments, however, is only about

one-third of that of the original

nucleus, so that the extra neu-

trons are not needed. The in-

stability of the fragments is thus

connected with the departure of

the locus of stable nuclei from

the straight line N = Z.

Consider two possible frag-

ments, Y95 and I
141

, both un-

stable (the single stable isotopes

for these elements are Y89 and

I
127

). These primary fragments

must decay in chainlike sequences

before a stable product is reached.

A few neutrons (~2.5/fission for

U235
) are emitted from the primary fragments after fission has

occurred. Most of them (>99%) are emitted within possibly
10~~13 sec and are called the prompt neutrons.

A small number of delayed neutrons are also emitted from the

fragments, with half-lives of the order of seconds. In a reactor,

delayed neutrons are convenient in that, by their very delays,

they prevent too-rapid changes in neutron density when the con-

dition of operation is close to critical; they increase the "time

constant" of the reactor. Hughes and his co-workers (Hu48) at

the Argonne National Laboratory have studied these delayed neu-

trons by: (1) bombarding a U235-enriched sample in the reactor

for a convenient "long" time; (2) transferring the sample in a

fraction of a second, by means of a pneumatic "rabbit" moving

in a pipe, to a remote, well-shielded neutron counter; (3) record-

1

(j236s

\Pdn8

. Mon«V!
Snll8
3

Mo100 /(r~

r l ..i ,
,

50

Atomic number.Z

100

Fig. 2. Some possible fission frag-

ments; see text.
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ing the neutron counts as a function of time; and (4) analyzing

the complex decay curves so obtained.

The primary fission fragments fall largely in the negatron-

emitter region of the nuclear chart. Negatron emission is a sec-

ond way of getting rid of neutrons, namely, by changing them into

protons. About 50 negatron emission chains have been observed;

one of the longest is

Xe143 -» Cs143 -» Ba143 -» La143 ->

Ce143 -» Pr143
-»• Nd143

(stable)

The primary fragments and the descendants of such fragments

are called fission products. There are more than 200 of them.

The fission yield plotted in Fig. 1 applies to a particular nega-

tron-emitting chain, all members of which have the mass number

shown on the abscissa. If No fission processes occur there will

be 2N decay chains; if we find that a particular chain occurs

tia times in our sample, the fission yield yA for this chain is

yA = WkiA/N (2)

With this definition it is clear that

Zju = (100/iVo)2n4 = (100/JV )2iVo = 200% (3)

The sums are to be taken over all mass numbers. The sum ~LyA
can be found from the smooth curve of Fig. 1; it proves to be

197%. The fission yields are usually measured by observing a

particular convenient radionucleus near the end of the chain.

14.3* Energy released in fission

A rather large amount of energy is released in the fission process

itself; a further smaller amount is released in the decay of the

primary fragments. If the fission occurs in free space, the total

energy release appears as the kinetic energy of the electrons,

photons, neutrinos, and neutrons emitted by the fragments and

of the residual fragments themselves. If the fission occurs in a

large absorber the total energy release, except for that associated

with neutrinos, eventually appears as heat in the absorber.

To get an order of magnitude for the fission energy release, let

us consider that nuclei with mass numbers near 240 have mean
binding energies of about 7.6 Mev/nucleon. The residual frag-
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ments, however (assume symmetrical fission and neglect neutron

emission), have mean binding energies of about 8.5 Mev/nueleon.
The total energy release is

E t « 2 X 120 X 8.5 - 240 X 7.6

« 220 Mev (4)

About 85% of this appears as kinetic energy of the fragments.

The exact primary energy release depends on the identity of the

primary fragments and, for thermal fission of U235
, can vary from

~120 to ~180 Mev. Note that this is only ~0.1% of the energy

available as mass in the heavy nucleus. Note also that from the

shape of the binding energy curve (Sect. 11.1) energy can be re-

leased if light nuclei are fused to form nuclei of medium mass.

Many workers have measured the kinetic energies of the pri-

mary fragments. Figure 3 shows some results of Fowler and

1600

f 1200

800

400

70 80
Energy, Mev

110

Fig. 3. An energy spectrum of the fission fragments that result when U235
is

bombarded with slow neutrons. From Fowler and Rosen (Fo47).

Rosen (Fo47) at Los Alamos. The curve shows how the individ-

ual fragments from the slow neutron fission of U235
are distributed

in energy. There are two broad peaks. Conservation of momen-
tum shows that the higher-energy peak goes with the lighter

fragment. If the two peaks were completely separate we would

expect the areas under them to be equal since each light fragment

in the high-energy peak would have a heavier partner in the low-

energy peak. The areas are indeed equal to about 4%, making

some reasonable assumption for the course of the curves in the

small overlap region.
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Fowler and Rosen made their measurements with an argon-

filled ionization chamber, using a linear amplifier with electron

collection. Fragments of different energies produce pulses of dif-

ferent heights, and these were sorted and counted by a ten-channel

electronic discriminator recorder. The chamber was calibrated

by alpha pulses of known energy. It is necessary to assume that

the energy required to make an ion pair in argon is the same for

alpha particles and for fission fragments.

Brunton and Hanna (Bru49) have measured primary fragment energies

with a "back-to-back" double ionization chamber; the source was mounted

^30' / 35 1 '40\ '45T 50 55 |60 " (65 70/111 Energy of heavy fragment, Mev

169 167 164 162 160 157 155 152 149 145 142 138 133

67 69 72 74 76 79 81 84 87 91 94 98 103

129

107

124

112

118 Mass of heavy fragment,MH
Mass of light fragment, ML

Fig. 4. Fragment energy contours for the fission fragments that result from
the bombardment of TJ

235 with slow neutrons. From Brunton and Hanna
(Bru49).

on the common cathode. Pulses whose energies fell into a chosen 5-Mev
range were selected electronically in one of the chambers ; the distribution

in energy of the coincident pulses was studied in the other. This coin-

cidence method gives much more information than is possible in experi-

ments of the sort shown in Fig. 3. Figure 4 shows the results for TJ235

thermal fission. The ordinate and abscissa are energies of coincident

light and the heavy fragments respectively; the solid lines at 45° are total

primary energy loci; the sloping dashed lines are loci of constant energy
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ratio for coincident pulses. The contour lines are labeled in terms of

relative probabilities.

To work backwards to the original data of Brunton and Hanna we
move vertically up a particular abscissa and plot a bell-shaped curve

from successive intersections with the contour lines. Alternatively we
move horizontally across a particular ordinate and plot a similar curve.

jNote that fixing the energy of the heavy fragment does not fix its mass.

We must further specify the energy of the coincident light fragment;

Tboth masses are then fixed.

Let us assume that a nucleus of mass number A and atomic

number Z splits into two identical fragments. The primary en-

ergy release is

Ef = [MAiZ - 2MAI2 ,zl2]c
2

(5)

Figure 5 shows a plot of Ef against A for nuclei that fall on the

stability curve of Fig. 2, Chapter 1. Ef was computed from the

200

150 -

£100

50-

1 1 1 I y

- -

-^1 A i i i

50 100 150 200
Mass number, A

250 300

Fig. 5. The curve marked Ef is the fragment energy that can be released if

a nucleus of mass number A undergoes symmetrical fission. The curve

marked Eb is a measure of the fission barrier; it is approximated from Bohr

and Wheeler's theory.

semiempirical mass equation of Sect. 11.7. For all nuclei with

A > 85 we see that symmetrical fission is exothermic.

Why do not all nuclei with A > 85 break up spontaneously?

The answer is this: if A is large enough, such breakup will indeed

occur. Between A « 85, however, and this spontaneous fission

threshold (A « 250) there is a potential barrier high enough to

effectively prevent spontaneous fission. We remember that it is

just such a barrier that accounts for the long lives associated with

alpha decay.



Sect. 4] NUCLEAR FISSION 359

6?
— o

*\
1

63 _^-" tA 1

Q> c /7\!C
Q)

"ra
y 1 i\

J3 rf/ • \a> / 1 \
2 r ! \

/ 1 \*^

t 1

To visualize the fission barrier let us take two symmetrical

fragments, assumed spherical, and hold them with their centers

a distance R apart. When R is large compared to nuclear dimen-

sions we will assign the value zero to their mutual potential energy

Ep . As we bring them together, Ep will increase as -ff

-1
, accord-

ing to Coulomb's law. This behavior will continue until the frag-

ments are in contact. Let us continue to decrease R until the

fragments have somehow merged together to form the original

nucleus. How will Ev vary

with R during this stage? Fig-

ure 6 shows several possibili-

ties. For all curves, the value

of Ep at R = is just what we

have previously called Ef.

It is clear that for curves

such as a spontaneous fission

will occur and the nucleus will

not occur in nature. Curve b

corresponds to the threshold

for spontaneous symmetrical

fission (A « 250). For A ~ 85

the curve must pass through

the origin of coordinates be-

cause the fission energy release here is zero. For all curves

that lie below b, an excitation energy is called for; it is equal to

the difference between Ef and the maximum barrier height Eb .

Ej, is also shown in Fig. 5. The difference between the two curves

of Fig. 5 is then the activation energy needed for symmetrical

fission. If Eb — Ef is positive but relatively small, spontaneous

fission can still occur because of the quantum-mechanical tunnel

effect. For U235
, for example, there is about one spontaneous

fission per hour for a gram of material, corresponding to a mean

life of ~3 X 1021 yr (S52).

14.4- Liquid drop model applied to fission

Bohr and Wheeler (B39) and, independently, Frenkel (F39)

worked out a theory for the fission process based on the liquid

drop model. They were able to compute, among other quantities,

the activation energy needed for the symmetrical fission of vari-

ous nuclei. Meitner and Frisch (M39) first pointed out that this

Separation of fragments, JJ

Fig. 6. Possible curves for the vari-

ation of potential energy of two fission

fragments with separation.
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model is applicable to the fission process. It is known that a

liquid drop can be made to break up if mechanical vibrations of

large enough amplitude can be set up in it. The energy associ-

ated with these vibrations is the analog of the activation energy

of the preceding section. For nuclei, excitation energy is supplied

by the absorbed neutron. It remains only to decide whether the

excitation energy supplied is less than, equal to, or greater than

the activation energy required for fission.

Consider a spherical nucleus (A, Z) with radius r. We can

write, for that part of its total energy that will be changed by
shape distortions

E = Att% + 3(Ze) 2/5r

= 4irr
2AHO + 3(Ze) 2/5r AH (6)

The first term on the right is the surface energy, being the sur-

face tension coefficient of Eq. 2, Chapter 11; the second term is

the Coulomb energy, a volume effect. For A < 250 the nucleus

will be stable against spontaneous symmetrical fission. In terms of

our model, if we distort the spherical nucleus a small amount it

will tend to return toward its spherical shape. The nucleus is

stable against small amplitude oscillations because the excitation

energy associated with these oscillations is less than the activa-

tion energy needed for fission. If the nucleus is stable against

small shape distortions it must mean that all such distortions tend

to increase E.

If we increase the oscillation amplitude enough, fission can oc-

cur. If this happens, it means that E must have passed through

a maximum and then decreased; i.e., we must have surmounted

a fission barrier. This maximum value of E will depend upon
just what kind of a deformation we produce; for a particular way
of distorting the nucleus the maximum value of E will be smaller

than for any other way. This smallest maximum is what we mean
by the fission barrier; the shape of the nucleus when E has this

value is called the critical shape. It is a configuration of unstable

equilibrium. If the distortion is reduced a trifle, the nucleus

moves back toward its original shape ; if the distortion is increased

a trifle, fission occurs.

For a given Z and A value, we would like to know what the critical

shape and the barrier height are. Let us consider some special cases.
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The first is a nucleus whose Z and A are such that it is, as it stands, at

the threshold for spontaneous fission. Here the critical shape is just the

original sphere. We need a way of describing small deformations of this

sphere; a series of Legendre polynomials with arbitrary coefficients is

suitable for the purpose. We assume that the distortions are symmetrical

about some axis through the center of the nucleus. We can then de-

scribe the shape of the distorted surface by using two coordinates only,

r and 6 (Fig. 7), or

r = R[l + a2P2(cos0) + a3P3(cos0) -\ ] (7)

The a's are small numbers that determine the amount of distortion—they

are distortion parameters; the

P's are Legendre polynomials.

For a2 — a 3 = an = we have

an undistorted sphere (r = R).

The next step is to find a new
energy expression to replace Fra - 7 - The kinds of deformations that

Eq 6 which holds only for can ^ described by, successively, the

spheres. To evaluate the first
second

-

third
-

»nd fourth terms of E(l- 7 -

i i. i c j xu In each case there is symmetry of revolu-
term we have to find the area ,. , , ,, , .

J
. . , .

„ , ,. , , , „ , tion about the horizontal axes shown. A
of the distorted surface and

generalized 8vmmetrical deformation can
multiply by 0. To evaluate be described by adding various terms of

the second term we have to this sort. From Bohr and Wheeler (B39).

add up the mutual Coulomb

energy of all pairs of charge elements contained within the distorted sur-

face. According to Bohr and Wheeler the result of this calculation is

E = 47rr«M^O[l + 2a2
2/5 -|- 5a3

2
/7 + • • •]

+ [3Z2e2/5roA^][l - a2
2/5 - 10a3

2/49
] (8)

We see that a distortion of any kind increases the surface energy; this

must be so because any distortion of a sphere increases its area. On
the other hand an arbitrary distortion reduces the Coulomb energy be-

cause the centers of charge of the two "halves" move farther apart.

Let us consider only small distortions from a spherical shape, and let

us assume that we can represent them by one distortion parameter only,

a2 , all the others being zero. If the critical shape is to be the original

sphere we must have

(dE/dai) =

which simply says that the energy does not change if we make a small

distortion (Fig. 6, curve b). Applied to Eq. 8 this leads to

(Z'/A) lim = 10(4ir;-3)r 3O/e2
(9)
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This tells us what the relation between Z and A must be if the critical

shape is to be spherical. If we put r = 1.5 X 10~13 cm and 4wr 2O = 13
Mev we find

(Z2/A) lim « 45 (10)

All nuclei with (Z2/A) greater than this value are unstable against spon-
taneous fission. For 92 L

T236
this ratio is 36, so that this nucleus, as we

know, will not break up spontaneously (neglecting the possibility of bar-
rier tunneling)

.

Let us return to the general case of a non-spherical critical shape. We
are not interested so much in knowing the shape as in knowing the amount
of energy that we have to expend to go from the spherical shape to the
critical one. This is just the activation energy Eac . From what we have
said above, it is clearly zero for (Z2/A) = (Z2/A) lim . Bohr and Wheeler
show that, in general,

Eac = (47rr„
20^)/[(Z2M)/(Z2M) lin (11)

100

50

10

0.5

0.1

where / is some function of the indicated ratio. We will call this ratio x.

It is our aim to find f(x). Near
uranium, x is about 0.80. We
already know that /(l) = 0.

We will content ourselves with

working out one more special

case and then quoting the re-

sults of more extensive calcu-

lations.

Let us find /(0). This means
a nucleus jwith Z = 0, which in

turn means that there is no
Coulomb energy. For such a
nucleus the critical shape is that

of two spheres in contact, their

combined volumes being equal

to that of the original sphere.

We can see that this is the criti-

cal shape by applying small test

distortions in both directions.

If we push the spheres together

the total surface area goes down
as they coalesce; this means that

the potential energy drops, so

that the coalescing process will

continue of its own accord. If we push the spheres apart, there will be

no forces acting on them (Z — 0) and fission will have occurred. We
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Fig. 8. Fission activation energies for

nuclei near uranium. The numbers on

the curves are atomic numbers. From
Frankel and Metropolis (Fr47).
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can easily compute the activation energy required to reach this critical

shape; it is

Eac = 2(4Trr U^O2-^) - 4irrQ
2A^O

= 0.259 X ivrJOA* (12)

Equation 11 then gives /(0) = 0.259.

Bohr and Wheeler were able, with a little more difficulty, to find fix)

for two other special cases: (1) critical shapes close to spherical, and (2)

critical shapes close to two spheres in contact. By interpolation they

were able to draw in a reasonable curve for f{x) from x = to x = 1.

Other workers have improved the calculations of the activation

function f{x) ; Frankel and Metropolis (Fr47) have applied the elec-

tronic calculator known as the Eniac to this problem. Once f(x)

is known, we can find Eac from Eq. 11. Figure 8 shows Eac as a

function of Z and A for heavy nuclei.

14.5' Test for fissionability

Why is U235 fissionable by thermal neutrons while U238
is not?

From Fig. 8 we can learn the activation energies. For U236
it

is 6.8 Mev; for U239
it is 7.1 Mev. The next question is: what

excitation energy does the absorbed slow neutron supply in each

case; is it larger or smaller than the needed activation energy?

The excitation energy is just the binding energy of the neutron

in the compound nucleus in its ground state. (See Eq. 38, Chap-

ter 13, for the case of Ea = 0.) We can find this from our em-

pirical mass formula which leads to

Nucleus Mass

U235 235.11392 mu
n 1.00893

U235 + n 236.12285

U236 236.11559

0.00726 mu

The difference 0.00726 mu, multiplied by c
2

,
gives 6.8 Mev as

the excitation energy of the U236 compound nucleus. This is

just equal to the required activation energy, and so fission can

occur. The excitation energy of a neutron in U239
is only 5.3
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Mev; this is not enough to cause fission, because the activation

energy is 7.1 Mev.
The difference in excitation energies for the above two cases

is largely due to the odd-even term 8 in the mass formula. U236

is an even-even nucleus and thus is relatively stable. U239
is

an odd-even nucleus and has less reluctance to part with the extra

neutron which keeps it out of the even-even class. Pu239
is also

readily fissionable by thermal neutrons; here again the compound
nucleus is of the even-even type.

14.6- Theory of reactors (F47)

The fact that 2.5 neutrons, on the average, are released when
one thermal neutron is absorbed in TJ

235
fission suggests that a

self-sustaining or a chain reaction might be set up. We will first

assume that only normal uranium (Tj
238/U235 = 139) is available

as a fuel. Let us also assume for the time being that the reactor

is infinitely large. This will allow us to neglect surface effects such

as neutron leakage.

Let us fix our attention on a certain number, say 100, of thermal

neutrons that afe absorbed by the uranium fuel. Most of these

will induce fission processes and will thus produce a certain num-
ber of "new" neutrons with mean energies of several Mev. Since

the fission cross section of normal uranium at these energies is

<1 bn, it would seem best to reduce the speeds of these neutrons

to take advantage of the large TJ
235

fission cross section at thermal

energies (550 bn). This can be done by allowing the neutrons to

have elastic collisions with light nuclei such as carbon introduced

into the reactor for the purpose. Some neutrons are bound to be

absorbed in non-fission processes during the slowing down or

moderating process. Of those that reach thermal speeds only a

certain fraction will be absorbed in the uranium, thus completing

one cycle. If the reaction is to just sustain itself, we must have

100 "second-generation" neutrons absorbed in the uranium, thus

exactly replacing the original hundred. We define an (infinite

size) reproduction factor kx as the ratio of the number of thermal

neutrons absorbed in the uranium for successive cycles. For a

chain reaction we must have kx > 1.

To consider the chain reaction in more detail let us write kx

as the product of four quantities

K = ytpf (13)
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The first of these, 17, is the average number of neutrons produced

when one thermal neutron is absorbed in the uranium. It is not

2.5 because a thermal neutron might also be absorbed by an (n,

7) process in either U235 or U238
. For 100 thermal neutrons ab-

sorbed, the cross sections are such that only about 53 produce

U235
fission. Thus

v = 2.5 X 0.53 = 1.3 (14)

Although the cross sections are low, a few of these 130 fast neu-

trons may produce still more neutrons by fission at high energies.

The fast fission factor e in Eq, 13 describes this effect. A typical

value for reactors of the type we are discussing is about 1.03.

Thus we now have ~134 fast neutrons ready to start their slow-

ing down process. A neutron loses only ~2% of its energy in a

head-on elastic collision with a uranium nucleus. Thus a lighter

material is added to the uranium to serve as a more efficient mod-

erator. We will assume graphite for which the corresponding

energy loss is ~28%.
A difficulty arises because the cross section for non-fission cap-

ture by U238
(n, 7) process has a number of strong resonance peaks

somewhat above thermal energies. The neutrons have to pass

through this resonance region while slowing down and are very

likely to be absorbed. The resonance escape probability p in Eq.

13 is defined as the probability that a fast neutron will indeed

avoid resonance capture and will reach thermal speeds. If the

graphite and uranium are powdered and intimately mixed p turns

out to be so small that there is no hope of having kx = 1. The

trouble is that when a neutron has the right energy for resonance

capture it never has far to go to find a U238 nucleus.

If the uranium is lumped in a graphite matrix, however, p can

become, in a typical case, 0.90 so that 121 neutrons succeed in

becoming thermalized. The effect of "lumping" is this: the fast

neutrons escape from the lumps before they have been slowed down

much. They typically pass through the resonance energy zone in

the graphite, where no U238
is available. After moderation they

can wander back into the lumps as thermal neutrons and cause

fission. An equivalent viewpoint is this: a resonance-energy neu-

tron in the moderator cannot really "see" much U238
. The reso-

nance cross sections are so high that if it wanders into a lump it

will very likely be absorbed in the outer layers. Thus, as far as
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resonance absorption is concerned, the cores of the lumps are

more or less screened and might as well not be present. The
screening is not nearly so effective for thermal neutrons which can
"see" a larger fraction of the uranium.

Of the 121 neutrons that have now arrived at thermal speeds,

not all can hope to be absorbed by uranium nuclei. Some will

be absorbed by the graphite or by necessary structural materials

in the reactor. A thermal utilization factor f of about 0.9 is a pos-

sible value, however. This means that 109 thermal neutrons will

be absorbed in uranium, thus more than replacing the 100 origi-

nal neutrons. kx will be 1.09 and the reaction will "go." An
actual reactor cannot be of infinite size, however. The 9% neu-

tron surplus can then be viewed as an allowance for surface leak-

age from a reactor of finite size. Since leakage is a surface effect

and neutron production a volume effect there will always be a
certain critical size below which the surface/volume ratio will be
so great that leakage prevents the reaction from going.

The design of a reactor of the type we have described presents

many problems. If the uranium lumps are too small, e and /
will be too low; if they are too large, p will be too low. In prac-

tice one designs for k > 1 and then regulates to k = 1 by intro-

ducing a neutron-absorbing control rod. Much effort has been

spent in calculating the optimum geometrical arrangement of the

uranium in the moderator. The first reactor, which was of the

type described, was put into operation on December 2, 1942, at

the University of Chicago by Fermi and his collaborators.

14.7* Reactors and their uses

If uranium that has been enriched in the readily fissionable

U235
is used instead of normal uranium a chain reaction is much

easier to obtain. The need for lumping or indeed for the use of

a moderator at all is reduced. A reactor at Los Alamos known as

the water boiler (X51) operates with enriched uranium present

as uranyl nitrate in aqueous solution in a 12"-diameter stainless-

steel sphere. The u238/U235
ratio was reduced, by enrichment,

from the normal 139 to 5.9; about 870 gm of U235
is required. The

protons of the solution (~1300 gm) serve as a moderator and

clearly there is no "lumping" (i.e., the reactor is described as

homogeneous rather than heterogeneous). When operating at a

6-kw power level the thermal neutron flux at the center of the
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reactor is 3 X 10u neutrons/cm2
sec. This is only about a fac-

tor of 10 less than the central flux of the Brookhaven reactor

(heterogeneous, graphite-uranium type) when operating at a

25,000 kw level. The Brookhaven reactor, however, has a much
larger capacity to supply surplus neutrons for experimental pur-

poses.

Another Los Alamos reactor ("Clementine") operates using rods

of pure Pu239
as a fuel and liquid mercury as a coolant. Since

the reactor is designed to provide fast neutrons it uses no mod-
erator and relies largely on fast fission for its operation. A cen-

tral flux of 5 X 10
12

fast neutrons/cm2 sec results when operated

at a power level of 10 kw.

The reactors that we have mentioned so far were built either

to study reactor design itself or to provide neutrons for research

purposes. Reactors can also be used to manufacture Pu239
or to

provide power. Pu239
is formed in a graphite-uranium reactor

by the reaction U238
(n, y) U239 followed by the beta decay proc-

esses

U239 -» Np239 + e~ (23 min) (15a)

Np239 _^ pu239 + e
-

(2 .3 day) (156)

Pu239
, an alpha emitter with a period of 2.4 X 104 years, is rela-

tively stable. , The (n, 7) reaction above is just what we went to

great lengths to minimize in the straightforward uranium-graphite

pile. This suggests the intriguing possibility that a reactor might

actually produce more fissionable material (Pu239) than it con-

sumes, a process called breeding. This has indeed been achieved

(June 1953) in an Experimental Breeder Reactor (EBR) erected

by the Argonne National Laboratory at the National Reactor

Testing Station in Arco, Idaho. This is an unmoderated reactor

consisting of a highly enriched U235
core surrounded by a U238

"blanket." A liquid metal serves as the coolant. Most of the

heat is generated in the core and the plutonium formed in the

blanket, from which it must be chemically extracted for storage

or recharging of the reactor (Z52). Perfect breeding efficiency

would permit all the U238
in normal uranium to be turned into

fissionable material, thus increasing the utility of uranium stocks

by a factor of 139.

In using a reactor for power it is simply to be viewed as a heat

source for a boiler in which steam can be generated. From this
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point on the power plant facilities remain unchanged. The feas-

ibility of atomic power is a question of economics. The cost of

energy from coal and oil can be expected to rise as these resources

are depleted; the cost of nuclear energy can be expected to fall

as techniques and engineering skills improve. Sooner or later

nuclear power will be economically competitive for central-station

installations. For certain military situations, such as aircraft and

submarine use, the technical advantages afforded by virtual elimi-

nation of the fuel problem already offset higher costs. At this

writing an atomic submarine is operating, and construction of a

large power reactor to feed electrical energy to the Duquesne

Light Company distribution system in Pittsburgh, Pa., is under

way.

PROBLEMS

1. Among the stable end products of U236 fission are Cs133 (formed from the

beta decay of Xe133
) and the two isotopes Ce140 and Ce142

. These two are

formed from the beta decay of corresponding lanthanum isotopes. How
much cesium and how much cerium could we expect to extract after the com-

plete fission of 1.0 g of U238
?

2. In the experiments of Fowler and Rosen show that (neglecting prompt

neutrons) the ratio of the energy position of the peaks of Fig. 3 is the ratio of

masses of the fragments in the most probable mode of fission. Compare with

Fig. 1.

3. Henderson (He40) has measured the mean U236 fission energy release by a

calorimetric method. A 13.36-g sample of normal uranium developed heat,

under slow neutron bombardment, at a rate of 401 microwatts in a particular

run. A 54-microgram layer of normal uranium (also in the calorimeter and

subjected to essentially the same neutron flux) was observed to experience

340 fissions per min by measurements taken with an ionization chamber built

into the calorimeter. What value of fission energy release results from these

data? The result should be decreased by 3.8% because of various corrections

that come in. What heating effect is expected as the result of the alpha emis-

sion of U238 (neglecting decay products)? The half-life and energy are

4.5 X 109 years and 4.2 Mev.

4. Compute and plot the fission energy release as given by Eq. 5 as a func-

tion of the mass number of the parent nucleus.

5. What are the surface energy and the Coulomb energy of a U236 nucleus,

assumed spherical?

6. In the above nucleus, assume that a distortion occurs characterized by

a2 = 0.10 r and 03 = 04 = 0,,= 0. Plot the profile of the nucleus, and find

its new surface and volume energies. What are the percentage changes in

these quantities by comparison with the spherical shape?

7. Below are a few of the many atomic mass values computed by Stern

(St49) largely on the basis of disintegration data. Using this table and Fig. 8,
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comment on the fissionability by thermal neutrons of the nuclei in the left-

hand group.

A A +n

Mass Mass Defect Mass Mass Defect

Element Number (M - A) Number (M - A)

»Pa 229 0.11088 230 0.11441

230 0.11441 231 0.11607

231 0.11607 232 0.11768

233 0.12027 234 0.12281

wU 232 0.11650 233 0.11937

233 0.11937 234 0.12115

234 0.12115 235 0.12517

237 0.13010 238 0.13232

238 0.13232 239 0.13704

93Np 237 0.12932 238 0.13255

238 0.13255 239 0.13620

94PU 238 0.13106 239 0.13494

95Am 241 0.13919 242 0.14215

8. The maximum neutron flux of the first pile (Chicago, 1942) is said to be

4 X 1010 neutrons/cm2
sec. How does this compare with the deuteron flux in

a 100-juamp cyclotron beam that covers an area of 1.0 cm2
?

9. The masses of U239
, Ce140

, and Ru" are 238.1249 mu, 139.958 mu, and
98.942 mu. Compute the energy released in the corresponding fission process.

10. Some alpha emitters and their half-lives are:

TJ238

4.5 X 109 yr

pu239

2.4 X 104 yr

Am241

500 yr

Cm242

150 days

What are the expected specific activities of these materials in rutherfords per

milligram? Assume that the densities of all are 18 g/cm3
.

11. In the above problem suppose that we have 1.0-g spheres of each of the

above materials. What are the diameters of the spheres? On the assumption

that essentially all the alpha particles are absorbed within the spheres, com-
pute the expected rates of rise of temperature. Assume a specific heat of about

0.1 cal/g C° and a mean alpha energy of 5 Mev.
12. What is a possible sequence for the fusion of 4 atoms of hydrogen into

1 atom of helium? What energy release accompanies the fusion of 1.0 g of

hydrogen? How does this compare with the fission energy release from 1.0 g
of uranium? Some atomic numbers are

H 1 1.008123 mu
n 1.00893 mu
He4 4.00390 mu
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13. Stout and Jones (Sto47) have measured the rate at which alpha-particle

energy is evolved from a 120.06-g sphere of Pu239 by measuring the rate of

evaporation of liquid nitrogen from a vessel in which the sphere was immersed.

Calibration of the calorimeter by Joule heating leads to a measured power

absorption from the sphere of 0.2308 ± 0.0010 int watt. The energy per

alpha particle is known from other measurements to be 5.144 Mev. What

half-life for alpha emission follows? The atomic weight of Pu239
is 239.08 g.

14. The first pile produced power at a maximum rate of 100 kw. At about

what rate is it manufacturing Pu239 under these conditions?



15* Nuclear Spin and Magnetism

Nuclear magnetism was first studied as a second-order effect

in atomic spectroscopy. Since 1935 or so, it has been possible to

study nuclear magnetism much more directly, however. The
techniques developed for doing this have proved to be of great

value in atomic and molecular magnetism as well. Because of

these intimate relationships we want to start by reviewing the

high spots of these two subjects.

ATOMIC AND MOLECULAR MAGNETISM

»

15.1 • Electronic magnetism

The magnetism of elementary particles seems to be associated

with angular momentum. Magnetically, a many-electron atom
can (following the so-called Russell-Saunders coupling scheme) be

replaced by three magnetic dipoles. The first, associated with the

resultant orbital angular momentum of all the electrons, has a

moment ixl '• The second, whose moment is us', is associated

with the resultant spin angular momentum of all the electrons.

The third, whose moment is m/', is associated with the resultant

nuclear angular momentum. Although the three angular momenta
are typically of the same order of magnitude, /*/ is typically three

orders of magnitude less than ml' or ms'-

The words "magnetic moment" almost always refer not to the

"magnitude" but to the "maximum projected value" the moment
can have in any direction; this is the usual measured quantity.

In wave mechanics the maximum projected values of certain vec-

tors are smaller than their magnitudes. Wave mechanics tells us

that

ml' = [L(L + l)]*(eK/2mc) = 1[L(L + 1)1*0 (la)

1 See Herzberg (He44) for a readable general reference.

371
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and that the maximum projected value is given by

iiL = L(eh/2mc) = 1L/3 (lb)

where m is the electron rest mass, L is the orbital quantum num-

ber (an integer), and /? (= eh/2mc) is 0.9274 X 10
-20

erg/gauss;

e is to be measured in electrostatic units. This unit of atomic

magnetism is called the Bohr magneton. The reason for writing

in the "1" will appear below.

For the electronic spin moment we have, from Dirac's relativis-

tic wave mechanics,

ws' = 2\S{S + l)]
1A(en/2mc) = 2[S(S + l)]

H
/3 (2a)

and, for the maximum projected value,

us = 2S(eH/2mc) = 2S/3 (26)

The "2" tells us that electronic spin motion is twice as effective

as electronic orbital motion in producing magnetic effects. S is

the electronic spin quantum number. Kusch and Foley have

shown (Ku47) that in place of "2" we should really put "2.00232."

This small but important departure from Dirac's relativistic quan-

tum mechanics is in agreement with calculations based on quan-

tum electrodynamics (Be47, S48). Let us ignore the nuclear mo-

ment for the time being.

In an atom for which neither ml' nor us' vanishes there will be

an interaction energy between them. This is called the spin-orbit

interaction. Atomic states that represent different orientations

of m,' and ms' will have different energies. The quantum number

«/ is introduced to describe this spin-orbit coupling effect. The

orbital angular momentum vector combines with the spin angu-

lar momentum vector to give a resultant angular momentum vec-

tor for the atom as a whole; its amplitude is [J(J + l)\
Vl

fi.

In neutral sodium, for example (Fig. 1), the first excited state is 2.10 ev

above the ground state. This excited state has L = 1 and S = XA- There

are two possible orientations of the vectors that these quantum numbers

represent; they are described by J = Vi and J = %. Instead of one

state, then, there are really two states; the energy difference between

them is only 0.0022 ev. The spin-orbit splittings for all other excited

states of sodium are even smaller. This splitting of levels gives rise to a
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splitting of lines in the optical spectrum (fine structure). The familiar

sodium doublet is an example of fine structure splitting; the initial states

for each member of the doublet are just the two levels we have been dis-

cussing. The common final state has L = and so is not split. For
heavier atoms the spin-orbit splitting becomes much larger and "fine

structure" is no longer a very descriptive phrase.

!>2_
L S J Energy

PU/2 1 1/2 3/2

P 2
l/2 1 V2 1/2

2.10+0.00223 ev
2.10 ev

Sz
i/
2 1/2 1/2

Fig. 1. The lowest three states of the sodium atom. The lines shown are

the familiar D lines. The upper two states, which differ only in their spin-

orbit coupling energy, are much closer together than the scale of the figure

suggests.

The maximum projected value of resultant atomic angular

momentum in any direction is Jh. The magnitude and the maxi-

mum projected value of the atomic magnetic moment are (com-

pare Eqs. 1 and 2)

m/ = gAJ(J + l)]*/* (3)

and

W = gjJP (4)

gj, the Lande splitting factor, depends upon the atomic state

and is given (assuming that Russell-Saunders coupling holds rigor-

ously) by

3.00232JG/ + 1) + 1.00232[iS(iS + 1) - L(L + 1)]

°J = 27(7T^
(5)

We can easily check that gj = 1.00000 for S = (which means
J = L); also gj = 2.00232 for L = (which means J = S).

These special cases agree with Eqs. 1 and 2.

Note that gj, written as {\xj/0)/(Jfi/K), is the dimensionless

ratio of (1) the magnetic moment in terms of j3 to (2) the angular

momentum in terms of fi. With this in mind gj is sometimes called

the atomic gyromagnetic ratio.
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15.2- Zeeman effects

When an atom is placed in a "weak" magnetic field, its result-

ant angular momentum vector can take up 2J + 1 discrete posi-

tions with respect to the field. The allowed angular momentum
components in the field direction are given by

Mjfi where Mj = -J, -J + 1 • • J - 1, / (6)

The allowed components of magnetic moment in the field direc-

tion are

gjMrf where Mj = -J, -J + 1 • • • J - 1, / (7)

The maximum projection (as we said above) is gjJ/3.

If the magnetic field is "strong" the coupling energy between

P-l and us' will be smaller than the coupling energy of either to

the external field. The orbital momentum and the spin momen-
tum vectors will then become space-quantized separately; J and

hj lose their usefulness as concepts. The transition from the weak-

field to the strong-field condition is a continuous one. This means

that the total number of levels will remain the same; their ener-

gies will vary continuously with the magnetic field strength H,

but a description in terms of the usual quantum numbers L and

S is possible only for very weak and for very strong fields. Com-
plete decoupling is very hard to achieve for many-electron atoms

because the magnetic fields required are too high.

How are the energy levels of an atom changed when it is placed

in a "weak" magnetic field? If the quantum energy is E for

H — its new value will be

EH = E + {gjMjfl)H (weak field) (8)

The last term is the product of the field strength by the compo-

nent of the magnetic moment in the field direction. This split-

ting of energy levels by the field gives rise to a splitting of spec-

trum lines; this is called the (weak field) Zeeman effect. Figure

2 shows the split levels and the Zeeman components for the so-

dium D lines in a field of 30,000 gauss; this is "weak" according

to our criterion above.

What happens to the energy states in a "strong" magnetic
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field? Let us assume complete decoupling of L and S. The levels

are then given by

EH = E + (lMLj3)H + (2.00232MSI3)H (strong field) (9)

The second term on the right is the energy of the orbital angular
momentum dipole in the field; the last term is that of the spin

momentum dipole in the field. ML varies in integral steps from

P 2
3/2

P\z
{

s2
v2 {

Mj
.+ 1/2
--1/2

" ' " '
' ' ' " '

- + 3/2
. + 1/2

•-V2
-3/2

Mj
+ 1/2

-1/2

I M l

Long-wave
member of

doublet

Short-wave

member of

doublet

Fig. 2. The Zeeman splitting of the lowest three levels of the sodium atom
in a field of about 30,000 gauss (Fig. 1). As in Fig. 1 there is a break in the

vertical energy scale although the intervals between the split levels are shown
in their correct relationship. The splitting of each component of the doublet

in the magnetic field appears at the bottom. For the higher-frequency member
of the doublet, two lines that are a priori possible are forbidden because they

violate the selection rule AMj = 0, ±1.

—L to +L; Ms varies from —S to +S. Note that Eq. 8 (see

also Fig. 2) and Eq. 9 predict 6 levels associated with L = 1 and
S = Y% This continuity from weak to strong fields is quite

general.

15.3- Hyperfine structure

The inclusion of nuclear effects is a simple extension of what
we have already done. The nuclear angular momentum vector

combines with the electronic angular momentum vector (whose

maximum projection is JK) to get a complete atomic angular

momentum vector. Its magnitude is [K{K + !)]*%; and its max-
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imum projection is K. We symbolize this addition process by

writing the vector equation

K = L + S + I=J + I (10)

We might think that, from analogy with Eq. 26, the magnetic

moment for the proton might be given by

to = 21{efl/2mpc) (not correct) (11)

in which mp , the proton mass, replaces m, the electron mass.

This is incorrect by a factor of ~2.8. Nevertheless the grouping

(eft/2mpc) forms a convenient unit of nuclear magnetism; it is

called the nuclear magneton, /3i. Clearly

0/ = eh/2mpc = (3/1836 (12)

For a nucleus in general we can write

to' = gi[I(I + l)]
H
fr (13)

to = gilfa (14)

and

Unfortunately the "nuclear gr-factor" cannot yet be computed

from theory. There is no
J K equation that corresponds to
3/2 3 J? _— 3/2 2 Eq. 5.— ¥/2 o We have seen that the in-

P 2
3/2

J K
z>2, , I 1/2 2 teraction of to' and ps ' (spin-

orbit coupling) splits the

atomic levels and leads to fine

J K structure in the spectrum.
o2,, / 1/2 2 T . , . ,
° V2 i 1/2 i In just the same way each ot

Fig. 3. The lowest states of the sodium these split levels is, in gen-

atom as modified by hyperfine splitting eral, split further by J-I
(I = Yi)- Only the relative hyperfine coupling. This leads to hy-
separations are to scale. The P and the perfine structure in the spec-
S levels would be separated by an enor-

In
mous vertical distance if the figures were

. <

drawn to scale. allowed combination of given

J and 2~ values has a slightly

different energy. The hyperfine structure is not the same for all

isotopes of a given element, because the individual values of /

and to will differ.
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The element sodium is entirely Na28
, which has I = % and tn = 2.218

nm. The ground state of the sodium atom has L = 0, S — }4 (J = Vi)-

It splits because of the nuclear spin effect into levels with K = 1 and

K = 2. The lowest member of the (doublet) first excited state has J = 14

also; it too splits into two levels, with K = 1 and K = 2. The upper

member of the doublet has J = % and splits into four levels with K = 0,

1, 2, and 3 (Fig. 3). These hyperfine splittings which were ignored in

Figs. 1 and 2 are much smaller than the fine splittings.

The energy differences between hyperfine levels can be found in

a simple way. Let us consider states with the same / and the same

J but with different allowed orientations between the correspond-

ing angular momentum vectors (different K values). Let 6 be the

angle between the (unprojected) magnetic moments y./ and m'.

These quantities (Fig. 4) lie in the directions of the angular mo-

mentum vectors and are given in magnitude by Eqs. 3 and 13.

Pig. 4. The addition of J and / to form K. Also shown are the unprojected

magnetic moments n/ and in'; the latter is much larger than it should be in

relation to the former.

If either n/ or /*/' were zero there could be no coupling energy

between them and all the quantum states that we are considering

would have the same energy, E . Also, if n/ and m' are at right

angles the coupling energy will vanish. This follows from the fact

that a dipole whose axis lies in the equatorial plane of another di-

pole can be moved about in this plane, out to infinity if we wish,

without doing any work. In the general case, however, the energy

of the state will be

EK = E + ktuW cos (15)

where A; is a constant. Using Eqs. 3 and 13, this becomes

EK -E = k'[J(J + 1)Y
A[I(I + 1)Y

A cos 8 (16)

From Fig. 4, applying the law of cosines, we get

K(K + 1) = J(J + 1) + /(/ + 1)

+ 2[J(J + 1)}
1A[I(I + 1)]« cos 6 (17)
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Combining Eqs. 16 and 17 leads finally to

EK = E + ±h Av [K(K + 1) - 7(7 + 1) - J(J + 1)] (18)

Equation 18 predicts the energy spacings between states with the

same J, the same 7, but different K values. Av is called the hyper-

fine separation constant. It is truly constant only if the nucleus

has no quadrupole or higher moments because we considered only

the dipole interaction in deriving Eq. 18. A simple extension of

Eq. 18 leads to the hyperfine interval rule

EK+i -EK = h Av (K + 1) (19)

This allows K (and hence 7) to be determined from the relative

spacings of the hyperfine levels.

Equation 18 shows that there is no splitting if J = or if I = 0.

If J = y2 (and 7^0) each level is split into two components,

with K = I + }4 and K = I-^Y%. The frequency v correspond-

ing to a transition between them is easily shown to be, from Eq.

19,

v = I Ak (27 + 1) (20)

For L = 0(S states) the hyperfine separation constant Av has been

computed from theory by Fermi (F30) ; the final result for the level

separation frequency is

,_&r/2r+l\
6h \ I /

4?(Q) is the square of the electronic wave function, evaluated at

the origin and expressed in terms of the reduced mass of the elec-

tron. Bethe and Longmire (Be49) describe several additional cor-

rection factors, all close to unity, that should be included in Eq. 21.

The hyperfine levels can be split still further by external magnetic

fields (Zeeman effect). Each K vector has 2K + 1 allowed orientations,

so that there are this many Zeeman levels for a "very weak" external

field (mi' and ixj' must not become uncoupled). These levels are described

by a quantum number Mk which takes on all values from —K to +K.
For "weak" fields, the m/ and fi/ become almost uncoupled, although

Hl and Ms' do not. The levels now arise from the separate, independ-

ent quantization of J and I. There are 27+1 positions of the first

vector, described by the quantum numbers Mj, and 27 + 1 positions of

the second vector, described by the quantum numbers Mi, or (27 + 1)

(27 + 1) levels in all. This is equal to the total number of levels in a
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very weak field, if we count all K values that are permitted for a given

J and 7.

Figure 5 shows the transition from "very weak" to "weak" fields for

the deuterium atom (N48). Here 7 = 1.

and L = so that J = ]4- There are

two K values (J^ and %) so that, in zero

field, there are two hyperfine levels. The
lower one splits into 2 X (J4) + 1 = 2

levels when a field is applied. The
very weak field quantum numbers are

MK = Y and MK = — M- The upper

splits into %y%j + 1 = 4 levels; the

very weak field quantum numbers are

Mk = %A, 14, — V2, and — y2 . As we
proceed to higher fields, fij andm become

"uncoupled" and these two quantum
numbers are no longer appropriate. If

Hi were zero for deuterium, we would

expect only two levels in a magnetic field,

corresponding to Mj = ± 1A- Figure 5

shows that this situation is approached at

high fields, where the spacings within the

upper and lower groups of three levels

become small compared to the spacing

between the two groups.

Equation 21 applies to the deuterium

atom in its ground state. Putting 7=1
and m = 0.857648 ran, a computed re-

sult is

vcal = 326.99 ± 0.12 mc/sec

For the lowest states S = Yt

2 .'^
1

£° ^*"\^v,>^
-1

**S$\
-V i,i,

1.0 2.0 ao
x

Fig. 5. The hyperfine levels of

the deuterium atom in a mag-
netic field that ranges from

zero, through "very weak" to

"weak" values. J and I be-

come uncoupled in weak fields.

The labeling is appropriate to

very weak fields. The ordinate

is the ratio of the energy to

hvo, the zero field energy dif-

ference. The abscissa is pro-

portional to the magnetic field

strength with X = 1 about 117

gauss. From Nafe and Nelson

(N48).The known exact wave functions of the

deuterium atom were used to evaluate

\P(0). For comparison, the value measured by Nafe and Nelson, using a

molecular-beam method, is

vobs = 327.384 ± 0.003 mc/sec

The difference is small but quite significant. The agreement is certainly

good enough so that no spin but unity can be considered, however.

Nafe and Nelson also measured the hyperfine separation for the ground

state of hydrogen (7 = Yi). The calculated and observed values are

vca,
= 1418.96 ± 0.54 mc/sec

yob3 = 1420.410 ± 0.006 mc/sec
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Again there is a small but significant disagreement. It is of particular

interest to examine the ratio of the hyperfine separation for hydrogen to

that for deuterium. In forming this ratio, many factors in Eq. 21 cancel

out so that a more precise comparison of theory and experiment is pos-

sible . If we substitute the expression for \p
2
(0) the final theoretical ex-

pression for the ratio becomes

Vp/vd = ^(mp/md)
s
(nP/nd) (22)

where mp and ma are the reduced masses of an electron in hydrogen and

deuterium respectively. The magnetic moment ratio is very precisely

known; the theoretical expectation for the ratio vp/vd is

4.339385 ± 0.00003

The experimental value for the ratio is

4.33876 ± 0.00004

The difference is still 18 times the probable error of the measurements!

The above discrepancy is harder to understand than the discrepancies

in the individual measurements because Eq. 22 is so much simpler than

Eq. 21. Aage Bohr has satisfactorily accounted for the failure of theory

to agree with experiment by pointing out a factor that had been neg-

lected in the theory, as applied to deuterium (Bo48). He showed that,

because of the loose structure of the deuteron, the magnetic moments of

its constituent neutron and proton can, to a first approximation, be con-

sidered separately. The proton moment can be replaced by a point

dipole; the neutron moment cannot. The difference arises because the

center of electrostatic attraction is the proton; the neutron moves in

such a way as to try to be 180° away from the electron; because of this

motion we must average its magnetic effect throughout a small volume.

Such considerations do not apply, of course, to ordinary hydrogen.

15.4- Molecular spectra (He39)

Another way to measure nuclear spins is to study the band spectrum

of molecules that contain the nuclei in question. Let us restrict our dis-

cussion to diatomic molecules with identical nuclei (homonuelear mole-

cules).

Molecular transitions occur between levels whose energies are deter-

mined by three factors: (1) the rotational state of the molecule, (2) the

vibrational state of the molecule, and (3) the electronic configuration of

the molecule. Quanta associated with pure rotational changes occur gen-

erally in the far infrared; if vibrational changes are also involved the

transition energy is greater and the spectrum shifts to the near infrared.

Transitions involving electronic changes are still more energetic; these
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lines lie in the visible or ultraviolet part of the spectrum. For diatomic

homonuclear molecules, it is clear that changes in the rotational state

alone or in the vibrational state alone cannot change the electric dipole

moment of the molecule, i.e., they cannot shift the center of charge with

respect to the center of mass. An electronic transition, however, can do

this. Thus, pure rotation or rotation-vibration transitions are forbidden

for such molecules if we are to observe electric dipole transitions ; an elec-

tronic transition must be involved. 2 The typical spectrum then consists

of a series of electronic bands in the visible or ultraviolet. Figure 6 shows

one such band; the lines represent transitions between electronic states A
and B, vibrational states and 0, and different pairs of rotational states

with rotational quantum numbers as marked. Note that the lines form

a "head" and fold back on themselves on a frequency scale so that a

little sorting is needed to arrange them in a logical sequence.

Before we describe how nuclear spins can be deduced from the molecu-

lar spectrum we must say something about nuclear statistics. We start

by asserting that all particles (electrons, mesons, nuclei, atoms) are found

to obey one or the other of two sets of quantum rules called the Fermi

statistics or the Bose statistics. For concreteness, let us take as particles

the nuclei of the molecule we have been discussing. To define the statis-

tics that any kinds of particles obey, let us consider a wave function that

describes an assemblage of two or more of these particles, plus other

kinds of particles if we wish. In our case the wave function describing

the homonuclear molecule will serve.
\f/

is a function of the space and

spin coordinates of all the particles involved in the configuration (mole-

cule). Let us now perform the following operation: interchange, in the

analytic expression for \p, the space and spin coordinates of a pair of the

particles (i.e., the nuclei) whose statistics are being investigated. In

general one would expect to get quite a different function as a result of

this interchange, just as 3a:
2 + y differs radically from 3y

2 + x. In fact,

however, one finds that wave functions are either not changed at all or

are merely changed in sign. In the first case we say that the particles

obey Bose statistics, and in the second case that they obey Fermi statis-

tics. In equation form

\l/(xh X2 • xi • xm • • • x„) = -l-lKxi, X2 • xm • xi • xn) Bose

(23a)

\f/(xi, Xi • • • xi • • xm • • xn) = —f(x\, x2 • • xm • xi • x„) Fermi

(236)

where the xn represents the space and spin coordinates of the nth par-

2 Most atomic and molecular spectral lines are electric dipole transitions;

higher order transition types are generally quite weak.
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Fig. 6. Some typical molecular levels and some lines corresponding to transi-

tions between them. V is the vibrational quantum number; g is the rotational

quantum number.

tide. We will see that the nuclear statistics can be determined, along

with the nuclear spin, from study of the molecular spectrum. It has

been found that all particles with integral spin obey Bose statistics while

those with half-integral spin obey Fermi statistics; the connection be-

tween these quantities is not fully understood.

The wave function \p for a molecule can be written approximately as

f = vMvvM's (24)

where the four quantities on the right describe respectively the electronic

state, the rotational state, the vibrational state, and the orientation and
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magnitude of the nuclear spins. What do the nuclear spins have to do

with the band spectrum? Answer: the spins determine the statistical

weights (degeneracy factors) of the various molecular states and thus

help to fix the relative intensities of the lines in each band. To see how

the spin can be found from intensity measurements we will have to con-

sider carefully the symmetry properties of the total wave function and

the four subsidiary wave functions. Because we are interested in nuclear

statistics let us perform the transformation involved in the definition of

statistics, i.e., let us exchange the two nuclei in both their space and spin

coordinates. Let us discuss the behavior of each of the ^'s in turn for

such an operation.

1. In an exchange of the above kind the total fa as we have just as-

serted, remains unchanged if the nuclei obey Bose statistics; it reverses

in sign if the nuclei obey Fermi statistics.

2. Interchanging the nuclear coordinates may or may not change the

sign of far The electronic wave function is described as antisymmetric

or symmetric, respectively, according to which event happens. The

ground electronic states of most diatomic molecules happen to be sym-

metric ; we will assume this to be the case.

3. As far as nuclear rotation is concerned, interchanging the nuclei is

equivalent to increasing the angular coordinate in fa- by 180°. fa. is a

known function involving Legendre polynomials, and it turns out that its

symmetry properties depend on the molecular rotation quantum num-

ber g. The rule is

fa-
—* +fa- for even g

(25)

fa-
—> —fa- for odd $

4. The vibrational function depends only on the magnitude of the nu-

clear separation. Because this is not altered by interchanging the nuclei,

fa is always symmetric.

5. The behavior of ^ s can be shown quantum mechanically to depend

on the total nuclear-spin quantum number for the molecule, S. This

can have values given by 27, 27 — 1, 27 — 2, • •, 2, 1, 0, in which alter-

nate terms are odd or even. The two extreme values correspond to hav-

ing the spins respectively parallel and antiparallel. The rule is

fa ~* +fa for S = 21,21 - 2, (set A, symmetric) (26)

$ s
-» —

\// a for S = 27 — 1, 21 — 3, • • • (set B, antisymmetric)

Because of Eq. 24 the above five symmetry behaviors are not inde-

pendent. If we consider H2 , for example (7 = H), we know that
\f/ must

be antisymmetric for an interchange of the protons because protons obey

Fermi statistics. fa, happens to be symmetric for the ground state. Equa-
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tion 24 then tells us that the functions \j/ s and \f/ r must have opposite sym-

metries. This restriction means that rotational states with even <) values

must have S values chosen from set B (Eq. 26) ; also, odd # must go with S
values from set A. In H2 , S can only be (set B) or 1 (set A). All even

rotational states must then have <S = 0, and all odd rotational states

must have S = 1. Radiative transitions between these two sets of states

are forbidden, and so we have the well-known fact of the existence of

hydrogen molecules in two forms, labeled ortho and para.

By extending the reasoning above we can show that the relationships

in Table 1 are correct.

TABLE 1

Some Requirements Imposed on Moleculab Quantum Numbers by
Symmetry Considerations *

Nuclear Statistics §, S
Fermi even set B (27 — 1, etc.)

Fermi odd set A (27, etc.)

Bose even set A (27, etc.)

Bose odd set B (27 - 1, etc.)

* For a symmetric electronic wave function ; for an antisymmetric elec-

tronic wave function interchange "even" and "odd" in the second column.

Note (Fig. 6) that, considering the quantum numbers of the initial

state, alternate lines correspond to odd and even §,. From Table 1, then,

alternate lines also correspond to sets A and B for S. This alternation

means that the statistical weights, which depend on 7, will also alternate.

The experimentally interesting quantity is the ratio R of the intensity of

any "strong" line to the mean intensity of its two neighboring "weak"
lines. R proves to be the same for all parts of the spectrum; we will

show that it is given by
R = (I + l)/7 (27)

so that 7 can be simply determined. Furthermore we will show that if

the strong lines have even $ for their initial states the nuclei obey Bose

statistics; if the odd-$ lines form the strong set the nuclei obey Fermi

statistics. The way we have defined R removes from consideration any

intensity-determining factors, such as the Boltzmann population factor,

that vary smoothly throughout the spectrum.

To prove Eq. 27 let us, assuming always a symmetric electronic func-

tion, consider the contribution of statistical weights to line intensities.

The statistical weight of a state described by »S is 2S + 1. A quantity

of interest is the ratio of (1) the sum of the statistical weights of all states

with S in set A to (2) the sum of the statistical weights of all states with

S in set B. The first quantity (Table 1) is the statistical weight of the
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odd-,0 levels (for Fermi statistics) or of the even-g levels (for Bose statis-

tics). The second quantity is the statistical weight of the even-$ levels

(for Fermi statistics) or of the odd-£J levels (for Bose statistics). No
matter which statistics we have, the ratio of these two quantities is pre-

cisely R and is given by

p = [2(27) + 1] + [2(27 - 2) + 1] + [2(27 - 4) + 1]

[2(27 - 1) + 1] + [2(27 - 3) + 1] + [2(27 - 5) + 1] • •

l ;

If 7 is an integral, all the S terms in the numerator (set A) are even and

all those in the denominator are odd. There are 7+1 terms in the

numerator and 7 terms in the denominator. Evaluating the simple arith-

metic progressions leads to Eq. 27. If 7 is half integral there are 1+14
terms in both numerator and denominator and we can again show that

Eq. 27 results. Since R > 1 the set A levels taken as a group have a

higher statistical weight than the set B levels. Thus transitions from

initial states whose nuclear spin configurations are described by a quan-

tum number in set A are more intense than neighboring transitions in

which the initial state is a set B state. Experimentally we assign initial-

state ^-values to the various lines on the basis of their relative position

in the band; we then identify the strong set of lines with either even-,0

or odd-$ levels, and we are led to these conclusions

:

1. If the even-,0 lines are stronger, the nuclei obey Bose statistics; this

is required (Table 1) if the set-A levels have the highest weights; we
have just shown above that they do.

2. If the odd-$ lines are stronger, the nuclei obey Fermi statistics.

For H2 we have I = %, so that we expect to find R = 3. The protons

obey Fermi statistics, and so the odd-^J lines in the band spectrum will

be stronger. In practice, of course, the spin and the statistics were de-

duced from these two experimentally observable quantities. For 7 =
(O2 16

, for example), R = «, so that alternate lines are missing from the

band spectrum. It is easy to tell from the relative spacings of the ob-

served lines whether there is such a "missing" set. If the observed lines

are even-^J lines we can immediately deduce from our rules that the

nuclei obey Bose statistics. This always proves to be true for 7 = 0.

15.5 - Microwave spectroscopy (G53)

Because of the development of microwave techniques during

World War II a new region of the spectrum (0.1-20 cm) is avail-

able to experimenters. As it happens, a number of transitions in-

volving molecules lie in this region. Because of the long wave-
lengths, the associated transition energies are rather small. Such
transitions then have to do with the finer details of the molecular
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spectrum, many of them involving characteristics of the nucleus
other than charge and mass. Microwave spectroscopy has been
of great value in providing precise measures of bond angles, nu-
clear separations, and molecular moments of inertia. More sig-

nificant, from the point of view of the nuclear physicist, the exact
frequencies and intensities of the microwave spectrum lines often

involve the nuclear spin ; this suggests that spins can be measured
in this way. Quadrupole coupling coefficients can be evaluated;

these are defined, for molecules in which the electric field at a nu-
cleus has an axis of symmetry, by

q = eQ d
2V/dz2 (29)

where Q is the quadrupole moment and d2V/dz2 is the second de-

rivative of the electric potential at the nucleus along the symmetry
axis. As this last factor must be known before Q can be found,
this method does not usually lead to precise values for the quadru-
pole moments. Finally precise mass differences between isotopes

can be measured by noting how the frequencies of the absorption

lines are shifted as one isotope is substituted for another in a mole-
cule (isotope shifts; see Geschwind et al. G54).

In principle the apparatus consists of a length of wave guide

connecting a microwave oscillator and a detector. The substance
to be studied is placed inside the wave guide in gaseous or vapor
form. The oscillator frequency is varied, and a drop in detector

reading is noted at the proper transition frequencies. The detector

output is usually displayed as a plot against frequency on a cathode

ray oscilloscope (Fig. 7). Arrangements for stabilizing the oscil-

lator frequency are necessary if high precision is to be obtained.

Figure 7 shows a group of partially resolved absorption lines for the

3 = 1 —» 2 rotational transition in the molecule I7C12S34 (Geschwind

et al., G52). More than one line is present because in both the initial

($ = 1) and the final ($ = 2) states various orientations of the nuclear

spin of O 17 within the molecule are possible; the spins of C 12 and S34 are

zero. The various spin orientations for O 17 have slightly different energies

because the electric quadrupole axis of O 17 makes various angles with the

gradient of the intramolecular electric field at the O 17
site. Thus the

various rotational levels are split. Figure 7 shows the theoretical predic-

tion for the assumption that the spin of O 17 (previously unknown) is %
and that q for O 17

is —1.32 mc/sec. No other choice of spin yields such

excellent agreement. These measurements were made at a frequency
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close to 30,000 mc/sec; note that the width of the entire group is only

<~0.6 mc/sec; this is typical of the high resolution attainable in these

measurements. Other isotopic combinations in the molecule OCS would

have absorptions in quite different frequency intervals. The absorption

Spin = |
eqQ = 1.32 mc

-.300 -.200 -.100 .100 .200 .300

mc
(b)

Fig. 7. (a) Experimental and (b) theoretical absorption curves for Ot7C12S34

near v = 30,000 mc/sec. From Geschwind, Gunther-Mohr, and Townes (G52).

peak marked "1" incidently represents an absorption coefficient for the

radiation of that frequency of only

sensitivity of the method.

--6 X 10 8 cm 1
: this attests to the

ATOMIC AND MOLECULAR BEAMS

If a collimated beam of neutral molecules moving through a

highly evacuated space is sent through a uniform magnetic field

the molecular magnetic dipole or dipoles will take up various space-

quantized positions. By superimposing a weak oscillating "tickler

field" of the right frequency, reorientations of the dipoles can be

induced. In this way, something can be learned about magnetic

moments, spins, hyperfine structure constants, etc. The very pre-



388 INTRODUCTORY NUCLEAR PHYSICS [Ch. 15

cise results that are obtained have given a detailed check of quan-

tum-mechanical theories of matter. These techniques are among
the most powerful and fruitful in physics today.

The magnetic moment of the proton was first measured in 1933

by Estermann and Stern, by observing the deflection of a molecu-

lar beam. We pass over this pioneer work and also the early work

of Rabi and his school and go straight to the molecular beam reso-

nance method.

75.6- Magnetic resonance method (Ra38)

A molecular beam is sent through the apparatus from left to

right in Fig. 8. Let us discuss the measurement of the magnetic

T

A magnet ¥

1

i^T'EE

B magnet D

Pumps
Pump Pump

Fig. 8. A molecular-beam magnetic resonance apparatus used by Rabi and
his co-workers (Ra38).

moment of Li7 ; see Rabi et al. (R39). The source is an oven

containing LiCl. LiCl molecules escape from a narrow slit in its

wall with a modified Maxwellian speed distribution. The defining

slit is at S. A detector, at D, is a hot wolfram wire, 1.0 mil in diam-

eter. If a neutral alkali atom strikes its surface, its valence elec-

tron will "stick" and the residual positive ion will be "boiled off,"

because the work function for wolfram is greater than the first

ionization potential for alkali atoms. The current to the wire meas-

ures the rate at which LiCl molecules strike it.

The beam passes through three magnets, A , C, and B. In A the

field is strong (~12,000 gauss) and very inhomogeneous (~105

gauss/cm) . The field H and the vertical field gradient component

dH/dz point in opposite directions. Magnet B is just like A except

that it is upside down and the magnetizing current is reversed.

This means that H still points up but dH/dz points up also. The

field in C is uniform and points up. A weak oscillating field can

be applied in C, at right angles to the steady field H. This oscil-
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Apff

lating field is supplied by a hairpin loop which carries an alternat-

ing current (frequency = v) from a radio-frequency oscillator.

In the ground state of LiCl the angular momentum associated

with the electron cloud happens to be zero. The only angular

momenta are those of the Li and CI nuclei and a possible molecular

rotation momentum. Let us ignore the

effects of the last two on the Li7 nucleus

and pretend that this nucleus is quite

free in its interactions with external

fields. Neglecting these weak interac-

tions within the molecule yields a good

first approximation.

A Li7 nucleus (/ = %) can take up four

quantized field positions in a field H. If

the field is uniform there will be no de-

flecting force acting on the molecule; if it

is not uniform, there will be such a force.

Its vertical component is

H+AHl

Fz = nMi (dH/dz)/I (30)

pH +pAHf

Fig. 9. A classical mag-

netic dipole in an inhomo-

geneous magnetic field.

Both the field strength

and the force vectors are

shown at each pole.

To show this classically, consider a magnetic

dipole whose pole strength is p and whose pole

separation I. Let it make an angle 6 with a

magnetic field ; suppose that the field strength

at the upper pole is H and that at the lower pole is H + AH. The de-

flecting force is

F = p(H + AH) - PH = pAH (31)

But AH = (dH/dz)(l cos 9) and in = (p X T)[I/VW + V) ] (Eqs. 13

and 14). This leads to Eq. 30 if we identify cos0, as we readily can,

.
with Mi/y/l(I + 1).

The molecule, with speed v, spends a time L/v in magnet A, where L
is the length of the magnet; its vertical displacement is z& when it leaves

this magnet and can be found from Newton's second law

F = m dPz/df (32)

m is the mass of LiCl molecule. Integrating twice and using Eq. 30

leads to

2o = mMi (dH/dz) L2/4EI (33)

where E is the energy of the molecule. We have assumed that the initial
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velocity vector has no vertical component. For ju/ ~ 3.3 nm, Mi = I —

V2 , dH/dz = 106 gauss/cm, L = 52 cm, and E = kT (T = 1000°C) we
find 2o~0.1 mm. The deflections are not very large!

For every speed v there is a corresponding initial direction that

molecules must have if they are to get through S; the slower they

are, the greater must be the angle between their initial velocity

vector and the horizontal axis. Once through S, the molecules can

reach D by being deflected in the opposite direction. For this to

happen, the deflecting force should be the same in magnitude, but

oppositely directed, in magnets A and B. This means that the

orientation of the magnetic dipole must not change in going

through the system because the deflecting force depends on Mj
(Eq. 30). If the orientation does change, the deflecting force will

be either greater or smaller and the molecule will fail to reach the

detector. Figure 10 shows (solid lines) two molecules which reach

D and (dotted lines) two others which would have reached D if

their orientation had not changed in passing through magnet C.

I IUI I

Fig. 10. The paths of four molecules in a molecular-beam magnetic resonance

apparatus. From Rabi, Zacharias, Millman, and Kusch (Ra38).

Most of the apparatus of Fig. 8 simply serves to tell (by a drop

in detector reading) when nuclear reorientations have occurred in

C. Nuclear reorientations can be induced by the weak oscillating

field in C. There are two ways to look at the situation. The first

is to think of the oscillator, whose frequency is v, as flooding the

field space with photons of energy hv. The separation between

adjacent levels of the Li7 nucleus in magnet C is (compare Eq. 7)

AE = gi AMr foil = gifrH (34)

(for adjacent levels AM/ = ±1). It is reasonable that transitions
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will be induced most strongly when AE is precisely equal to hv.

This magnetic resonance relation is then (see Eq. 14)

hv = gMH (= nH/I) (35)

We can also write down the resonance condition from these sim-

ple considerations: (1) from classical physics, the work involved

in rotating a dipole from a position in which it is lined up with the

field to one in which it is opposed to it is 2y.H; (2) the number of

quantized positions for the dipole is 27 + 1 ; (3) the number of in-

tervals between these positions is 2/ ; (4) the level spacing is there-

fore 2fiH/2I = nH/I, as Eq. 35 requires.

Equation 35 says nothing about transition probabilities. As is

generally true, both absorption and stimulated emission occur, and,

as usual, with equal probability. This method detects both kinds

of transitions because both result in changes of orientation (Fig.

10). In absorption the elementary dipole vector increases its angle

with the field strength vector; in stimulated emission it decreases

it.

Equation 35 can also be derived classically in terms of the so-called

Larmor precession. A particle with magnetic moment fi and angular

momentum p^ will precess around the direction of a magnetic field H if

it is placed in it. The Larmor precessional frequency coz, can be shown

to be (Appendix 13)

oil = 2wvL = nH/p<p (36)

Putting p.? = Ih yields

vL = itH/Ih (37)

Note that the Larmor frequency does not depend upon the orientation.

It will not be surprising to learn that transitions from one orientation to

another can be induced if the nuclear dipole is perturbed by a weak alter-

nating field, normal to H, whose frequency v is close to the Larmor fre-

quency. Under these conditions the effects of the weak field are cumula-

tive over successive Larmor periods so that (classically) a steady decrease

or increase of orientation angle takes place. If v and vl differ widely, the

effect of the oscillating field averages to zero over many Lirmor periods.

The exact resonance condition is v = vL . Combining this with Eq. 37 we

see that we have exactly Eq. 35.

From a quantum-mechanical viewpoint, an important quantity

is the probability P that a dipole, in time t, will change its orienta-

tion. This will depend upon (1) the time t, (2) the quantum num-
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ber Mi which describes the initial state, (3) the quantum number
M/ which describes the final state, (4) the oscillator frequency v,

(5) the Larmor frequency vl, and (6) the ratio of the amplitude
H of the perturbing field to the value H of the steady field. For
r ~ 1 and for I = y% the solution as given by Rabi is (R37)

P =
(1 - r)

2 + A'

sin
2

irtv[(l - r)
2 + A2

]

V2
(38)

Here A is H/2H and r is v/vL . Note that the amplitude of P has

a maximum for v — vL (r = 1). The variation with time is periodic.

This means that, other conditions remaining unchanged, there is a

certain value of t which makes P a maximum (i.e., which makes the

sine term unity). If the dipole stays longer in the field, it may go
back to its initial state.

In practice we can approach the resonance condition by (1)

holding H (and thus v£) fixed and varying v, or (2) holding v fixed

and varying H. The second is easier to do. H enters Eq. 38

through A and through r (by way of vl, Eq. 37).

110
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Fig. 11. A curve showing the occurrence of magnetic resonance for Li7
.

From Rabi, Zacharias, Millman, and Kusch (Ra38).

Figure 11 shows an experimental curve for Li7 , a plot of de-

tector reading against H. The center of the dip corresponds to res-

onance; for this frequency it occurs at 3385 gauss. We can imme-
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diately find gi from Eq. 35. Recalling the definition of /3/ (Eq. 12)

we can write Eq. 35 as

grj = Airmcv/eH

4tt X 1.674 X 1CT24 g X 2.998 X 1010 cm/sec X 5.585 mc/sec
~

4.802 X 10
-10

esu X 3385 gauss

= 2.167 (39)

For Li7 the nuclear spin is known, and so we can also compute the

magnetic moment. From Eq. 35

« = giiPi

= 2.167 Xf Xlnm
= 3.250 nm (40)

A comforting check on the above results comes about if we meas-

ure the value of H for different frequencies (the ratio v/H should

be the same) and if we seek the resonance peak in other suitable

molecules which contain Li7
.

15.7- Radio frequency of H 2/ D2, and HD

In the previous section we have been not quite right in assuming

that the important unit is the Li7 nucleus in the external field.

Actually it is the LiCl molecule in the external field. The small

magnetic fields set up within the molecule at the Li7 position, by

molecular rotation effects and by the magnetic moment of CI
35 <37)

,

change the effective value of H a little bit. With better resolution

(and more suitable molecules) the effect is to give a series of narrow

peaks rather than a single broad one. Such peaks are called the

radio-frequency spectrum of the molecule for the frequency region

concerned.

The three hydrogen molecules H2 , D2 ,
and HD are of great

theoretical interest because of their simplicity. Let us discuss H2

in detail, bearing in mind that the treatment for the others is sim-

ilar (Ke39). Experimentally we need a new source, better resolu-

tion, and a new detector. The source is a controlled hydrogen leak,

kept at liquid-nitrogen temperature so that only the lowest molec-

ular rotational states will be excited. The hot-wire detector will

not work for hydrogen and is replaced by a Stern-Pirani gage. This

is an arrangement which measures the convective cooling of a hot



394 INTRODUCTORY NUCLEAR PHYSICS [Ch. 15

nickel ribbon by hydrogen gas (the beam) that enters the space
around the wire through a narrow slit. The gage has a "fill-up

time" of 5 to 10 sec.

Theoretically the point of view is this: The hydrogen molecule
in a magnetic field H is our system. Let us solve the wave equa-
tion for the levels the molecule exhibits and let us induce transi-

tions between them, using the weak oscillating field. These inter-

actions must be considered in writing down the Schrodinger equa-
tion :

1. Interaction of the proton moments with the external field.

This is the main interaction.

2. Interaction of the moment due to molecular rotation with
the external field. Let us call the molecular rotation magnetic di-

pole moment pg.

3. Interaction of each proton moment with the moment due to

molecular rotation. This spin-orbit interaction is described by a
small ( < 100 g) magnetic field H' at each proton.

4. Interaction of the two protons with each other. This spin-

spin interaction is described by a small ( < 100 g) magnetic field H"
at each proton, given by

H" = (nP/r\v (41)

in which r is the proton-proton distance.

The electrons in H2 have no resultant orbital or spin momentum
so that there are no magnetic effects here. We have already seen
that in diatomic molecules containing identical nuclei there are
certain restrictions in the relationship of the nuclear spins and the
allowed values of molecular rotation. In state with even rotational

quantum numbers g (parahydrogen) the two protons always have
their spins opposed. Such molecules have no resultant moment
and are completely inert magnetically. In odd rotational states

the two proton spins behave as if they were aligned (orthohydro-
gen) and the combined nuclear quantum number S is J^ + }/% = 1.

Molecular states with g > 1 are not excited to any great extent
in this experiment because of the low source temperature.

The fields in the apparatus are strong enough to give rather com-
plete decoupling of S and g. The two protons always change their

orientations together so that the one quantum number S suffices

for both. There are three quantized orientations for g(= 1) and
three for S(= 1) ; this makes 9 levels in all.
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Let us restrict our interest to transitions for which the orienta-

tion of 3 does not change but that of S does (both protons reorient

but the molecular rotation does not change). If the 9 level ener-

gies are known and the oscillator frequency is fixed, it is possible

to compute the answers to this question: for what values of ex-

ternal magnetic field will the magnetic resonance condition be satis-

fied for such transitions? Table 2 shows the answers that are pre-

dicted theoretically.

Figure 12 shows that, just as expected, there are six lines in the

radio-frequency spectrum of H2 . H in Table 2 is the field at which

-o uuuuftc"

Hin,H 2

Frequency

6.987 mc

1600 1650

Magnetic field, gauss

1700

Fig. 12. A portion of the radio-frequency spectrum of H2 . From Kellogg,

Rabi, Ramsey, and Zacharias (Ke39).

resonance would occur if the protons were really free. There is also

another set of six lines centering about the resonance field for the

molecular rotation dipole ng ; they correspond to reorientations of

g for fixed S. These lines occur in quite a different part of the

radio-frequency spectrum. All six predicted field values in Table

2 reduce to H if we put H" = H' = 0; this means that we are

neglecting intramolecular interactions, and so the result is not sur-

prising. Table 2 shows that, except for the third terms, which are

small for moderately strong fields, the six peaks are symmetrical

about H . Can the intervals between the six peaks be accounted

for in terms of the two parameters H" and H'l Taking differences

between corresponding lines leads to

A T
- A t

= 2X = 2{H'- %H") = 13.5 gauss (42a)

Br -Bi = *£H" = 81.8 gauss (426)

Cr
- Ci = 27 = 2(H' + f#") = 95.2 gauss (42c)
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TABLE 2

Values of H at Which Transitions Can Occur between Certain
H2 Levels *

M.

Mj Initial Final

Magnetic Field at

Resonance Symbol

+ 1

+ 1

-1
-1

-1

-1

-1

+ 1

+ 1

+1

Ho- X - X2/H(l - a) A,
H -Y- Z 2/H(l - a) Ci

Ho - HH" - X*/H(l - a) Br

Ho + HH" - X2/H(l - a) Br

Ho+Y - Z2/H(l - a) Cr

H + X - Z2/H{\ - a) A r

= H' - HH" Y = H' + HH" Z2 = %H"{%H" + 2H
a = ixg/2nP

* From Kellogg, Rabi, Ramsey, and Zacharias (Ke39).

The numerical values above are the measured differences, from

Fig. 12. We can now deduce that

H' = 27.2 ± 0.3 gauss (43a)

and

H" = 34.1 ± 0.3 gauss (436)

Recalling that H" = (nP/r
3
)av and knowing (from analysis of the

band spectrum) that

(r~3)av = 2.438 X 10
24 cm"3

leads to

HP = 2.785 ± 0.03 nm (44)

This value does not call for any frequency measurement; in addi-

tion, we have learned two valuable bits of information about the

H2 molecule. Measurements of improved precision on the mole-

cules H2 , D2 , and HD have been made more recently by Ramsey
and his co-workers (Ko52) using an improved molecular beam
technique due to Ramsey.

15.8* Quadrupole moment of the deuteron (K40)

Figure 13 shows part of the radio-frequency spectrum of the

molecule D2 . The transitions again correspond to reorientations

of the resultant spin vector S for a fixed orientation of vector Q.

The particular case shown (save for the deep central minimum,
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which corresponds to S = 2, J = 0) is for S = 3 = 1. This is pre-

cisely the situation for orthohydrogen. It can be shown that in a

beam of D2) for the source temperature used, 33% of the molecules

will be in this state. We should be able to account for all features

of this curve with no new assumptions, na is known (problem 13)

;

H' for D2 should be half of what it is for H2 (the moment of inertia

is twice as great, which means that, since J = 1 for each, the angu-

lar speed of rotation is half as great) ; H" can be found by comput-

es 95%

90%

1900 2000 2100

Magnetic field, gauss

2200

Fig. 13. A portion of the radio-frequency spectrum of D2. From Kellogg,

Rabi, Ramsey, and Zacharias (K40).

ing (pd/r
3
)av The short bars on Fig. 13 show where the expected

peaks should lie. Clearly they disagree with experiment by a large

amount

!

The above disagreement was resolved by assigning to the deu-

teron an electric quadrupole moment of

Q = +2.73 X l(r27 cm2
(45)

An electric quadrupole has an energy of position only in an in-

homogeneous electric, not in a magnetic, field; the energy of the

system depends upon the angle between the charge symmetry axis

of the quadrupole and the electric field gradient. In setting up the

Schrodinger equation it is necessary to include all orientation-sensi-

tive energy contributions; the electric quadrupole-electric field gra-

dient interaction is such a term. Such effects did not arise for the

H2 spectrum because the proton has no quadrupole moment.

Let us consider the simple quadrupole of Fig. 14 whose axis is the I

axis; from Eq. 12, Chapter 5, its quadrupole moment with respect to this
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axis is 2a2
. Suppose that the quadrupole is located (in a molecule, say,

where the electric field, though not uniform, has a direction of symmetry
along the z-axis. How much work do we do in setting up the quadrupois
in such a field? Let us bring up the three charges, coalesced into a point,

to the origin, where the potential is Vo- Because the net charge is zero)

no work is involved. Now let us slide the upper charge along the Z-axle

e

I
I
la

/
/
/
t+e

-2e)i
I
I

A
/
/

Fig. 14. A quadrupole in an electric field whose axis of symmetry is the

to its final position, where the potential is Vu . Let us also slide the lower

charge down to its final position, the potential being Vi. The total work
involved here is

E = e(V« - Vo) + e(Vi - Vo) (46)

We can find Vu and Vi by expanding V in a Taylor series about the

origin

7
» = F

° + (fD.°
C0S6+ (£).'™ e +

l (Si*
2 <**'

+ l(S)f^ 6+ (S-Xa2™ ecoae (47a)

7
« - 7

° - ( * ).°
C°S ° ~ ( to )„°

Sln 9 +
2 (l»)* cos2 e

1 /d2V\
2\dx2

/o
"

' \dxds/o

1 /d2V\ /d2F\
+ ^(-^)ai sin*d + (^4r)ai sm0cos0 (47b)
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The total energy is thus

^= eQoa2cos29+e (S)„a2sin2e+ KS)„2a2si^ cosM48)

If 2 is a symmetry axis, the partial derivative in the last term vanishes;

this derivative is the rate of change with respect to x of dV/dz, which is

the z-component of the electric field; the electric field must be either a

minimum or a maximum on the symmetry axis, however, so that its

derivative vanishes. Also, if z is a symmetry axis,

(d27/d:B2)o = (d*T7d!/2
)(, (49)

Recalling that the Laplacian of V must vanish, we can finally write the

energy as „ „

„ ,„ ^/d 2F\ 3cos2 0- 1
E =« ( *0. I

(50)

The first two terms (= eQd2V/dz*) are the quadrupole coupling coeffi-

cient q (Eq. 29). Note that the energy is a function of 6. In deuterium,

the 2-axis is the deuteron-deuteron axis; (d27/dz2
)o considers potential

contributions from the other deuteron and from the two electrons; it can

be computed from the known electronic wave functions and from the

known nuclear separation. In a quantum-mechanical derivation of the

energy of a nuclear quadrupole in a molecule the factor J£(3 cos2 0—1)
is replaced by an assembly of quantum numbers that specify the orienta-

tion of the nuclear spin with respect to the molecular symmetry axis;

see Ramsey, Ra53, p. 362.

15.9* Atomic beams applied to radionuclei

The molecular-beam method has been adapted by Zacharias and his

co-workers at Massachusetts Institute of Technology for work with

atomic beams of radionuclei (Da49). Special techniques are necessary to

perform experiments with the very small quantities of such materials

that are usually available. They have determined spins by observing

transitions between certain of the Zeeman components of the hyperfine

levels in very weak fields.

For Na22
, for example, J — }i for the ground state, so that there are

two hyperfine levels in zero magnetic field, corresponding to K = I + }4

and K = I — J^. For sodium the atomic magnetic moment is associated

only with the spin of the valence electron and so has the value of 1 Bohr

magneton (gj ~ 2 and J = J4 in Eq. 5). The contribution of the nuclear

moment is negligibly small for this purpose. For a magnet of moment /3,

the total work to reverse it end for end in a magnetic field of strength H
is 2/Jff . If the field is so weak that there is no decoupling of the atomic
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and nuclear angular momenta the quantum number K is appropriate;

there are 2K + 1 allowed quantized positions for the dipole and 2K inter-

vals between positions. The energy between adjacent levels is then

20H/2K = fiH/K. One can search for transitions then at frequencies

given by fiH/Kh.

For Na22
,
transitions of the above type were sought in a field of a few

gauss, which is certainly "very weak." The field was measured by com-

parison with the stable Na23 whose spin is known to be Y2 . For this

nucleus K-values of 2 and 1 are possible. Table 3 lists some frequencies

of transitions that were observed in both Na22 and Na23
. Frequencies on

TABLE 3

Some Low-Frequency Transitions fob Sodium

Frequency, mc/sec

Na22 Na23 Ratio

0.62 1.10 0.564

0.80 1.40 0.572

0.80 1.36 0.588

5.97 10.37 0.576

13.193 22.254 0.586

the same horizontal line were observed in the same field. From what we

have said above, the ratio of .these frequencies, whose mean value is

0.577, should equal the inverse ratio of the corresponding K's. If the K
for Na23 for these transitions is 2, the K for Na22 must be 3.47; the I for

the lines observed is 3.47 — Yi — 2.97. Clearly we choose 7 = 3. The

total amount of Na22 consumed in the experiment was that corresponding

to 40 ixc (only 4 X lO" 10 mole).

Zacharias and his group added a mass spectrograph to the detection

end of the modified atomic-beam apparatus; this gives positive mass

identification of the beam component for which transitions are observed.

The ions required for the spectrograph are produced when the neutral

atoms of the beam strike a suitably placed hot filament at the detection

end of the apparatus. After passing through the spectrograph the ions

are detected with an electron multiplier. This procedure has proved

adaptable to atoms other than the alkali metals.

15.10* Precise nuclear moments

The molecular-beam method, as we have discussed it so far, has

involved measurements of (1) oscillator frequencies and (2) mag-

netic field strengths. Frequency measurements can be made with

great precision because counting and timing are the only opera-
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tions involved. Reduced to fundamentals, the frequency measure-

ment is a comparison of the Larmor frequency of the precessing

dipole with the mean rotational frequency of the earth. Magnetic

field measurements are much harder to make, and, with conven-

tional flip-coil techniques, a precision of even 0.5%, say, is not

easy to come by. This usually sets a limit to the precision of

measurements of magnetic moments by the conventional molecu-

lar-beam method.

Ratios of magnetic moments (always assuming the spins known)

can be measured with excellent precision, however, by the molecu-

lar-beam method. The technique is to have two oscillators, one

for each moment to be studied, and to choose their frequencies so

that resonance occurs for each dipole in the same magnetic field.

We will call this the common-field technique. We have already

discussed its use by Zacharias and co-workers in connection with

Table 3. Writing Eq. 35 twice, once for nucleus a and once for

nucleus b, leads to

M«/W = (Ia/h)("a/v b) (51)

The only measurement involved, assuming that the spins are

known, is a frequency ratio. Bloch, Levinthal, and Packard

(B147), using the common-field technique with a different method

of detecting resonance (Sect. 15.14), found

HP/M = 3.257195 db 0.00002 (52)

The moments of many nuclei have been measured with precision

in terms of the proton moment. It is therefore of interest to meas-

ure the proton moment as precisely as possible. Taub and Kusch

(Ta49) have made such a determination. Essentially they used

the common-field technique to compare the proton moment to that

of the spinning electron; this latter is known to be 1.00116 Bohr

magnetons. For various reasons, their comparison was indirect,

being made in three steps. They measured, in the same magnetic

field, (1) the frequency at which the proton in NaOH "turns

over," (2) the frequencies that correspond to certain transitions

between hyperfine levels in the ground state of Cs133
,
and (3) the

frequencies that correspond to certain transitions between hyper-

fine levels in the ground state of In115 . The basic reported data

are (1) the ratio of the g factor of the proton to the atomic g fac-

tor for Cs133 in its ground state and (2) the ratio of the g factor
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for the proton to the atomic g factor for In115 in its ground state.

These ratios are

ffp/gj' = 15.1911 X 10-4 (Cs133 ground state) (53a)

and

9p/9j" = 45.6877 X lO"4 (In
115 ground state) (536)

For our purpose here gp is defined from

»p = gPI& (54)

where (3 is the Bohr magneton and not the nuclear magneton. As
so defined gp will be of the order of 1/2000 rather than (Eq. 14)

of the order of unity.

To find gp (and hence nP from Eq. 54) it would seem logical to

compute qj from Eq. 5; the quantum numbers /, L, S are }4, 0,

and Y2 , respectively. Equation 5, however, assumes the very rig-

orous validity of Russell-Saunders coupling; this might well fail,

especially for heavier elements. Taub and Kusch have worked
out a procedure which involves essentially a test of whether Eq.
5 holds or not. They measured the ratios of gj values for Li

6
, Li

7
,

K39
, Cs

133
, and In118

to that for Na23
. The results are shown in

Table 4.

Table 4 shows that Eq. 5 probably holds satisfactorily for the
light nuclei Li6 , Li7 , K39

, and Na23
; it fails by a small but quite

TABLE 4

Some qj Ratios fob Atoms in Their Ground States

(The ratio in each case is with respect to Na23 ground state)

gj/gjQ*a
23

)

Atom Eq. 5 Measured

Li6 1.00000 1.00000 ±0.00003
Li7 1.00000 1.00000 ±0.00003
K39 1.00000 1.00000 ±0.00003
Cs 133 1.00000 1.000134 ± 0.000007
In115 0.332561 0.332525 ± 0.00003

measurable amount for the heavier nuclei Cs 133 and InIls
. The

equations used to compute gp are

9v g./(Cs
133

)

°P
=

//-. 133X /TIT 23N ffj(Na )gj(Cs133
) &r(Na

23
)
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= 15.1911 X 10
-4 X 1.000134 X 2.00232

= 30.4214 X 10~4 (55a)

and
gP <7/(In

115
)

^(In115
) ^(Na

23
)

9p = . ,T„ 11g , . ,„.**, 9'W* )

= 45.6877 X 10
-4 X 0.332525 X 2.00232

= 30.4198 X 10~4 (556)

Taking a mean value and recalling that I = % iov the proton

gives

Up = Qplfi

= (30.4206 X 10~4
)(J)(1 Bohr magneton)

= (15.2106 ± 0.00008) X 10
-4

Bohr magneton (56)

15.11" Magnetic resonance in solids
8

At the end of World War II, Purcell, Torrey, and Pound (P46)

working at Harvard University observed nuclear magnetic reso-

nance effects in solids; they used much simpler apparatus than that

involved in the molecular-beam method. They later extended

their results to liquids and gases. Bloch and his co-workers (B46)

at Stanford University simultaneously and independently worked

out another method for doing very much the same thing. These

methods supplement, rather than supplant, molecular-beam

methods.

Most of the apparatus in the molecular-beam method is used to

find out whether or not a transition has taken place in the uniform

field. On first thought it would seem that a simple power absorp-

tion arrangement could detect such transitions. On second

thought, we recall that transitions occur not only in absorption

but also in emission (stimulated) ; in fact, the transition probabil-

ity per nucleus is exactly the same for each. Will not the absorp-

tion and emission processes just cancel, ruling out the proposed

method? Further consideration shows that they do not normally

cancel.

Consider N protons in a solid. If there is no external magnetic

field, the orientations of these protons will be random. If we sud-

denly put on a field H, the protons (assuming they are nearly

3 See review article by Pake (Pa50).
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free) will assume quantized positions with respect to the applied

field; statistically just half will be aligned with the field and half

against it. This is not an equilibrium situation, however. The
atoms of the solid are in thermal motion; the fluctuating motion

of a charged body sets up a fluctuating magnetic field which can

act magnetically on the proton dipoles and possibly change their

spin orientations. This is called the spin-lattice interaction. There
will always be a certain preponderance of protons in the lower-

energy state, according to Boltzmann's statistics. The time con-

stant associated with this process is called the spin-lattice relaxa-

tion time; it may vary at least from 10"~4 to 102 sec; it is a measure

of the efficiency of energy exchange between the lattice and the

spins.

The two proton states differ in energy by

AE = 2Mp# (57)

The magnetic resonance condition can be satisfied if an oscillat-

ing magnetic field of frequency AE/h is present in the sample.

This resonance condition is precisely the same one that we have

already discussed in connection with the molecular-beam method.

According to Boltzmann's statistics, the protons in equilibrium

with the lattice should be distributed between the two available

states in this way „ „ „Nh/Ni = e~
&E/kT

(58)

Nh and Ni are the numbers in the high-energy and low-energy

states respectively. The exponent AE/kT is very small for ordi-

nary magnetic fields. At T = 300°K and for H = 5000 gauss we
have, for protons,

AE _ / 2 X 2.78 nm X 5000 gauss \ /0.927 X 10~20
erg/gauss\

kT ~
\1.38 X 10~16 erg/K° 300°K/ \ 1837 nm /

« 3 X 10~6

This means that we can use the following approximation in place

of Eq. 58
Ni - AN AE

« 1 (59)
Ni kT

where AN is the excess number in the lower state. This further

reduces to
AN « NoHpH/kT (60)
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The fact that the population of the low-energy state is slightly

higher means that the absorption effect will be slightly greater

than the stimulated emission. We might imagine that if an ab-

sorption event took place, removing energy from the radio-fre-

quency field, the proton would sooner or later return to its lower-

energy state, emit a quantum, and deliver its energy back to the

radio-frequency field. This does not happen however; the return

to the ground state is not usually by radiation but by interaction

with the lattice. The energy absorbed from the radio-frequency

field eventually, because of spin-lattice interaction, appears in the

lattice as heat.

To field

modulation

coils

Fig. 15. Schematic diagram of an apparatus suitable for the method of

Purcell, Torrey, and Pound. See (B148) for a more elaborate and sensitive

arrangement.

Figure 15 shows a schematic diagram of an apparatus that can be used

in the Purcell type of experiment (B148). The proton sample (water, say)

is sealed in a small glass tube which is slipped into a helical coil of a few

turns. A radio-frequency current at about 30 mc/sec can be set up in the

coil so that a fluctuating magnetic field is present throughout the sample;

this field is weak (<<Q gauss) and is roughly parallel to the coil axis. The
sample and coil are placed in a strong steady magnetic field (~7000
gauss) so that the alternating field is perpendicular to the strong field.
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We now have conditions like those in magnet C (Fig. 8) in the molecular-

beam method except that the protons are in a liquid or a solid.

In principle, radio-frequency power is supplied to the coil, and, at

magnetic resonance, the increased absorption due to the net transfer of

protons from their lower-energy to their higher-energy position is meas-

ured. In Fig. 15 the radio-frequency oscillator shown serves as a power

source; its output is led to two networks identical in all respects except

that one of the coils holds the sample and is placed in the strong field.

The other coil can conveniently contain a dummy sample but it is not

placed in the field. If the two circuits are truly identical, then, in the

Fig. 16. A proton resonance absorption curve for a ferric nitrate solution,

using apparatus like that of Fig. 15. From Bloembergen et al. (B148).

absence of magnetic resonance, the potential wave forms at points a and
a' will be identical; the wave forms at each point will be sinusoidal with

the same phase and amplitude. A test of this identity can be made by
shifting the phase of one of them by 180° (by passing the signal through

a suitable length of coaxial cable, perhaps) and then bringing them to a

common point 6. The communications receiver shown, whose output can

be viewed on an oscilloscope, can test whether or not there is exact can-

celation of the two waves at b. It is the first task of the experimenter to

bring about such cancelation, in the absence of magnetic resonance, by

adjusting condensers c.

Once cancelation has been achieved, the magnetic resonance condition

is sought for by varying H. At resonance, the wave form at point a' is

changed in both phase and amplitude by the added absorption (and

accompanying dispersion) in the sample. This destroys the balance at b,

and the resulting signal appears on the output oscilloscope. In practice,

H is modulated periodically at about 30<~/sec rate by means of an alter-

nating current sent through small, suitably placed field coils. A wave
form synchronous with the modulating current is applied to the horizontal
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plates of the oscilloscope, yielding patterns like that of Fig. 16. Under

suitable conditions, resonance peaks <Kl gauss wide at half-amplitude can

be obtained.

Once the proton moment is accurately known the magnetic resonance

technique can be used to measure magnetic field strengths. It is only

necessary to measure v in the resonance formula

H = hv/2»p (61)

15.12- Absolute measurement of the proton gyromagnetic

ratio

Thomas, Driscoll, and Hippie (Th49) at the National Bureau of Stand-

ards have measured the gyromagnetic ratio for the proton with great

precision, using the Purcell method and making a precise absolute deter-

mination of H. Gyromagnetic ratio is here defined, not as a dimension-

less ratio (Eq. 14) but as the actual ratio of magnetic moment to angular

momentum,
g' = »/(Ih) = 2MA (62)

From Eq. 61, however,

M//i = v/2H (63)

so that

g' = 2-kv/H (64)

These workers measured H by measuring the force on a conductor of

known length, carrying a known current. They used the nuclear reso-

nance effect (1) to explore the field so that, by careful shimming, it could

be made uniform, and (2) to control the field automatically by providing

an "error signal" if there was a departure of as little as 0.02 gauss from

the resonance value (~5000 g). As a result of their extremely careful

measurements, these workers were able to report

g' = (2.6752 ± 0.0002) X 104 sec" 1 gauss" 1

The greatest error is in measuring the length of the conductor. To find

the magnetic moment from their data, it is necessary to know Planck's

constant (Eq. 62). This sets a limit to the precision of this quantity

because h is known only to 0.02% while g' is known to 0.007%.

It is interesting to combine the measurement of Thomas, Driscoll, and

Hippie with that of Taub and Kusch. The quantity (dimensionless)

measured by Taub and Kusch is

g = Oi/ft/7 (85)

Recalling Eq. 16 and putting I = J^, we can put

g = Amcu/eh (66)
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Combining Eqs. 62 and 66 leads to

e/mc = 2g'/g

= (1.75878 = 0.00016) X 107 emu (67)

which is more precise than any previously determined value. Magnetic

measurements of this sort are permitting re-evaluations of many of the

atomic constants such as this with new precision.

15.13- The magnetic moment of the proton

Gardner and Purcell (Ga49) made a precise determination of the proton

gyromagnetic ratio, by a new method. They measured the g of Taub
and Kusch and not the g' of Thomas, Driscoll, and Hippie. Their pro-

cedure was to determine, in the same magnetic field, the ratio of two
frequencies: (1) the frequency of angular rotation of slow electrons in the

field, and (2) the frequency of Larmor precession of protons in the field.

The angular rotational frequency of the electrons is (assuming e is meas-

ured in esu)

v, = eHo/2wmc (68)

The precessional frequency of the protons is (Eq. 37)

vp = 2nH /h (69)

The ratio yields

vp/ve = 2men/eh = n/fi = \g (70)

These workers measured vv by the Purcell technique. The frequency

of their proton oscillator was fixed at 14.24 mc/sec, which implies that

the magnetic field at resonance was about 3400 gauss. In such a field

the rotational frequency of the electron (Eq. 68) is in the microwave

region, near 9360 mc/sec ; a wave-guide method is called for to detect the

rotational resonance frequency.

A 3-cm wave guide was placed in the field with its narrow face perpen-

dicular to the field. Slow electrons from a hot filament were allowed to

drift through the guide, spiraling around the field lines. The electron

beam entered and left through small (2.0 X 0.10 mm) slits in the narrow

guide wall; a collector at the emergence slit served to measure the beam.

If the guide is excited at a certain frequency, a weak oscillating electric

field is set up at right angles to Ho- If its frequency matches the rota-

tional frequency, energy can be fed from the field to the orbits, expanding

them. The expanded beam can no longer pass unhindered through the

exit slit so that a drop in the exit beam intensity results. Actually rota-

tional resonance was detected by a slightly more sophisticated method.

The final result, (30.4200 ± 0.0004) X 10~4
, is in excellent agreement with

Taub and Kusch's result (Eq. 55).



Sect. 14] NUCLEAR SPIN AND MAGNETISM 409

Two groups of workers (B150; So50) have measured the proton moment

in terms of the nuclear magneton by measuring, in the same magnetic

field, (1) the frequency of angular rotation of protons, and (2) the proton

Larmor frequency. The value obtained by Sommers, Thomas, and Hippie

is 2.79268 ± 0.00006 nm.

15.14- Nuclear induction

Bloch's method for studying nuclear magnetism and its inter-

action with matter is based on what is called nuclear induction

(Blo46). Let us consider a sample of water or paraffin placed in

a strong magnetic field H - There is a small resultant magnetic

moment due to the nuclear moments of the protons. The gross

external effect is due entirely to those few protons that represent

the difference in population between the two states available to

the proton. Let us impose, at right angles to H , a weak oscillat-

ing field of angular frequency co and given by

Hx = (L cos cot (71)

The combined action of these two fields will produce a certain re-

sultant macroscopic magnetic polarization vector M (the magnetic

moment per unit volume) in the sample. How will M vary with

time, for a fixed H and a fixed co? Bloch shows, after making

certain simplifying assumptions, that (1) the magnitude of M is

constant, (2) M rotates about H at the angular rate co, (3) M
makes a fixed angle 9 with the H axis, which we take as the z

axis. The three components of M are thus given by

Mx = M sin 9 cos oot My = M sin 6 sin cot Mz = M cos 9

(72)

where M is the magnitude of M.
The angle is given by

2{H — H0r)

where H0r is the value of H at magnetic resonance. Equation 73

shows that, if H » H0r , d will be reasonably small because H is

reasonably small. At resonance, however, H = H0r and 9 = 90°.

From Eq. 72, this means

Mx = M cos wt My =M sin cot M s = (74)

The vector M, then, at resonance, is perpendicular to the steady
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field and rotates about it at the Larmor frequency. Note that
the time-independent part of M (Mz ) vanishes at resonance. On
the energy-level picture, this corresponds to an equalization of the
populations of the two levels, so that there is no resultant steady
moment. This equalization (saturation) does not actually happen
in practice, as we have seen, because of the spin-lattice interaction.
Bloch has assumed in the above derivation, however, that the nu-
clei are entirely free and respond only to the external fields; he has,
in other words, neglected spin-lattice interaction in this approxi-
mate treatment so that the result Mz = is not surprising.

80

60

S 40

I 20

1^15 gauss

2200 2300 2400
H , gauss

2500

Fig. 17. The amplitude of My (Eq. 72) for H = 10 gauss and a frequency
of 10 mc/sec.

Figure 17 shows a plot of the amplitude of My , which is just M
sin 6, as a function of H for the protons in water at room tempera-
ture. The oscillating field amplitude H is assumed to be 10 gauss,

and the applied frequency is 10.0 mc/sec. It is clear that, at mag-
netic resonance, the amplitude of the component of the polariza-

tion vector at right angles to H rather suddenly reaches high
values. The half-width of the curve of Fig. 17 is 15 gauss. The
method of nuclear induction is to place a pickup coil in such a
position that an emf is induced in it by this rotating vector. This
emf will rise to large values at resonance. The student should
consult the papers of Bloch and his co-workers for details of both
theory and experiment (Bloc46).

15.15- Magnetic moment of the neutron

It is sometimes said that the neutron should not be expected,

classically, to have a magnetic moment because it has no charge.

Actually magnetic moments depend upon currents rather than
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charges; it is possible for the latter to cancel without the former

doing so. The hydrogen atom, for example, has no net charge but

does have a magnetic moment. The neutron has a moment of

Mn = -(1.91354 ± 0.0006) nm

The minus sign means that the neutron behaves like a spinning

negative charge as far as the relation between its spin vector and

its magnetic moment vector is concerned.

The value given above was measured by Bloch and his co-work-

ers (Blo48) at Stanford. They used essentially the magnetic reso-

nance beam method of Fig. 8, employing, however, solid magnet-

ized steel plates as polarizer and analyzer, in place of magnets A
and C. This technique was first applied to neutrons by Alvarez

and Bloch in 1940. To see how a magnetized plate can act as a

polarizer, let us allow a beam of thermal neutrons to strike an un-

magnetized plate; they will be partially scattered because of the

interaction between the neutron magnetic moment and that of the

iron atoms in the plate (see Ha41). Actually the plate is made up

of a lot of small microcrystals in each of which the atoms scatter

coherently because of their ideally repetitive geometrical arrange-

ment. These microcrystals may be taken as the effective scatter-

ing units. We are not surprised to learn that the probability of

scattering depends upon whether the neutron spin is parallel or

antiparallel to the magnetic axis of the microcrystal. We now as-

sert that the effects of magnetizing the plate are: (1) thermal neu-

trons are transmitted more readily by it, and (2) the emerging

neutrons tend to be aligned with their spins opposed to the direc-

tion of magnetization, i.e., they are partially spin-polarized.

To see that this result is reasonable, consider the extreme limit of spin-

dependent scattering from the microcrystals. We assume that if the neu-

tron spin is antiparallel to the direction of magnetization of the micro-

crystal, it will not be scattered at all; we assume also that neutrons

aligned parallel to the microcrystal will be scattered very severely, with

almost 100% probability. If an unpolarized neutron beam strikes an

unmagnetized plate every neutron in the beam, as it traverses the plate,

will have an excellent chance of encountering a microcrystal aligned

parallel to its own spin. It will then be strongly scattered. On our ex-

treme assumptions, then, very few neutrons will emerge from the plate.

If we magnetize the plate, however, all the microcrystal magnetic axes

become parallel. Thus about half of the incident neutrons will be strongly
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scattered; the remaining half, those whose spins are antiparallel to the
magnetization, will be transmitted and will form an almost completely
polarized beam on emerging. The spin dependence is not as extreme as
we have assumed of course; for a steel plate about 2 cm thick an increase
in transmission of about 4% can be achieved if the plate is magnetized
to within 0.1% of saturation (B43).

Assume now that a neutron beam passes through two plates
spaced a certain distance apart and magnetized in a parallel fashion.
The beam between the plates will be partially polarized and a cer-
tain fraction of it will be transmitted by the second plate. The

Bf3 proportional

counter.

Polarizing

magnet
Precession field

magnet
Analyzing

magnet

Fig. 18. Apparatus used by Bloch et al. to measure the magnetic moment
of the neutron (Blo48).

transmission of the second plate is greater than that of the first

for the following reason : neutrons striking the second plate are al-

ready partially prealigned in the direction favorable to easy trans-

mission; neutrons striking the first plate are randomly aligned. It

follows, then, that anything that tends to destroy the polarization

of the beam in the region between the plates will cause the trans-

mission of the second plate to drop. Magnetic resonance transi-

tions induced in this region will tend to have just this effect. Such
transitions can, with equal facility, cause a neutron spin to "flip"

from either spin orientation to the other (i.e., either absorption or

stimulated emission can occur). However, the spin orientation

that is the more heavily populated initially will have more transi-

tions just in proportion .to its population. This very fact will tend
automatically to equalize the populations, i.e., to destroy the polar-
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ization. Thus if the neutrons undergo magnetic resonance transi-

tions in the region between the plates, there will be a drop in the

intensity of the beam emerging from the second plate.

Figure 18 shows the apparatus used by Bloch, Nicodemus, and

Staub. At the left is a cyclotron in which neutrons are made by

the deuterons-on-beryllium reaction. The neutrons are thermal-

ized in paraffin and collimated along the axis of the polarizer, the

radio-frequency coil box, the analyzer, and the BF3 detector. Fig-

tf

-10

Fig. 19. A typical neutron resonance curve observed by Bloch et al. (Blo48).

ure 19 shows a typical neutron resonance dip. The field strength

in the central magnet was measured by observing the proton reso-

nance.

PROBLEMS

1. Compare the gyromagnetic ratio of the earth to that of the electron.

The earth's dipole moment is 8.1 X 1026 gauss cm3
. See Blackett (Bla47).

2. Below are some term types for the groupd states of a few elements. What

are the gj values, assuming L-S coupling?

Element Term

H 2s*
Ne %
CI 2P%
As 4-s«

Zr 3F2

3. Prove that, in the general case of a transition from weak to strong mag-

netic fields, the number of levels of an atom associated with a given L and a

given S remains unchanged. Assume a nuclear spin of zero.
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4. Rubidium has two stable isotopes, Rb86 and Rb87
, whose nuclear spins

are % and % respectively. The ground state of the rubidium atom is
2SiA .

Show schematically for each isotope the hyperfine splitting of this level and
its behavior in a very weak and in a weak magnetic field.

5. From data given in the text compute the hyperfine structure constant
for the deuterium atom.

6. Rabi and his co-workers, in describing their molecular-beam resonance
apparatus, state, "A simple consideration shows that when the fields A and
B are properly adjusted the number of molecules which reaches the detector
is the same whether the magnets A and B are on or off. The molecular veloc-
ity distribution is also the same." Convince yourself that these statements
are true.

7. Suppose that a Li7Cl36 molecule (from an oven maintained at 1000°C)
moves in a molecular-beam apparatus in which the field gradient is 105

gauss/cm. If the Li7 nucleus is so aligned that Mr = +%, what is the force
on it? If the field strength is 104 gauss and the molecule suddenly loses an
electron, what will be the force on it?

8. In the LiCl molecular-beam resonance experiment a possible detector
current is 1 ^amp. If the central magnet is 10 cm long and the source tem-
perature is 1000°C, about how many atoms are in the central magnet at any
given time?

9. In the molecular-beam resonance method, as applied to hydrogen atoms,
plot P, the probability of a spin reversal against the field strength in the cen-
tral magnet for the case of H = 1.0 gauss, for a source temperature of 90 °K,
for a central magnet length of 10.0 cm, and for an oscillator frequency of
8.0 mc/sec. Neglect intramolecular interactions.

10. Consider a molecule of orthohydrogen in its lowest rotational state.
What magnetic moment is associated with the rotation of the two nuclei?
What magnetic field would this moment produce at each nucleus? Compare
this result with the field H' whose measured value is given in Eq. 43. Assume
a mean nuclear separation of 0.75 X 10~8

.

11. Suppose that we are using a 1.0-g water sample in the Purcell type of
magnetic resonance experiment. If the frequency is 30 mc/sec, what mag-
netic field is required? What must be the net rate at which protons leave the
lower level by radiative transition processes if the sample temperature is rising
at the rate of 0.001 C°/hr? Assume that the level populations are not chang-
ing with time.

12. Bloch and co-workers in measuring the ratio np/nd by the common-field
technique operated their deuteron resonance detector at a certain frequency v

and their proton resonance detector on the sixth harmonic of a master oscilla-

tor of frequency v . Their measured quantities were v and the beat frequency
Av between x and v. Why did they arrange the experiment in this way? De-
rive an expression for the desired ratio in terms of measured quantities.

13. In Fig. 13, compute Mrf roughly from the measured position of the deep
central minimum. Show that the magnetic moment of the proton in terms of
the nuclear magneton can be obtained from the two measurements mentioned
at the end of Sect. 15.13.



16* Cosmic Rays and Subnuclear

Particles

16.1- Introduction

All ionization chambers show a background effect apparently-

caused by an ubiquitous, penetrating, ionizing radiation of low in-

tensity. Rutherford and Cook, working at McGill University, veri-

fied the extremely penetrating nature of these radiations as early

as 1902 (R02). In 1911, Hess, repeating an experiment performed
by Gockel the previous year, carried an ionization chamber up in

a balloon; he found that the background increased with altitude,

and postulated that these rays come from outside the earth rather

than from radioactive material within the earth. Later work
showed that the rays bear no directional relationship to the posi-

tions of the sun, the moon, or the Milky Way. They have been
named cosmic radiation. The implication of this name, namely,
that the rays are present everywhere in the cosmos, is almost
surely unfounded, however.

Study of the cosmic rays shows three things:

1. The rays are not intense. If we place a horizontal ring of

1.0-cm
2 area at sea level, only about one cosmic-ray particle per

minute will pass through it. The total incoming flux of charge,

integrated over the earth's surface, is only one ampere. The total

energy input is about the same as that from starlight.

2. Many of the cosmic-ray particles are very energetic. Energies

in the bev range are common. Some particles seem to have ener-

gies as high as 1017 ev (~105 erg)

!

3. The sea-level radiation is very complex, being a nucleonic,

mesonic, electronic, and photonic debris caused by the interaction

of an energetic primary radiation with the nuclei of the upper at-

mosphere. There are many kinds of particles and many kinds of

events that involve these particles.

415
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The cosmic rays can be studied from two different but related

points of view. On the one hand we can seek to understand the

nature and origin of the primary rays and the interrelationships

among events in the secondary radiation. On the other hand we
can view the cosmic radiation as a laboratory in which to study

the nature of elementary particles. Indeed it is only the hope of

understanding nuclear forces in terms of such particles that relates

the cosmic radiation to nuclear physics proper. Since 1948 the

laboratory production of mesons has made possible many elemen-

tary particle experiments that could not be done in the cosmic ra-

diation because of low intensity or for other reasons. On the other

hand the energies of many cosmic ray particles are much greater

than those now available, or likely to be available, in accelerators.

We will keep both approaches to the study of cosmic radiation in

mind. We will combine freely data from the cosmic rays and from

accelerators, just as is typical of current research.

16.2- Absorption of the cosmic rays

If we want to examine an unknown radiation we often try ab-

sorption methods first, using a collimated beam. For cosmic rays

this means a cosmic-ray telescope (Fig. 1) with lead absorbers be-

tween the counters. Figure 2 shows some early data, by Street

(S35) and co-workers at Harvard. We see that the rate drops

very rapidly during the first ~150 gm/cm2
of lead (~13 cm).

On this basis we can divide the radiations arbitrarily into a hard

component and a soft component.

For a particular telescope Greisen (G43) chose to define the hard com-

ponent as those rays that can trip the telescope through 167 g/cm2 of

lead. The total radiation in this case is made up of those rays that can

trip the telescope when the only absorber is the counter walls; the soft

component is the difference between the total and the hard.

Greisen knew, for his telescope, the counter efficiencies, the dimensions

of the active volumes, and the axial separations. He could then compute

the directional intensity from the four-fold coincidence rate. His values

for the intensity in the vertical direction are 8.3 X 10~3 particles/cm2 sec

steradian for the hard component and 3.1 X 10
-3

particles/cm2 sec

steradian for the soft component. These values apply at sea level and at

50°N magnetic latitude. Figure 3 (see Rossi, Ro48) shows how these

quantities vary with altitude.
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Fig. 1. A cosmic-ray telescope used by Street and co-workers. There are

four sets of coincidence counters, each set consisting of two separate counters

connected in parallel. Each set is shielded by two anticoincidence counters

that are used to allow coincidences not caused by single particles traversing

the telescope to be rejected (S35).

200 400 600 800 1000 1200

Absorber thickness, gPb/cm 2

Fig. 2. Some data taken with the telescope of Fig. 1 (S35).
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The directional intensity i at a point is defined so that the product

i cfcl da dt is the number of particles which pass in time dt through an area

da and whose tracks lie within a particular conical element of solid angle

£10"

10"'

10" ;

•">

v \
/

\
^
\

vT

200 400 600 800 1000

Atmospheric depth,g/cm2

Fig. 3. Approximate vertical intensities for the hard component H, the soft

component S, and the total radiation T for various atmospheric depths. These

curves hold for all magnetic latitudes above 45°. From Rossi (Ro48).

d&l. The plane of the area da is taken at right angles to the direction of

dfi. The vector i will vary with direction.

16.3" Electronic showers

Suppose that we expand a cloud chamber at random and photo-

graph the active volume. Most sea-level photographs that show

anything of interest will show the track of one ionizing particle.

Sometimes two or more tracks show up, and often we can tell, by-

noting that all have the same diffuseness, that they were made at

the same time. Such tracks usually belong to electronic showers.
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We can improve the cloud-chamber technique in two ways. The

first is to let tlic expansion take place only when a counter or a

series of counters above the climber is discharged. This greatly

reduces the number of "blanks." The second is to put a few hori-

zontal lead strips in the chamber. Figure 4 shows a well-devel-

oped electronic shower of this kind. We can easily believe thai

Fio. 4. Cloud-chamber photograph .showing parts of an extended fkutronic

shower. The lead plntos are H inch thick. Courtesy W. R. F rotter.

shower production is an efficient, way of reducing the energy of a

cosmic-ray particle or of removing it from a narrow collimated

beam. Showers are associated with the soft component of the cos-

mic radiation; if we put ~-170 g/em2
of lead above the chamber,

we get no showers of the type of Fig. 4. The showers occur in the

absorber above the chamber, and, by and large, only the single

tracks of the hard component show up in the chamber.

If we put the chamber in a magnetic field we find that some of

the tracks were made by positive particles, others by negative.

The initiating particle, if one is visible, may be of either sign. A
simple assumption is that the pari ides arc positrons and negalrons.

( H'ten there are showers with no initiating track. Also, in the body

of the shower, there are places where a connecting track seems to
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be missing. A non-ionizing radiation seems to be present. If we
assume that it is gamma radiation there is a ready explanation of

the shower phenomenon.
We saw in Chapter 7 that the cross section for changing electron

energy into photon energy (Bremsstrahlung or radiation loss), and
the cross section for changing photon energy into that of electrons

(pair production), increase strongly with energy. These two proc-

esses are enough to explain electronic showers. If the initiating

particle is an electron, on striking an absorber it produces photons

by the radiation-loss process. These photons, having high energy,

are very likely to make positron-negatron pairs; these will produce

further radiation-loss photons, etc. All the shower energy must
once have belonged to the initiating particle; as the shower goes

on then, the energies of the electrons and photons must get less

and less. Eventually the radiation and pair production cross sec-

tions will become vanishingly small and the shower will stop.

16.4* Electronic-shower theory

Bhabha and Heitler (Bh37), Carlson and Oppenheimer (C37), and others

have developed approximate theories which give, as a function of depth

in the absorber, the mean numbers of electrons and photons that are ex-

pected. The results can be put in a very general form (Fig. 5). Let us

Fig. 5. A set of shower curves. The abscissa is the depth in the absorber,

measured in cascade units. The ordinate is the number of particles to be

found at that depth whose energy exceeds a value determined by the curve

parameter e. From Janossy (J48).



Sect. 4] COSMIC RAYS AND SUBNUCLEAR PARTICLES 421

measure the absorber depth not in centimeters but in radiation lengths or

cascade units defined in Eq. 20, Chapter 7. This unit, for a particular

absorber, is the distance at which a fast electron has lost 1/eth of its

energy by Bremsstrahlung. In Fig. 5, the abscissa f is the absorber

depth measured in such units.

Let us define a new unit for electron energy; it will be the energy at

which an electron loses energy by collision and by radiation at the same

rate. This will vary with the absorber because the collision loss varies

as Z, whereas the radiation loss varies as Z2
. By equating Eqs. 15 and

18 of Chapter 7, we can solve for this critical energy E c , for any absorber.

We will measure energy as the ratio of the electron energy to the critical

energy or

w = E/Ec (1)

Table 1 shows the cascade unit and the critical energy for a few absorbers.

In Fig. 5, assume that a fast electron whose energy is w enters an ab-

sorber whose critical energy is Ec . If we go down f cascade units into the

TABLE 1

L and Ec for Some Absorbers *

Absorber Air (NTP) Water Al Fe Pb

L cm 34,200 43.4 9.80 1.84 0.525

Ec Mev 103 115 55.6 25.9 6.93

* From Janossy (J48).

absorber we will find particles (electrons and photons) with various ener-

gies. For any energy w(e = In Wo/w) we will find t) particles whose ener-

gies are greater than w. Let us work through an example. If the ab-

sorber is lead, we have Ec = 6.93 Mev and L = 0.525 cm. If the incom-

ing electron energy is 10 bev, then

wo = 10,000/6.93 = 1400

Let us inquire about the distribution of fairly fast secondary particles.

If we choose the curve t = 3, we will be considering only particles whose

energy parameters exceed 1400 X 10~3
; their energies will then exceed 10

Mev. If we go down 2 cascade units (1.1 cm) we will find, on the aver-

age, about 6.3 such electrons. The maximum of the shower for these

electrons comes at 5.5 cascade units (2.9 cm); there are about 63 par-

ticles. At 10 units down (5.3 cm) there are 32 particles; at 20 units (10.6

cm) there is only 0.5 particle—the shower has played out.
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16.5- Large air showers

The apparatus of Fig. 4 is designed to observe showers in a small

volume. Showers of a similar general type also occur in the at-

mosphere. The name of Pierre Auger (445) is generally associ-

ated with this phenomenon. He first found (Table 2) that single

TABLE 2

Coincidences between Separated Counters 2870 Meters above
Sea Level (A39)

Separation, m 0.05 1.0 4.0 50 75 150 300
Coincidences per hour 580 120 60 15 10 4 1.5

counters, spaced as far as 300 m apart, showed time-coincident dis-

charges which could not be accounted for on a chance basis.

Later Lovell and Wilson (L39) put two cloud chambers as far

as 19 m apart and arranged for them to be expanded and photo-

graphed when there was a coincident discharge of a nearby clus-

ter of counters. The active volumes of both chambers often con-

tained a number of simultaneously produced vertical electron

tracks. Auger states that the electron density for some showers,

distributed over 25 acres or more, is 25/yd2
. This means that

more than 106 particles reach the ground at the same time. If

the shower is set off by a single primary proton x near the top of

the atmosphere, cascade theory predicts that its energy must be

1015
to 10

16
ev!

16.6* Mu mesons— rest mass

Table 4, Chapter 1, gives a tentative listing of the new particles

that have been discovered in the cosmic radiation since 1938.

Some were also produced later in the laboratory in reactions in-

duced by artificially accelerated particles. We will discuss below

some of the properties of these particles.

Since about 1938 (N38) it has been known that most of the single

tracks of the hard component at sea level were made by particles

whose rest masses were between those of the electron and the pro-

ton. For a time nobody was sure that there was such a thing as a

1 Presumably this proton produces pi mesons in nucleon-nucleon interac-

tions; the decay of these mesons produces electrons and photons which can

initiate showers. Large air showers are always accompanied by mesons.
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unique rest mass for these particles. Later, as experiments im-
proved, it was generally accepted that nearly all the penetrating
particles at sea level are compatible with a rest mass of ~210 me ,

where me is the electron rest mass.

Leprince-Ringuet and his co-workers (L41) made one of the
earliest precise determinations of the mu-meson rest mass. They
were lucky enough to get a cloud-

chamber picture that showed a mu
meson in a magnetic field having an
elastic collision with an electron; just

afterwards the meson passed through
a lead plate with a measurable energy
loss. Analysis of the collision gives

(240 ± 40) for the ratio of rest masses
of the mu meson and the electron.

Pig. 6. Two views of the ap-

paratus used by Fretter to de-

termine the mass of the sea-

level meson (Fr46).

Fretter (Fr46) at the University of Cali-

fornia (among others) has also measured
the rest mass of the mu meson. He used
two counter-controlled vertical cloud

chambers, one above the other (Fig. 6);

the thick lead block shown (Pb) filtered

out the soft component. The upper
chamber was placed in a magnetic field.

The lower chamber was field-free and had
eight horizontal strips of lead, 0.50 in.

thick. Both chambers were automati-

cally photographed when counters C\, C2,

and C3 were tripped simultaneously.

Fretter was looking for events in which a particle passed through the
upper chamber and came to rest in the lower chamber. Most such
particles should enter the apparatus as rather slow mu mesons.

Fretter measured the track curvature and field strength in the upper
chamber; this leads (assuming a charge of ±e) to a value for the particle

momentum. If the particle came to rest in the lower chamber, Fretter

could measure its range in lead. Eliminating v between Eqs. 7 and 8,

Chapter 7, and Eqs. 2 and 3, Chapter 6, yields an expression for the mass
as a function of range and momentum. During about a month's running
time, Fretter got 2100 photos which showed tracks; 1740 of them were
single tracks which went straight through both chambers. About 65
single tracks ended in the lower chamber; of these only 26 were suitable

for mass measurement. Fretter's conclusion is that a rest mass of (205 ±
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S)m e is consistent with his data. Later studies by Brode and collaborators

(see Ro52) lead to a revised estimate of (206 ± 2)me . This is in excellent

agreement with the value measured for laboratory-produced mesons

(210 ± 4)m«. The laboratory-produced mesons were created (see Barkas,

Smith, and Gardner, Bar51) when an alpha beam in the Berkeley syn-

chrotron is allowed to strike an internal target. Mesons that emerge in

suitable directions will be deflected by the cyclotron magnetic field and

can strike end-on a layer of photographic emulsion placed within the

vacuum tank. From the path geometry and the value of the cyclotron

magnetic field we can compute the momentum; their range in the emul-

sion can also be observed. These measurements, just as in the experi-

ments of Fretter, Brode, et al., serve to fix the rest mass.

16.7* Decay of mu mesons

Mu mesons are radioactive. The first experimental basis for this

hypothesis arose from this observation : mu mesons, as they move

downward through the atmosphere, seem to decrease in intensity

faster than can be accounted for by their known ionization losses.

What are the products of mu-meson decay? What is the mean

life? As far as the first point is concerned, cloud-chamber pictures

have been taken of mu mesons coming to rest in the gas and de-

caying. (See Le49; also Fig. 16, Chapter 8.) The track of the

slow meson is dense and ends abruptly; the light track of a fast

decay electron starts where the meson track ends. Conservation

of momentum and of total energy cannot simultaneously hold for

the decay if an electron is the only product. Our first assumption,

just as for beta decay, is that there is also a neutrino. If this is

so the conservation laws require that the electrons produced when

resting mu mesons decay must all have the same energy (~52

Mev). However, Leighton, Anderson, and Seriff (Le49), using a

cloud-chamber method, observed that the electron spectrum is con-

tinuous, with a maximum close to 52 Mev. Sagane, Gardner, and

Hubbard (Sa51) using a magnetic spectrometer method, report

(53 ± 2) Mev for this quantity. As in beta decay this suggests

that these are three disintegration products. An assumption not

at variance with present facts is

M -»• e + 2v (2)

Conservation of angular momentum, applied to Eq. 2, requires

that the mu-meson spin must be half-integral; the value ^ is gen-

erally assumed.
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16.8- Mean life of mu mesons—extended absorber method

This method of measuring the mean life of mu mesons has been used by

Rossi and co-workers and by others (see R42). Rossi and Hall used a

cosmic-ray telescope to measure the vertical intensity of the hard com-

ponent of the cosmic rays, at a station near Denver (1616 m above sea

level). They then moved the same apparatus to nearby Echo Lake

(3240 m). We would expect a higher meson counting rate on the moun-

tain station because (leaving out any considerations of decay) the mesons

counted at Denver must pass through 1620 m more air. This means

about 147 g/cm2 extra air absorber. To compensate for this effect, Rossi

and Hall put an iron slab 200 g/cm2 in thickness above the telescope when

at Echo Lake. This thickness was chosen on the basis of absorption

theory to be equivalent to the air column between the two stations. With

this iron slab in place, however, the ratio of the rate at Echo Lake to that

at Denver was not unity but 1.43. The explanation is this: mesons dis-

appear from the cone of detection of the telescope by decay processes

which occur as they pass through the extended air absorber. The time

they spend passing vertically from Echo Lake to Denver is appreciable

compared with the mu-meson mean life. The air and iron absorbers are

equivalent only in that the same collision loss occurs in each. Analysis

of the data leads to a mean life of about (2.7 ± 0.2) ^isec.

<$^tl
16.9 - Mean life of mu mesons—a better method

There is another way (first

used by Rasetti in 1941) to

measure the mean life of the

sea-level cosmic-ray meson

:

let a slow meson enter an

absorber block and come to

rest in it; after a variable

time t, look for a decay

electron emerging from the

block. The apparatus used

by Rossi and Nereson (N43)

for this purpose is shown in

Fig. 7. Absorber block Pi

filters out the soft com-

ponent; absorber block A is

the one in which they hope

the mesons will come to

rest.

Fig. 7. The apparatus used by Rossi

and Nereson to measure the mean life of

the mu meson (N43).
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Let a slow meson pass through counters L, A\, and A 2 and come to

rest in this block; none of the counters M will be tripped; after a few

microseconds the meson may decay, and there is a good chance that the

decay electron will trip one of counters B. More specifically, an elec-

trical signal was generated when: (1) at a certain instant L, A\, and A2
were tripped; (2) M was not tripped; and (3) B was tripped within 15 j/sec.

They call this sequence an anticoincidence event. For every such event a

voltage pulse is sent from coincidence unit C to the electronic recording

unit R.
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Fig. 8. Data taken with the apparatus of Fig. 7 (N43).

Timing unit T works like this: (1) its input is a coincidence pulse from

A 1.A2 followed a time t later by a decay pulse from B; (2) its output is a

voltage pulse whose amplitude is proportional to the time interval be-

tween the two input signals. The output of T is also sent to R, where it

can indicate this time interval on a pen recorder. The pen can be op-

erated, however, only if the timing signal from T and the anticoincidence

signal from C arrive at R together.
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Practically all the marks on the recorder drum turn out to cor-

respond to decaying mesons; chance events are negligible. Figure

8 shows Rossi and Nereson's results, for several different absorb-

ing materials (block A). In each case there is a straight line on a

semilogarithmic plot, characteristic of simple exponential decay.

From the measured slopes, we have

r = (2.15 ± 0.07) Msec

The curve for no absorber must mean that decays take place in

the counter walls, etc.

16.10* Absorption of sea-level mesons in matter

In Sect. 16.7, we implied that mesons, after they enter an ab-

sorber, lose energy by collision processes and eventually decay.

Mesons might conceivably be captured by nuclei, however, be-

fore they decay; if mesons are involved in nuclear forces, this

would not be surprising. Meson theory in its early form gave an
explicit answer: slow negative mesons should be captured very

quickly indeed; positive mesons should not be captured at all. The
reason for the difference is this: the long-range Coulomb repulsion

specifically prevents positive mesons from going where they must
go if they are to be captured—near nuclei. Slow negative mesons
can be trapped in if-orbits, just like negative electrons. These
orbits are ^200 times smaller than the electronic orbits because

of the greater mass of the meson. The meson can be captured

from this orbit by the nucleus (recall that the wave functions for

electronic »S-states have finite amplitudes at the nucleus)

.

It has been computed (FTW47) that the slowing down of a

meson in matter, ending up with the meson trapped in a X-orbit,

should take only about 10~12
sec. The mean time it spends in

this orbit before it is captured should be only ~10~19
sec, accord-

ing to meson theory (K39; Sa39). If the life for decay (in free

space) is as long as 10~6
sec, then we must conclude, if the theory

is good, that all negative mesons that get trapped in 2£-orbits

would be captured before they had a chance to decay.

Rossi and Nereson, in support of these ideas, reported that

roughly only half of the mesons that entered their absorber blocks

produced decay electrons; these decaying mesons were presumed
to be all positive. Later experiments by Conversi and collab-

orators (Co47) working in Rome showed, however, that, in a car-
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bon absorber, decay electrons from negative mesons can be found.

They used magnetized iron plates to deflect away slow positive

or negative mesons, as they chose. This is an important result;

it shows that, in carbon, an appreciable number of negative mesons
can somehow avoid capture for as long as 10

-5
to 10~7

sec. This

is in direct disagreement with meson theory, which says that, once

in a i£-orbit, the meson should live only 10
-19

sec before it is

captured by the nucleus. There is a discrepancy of 1010
to 1013

between theory and experiment! These Italian experiments have
been checked and extended by Valley (V47), by Ticho (T48), and
by others. The facts seem to be that, in absorbers of large atomic

number, theory and experiment agree—only positive mesons de-

cay. For light absorbers, however, there are departures as we
saw above.

Meson capture (the interaction of a meson with a nucleus) is

closely related to meson production (say, by the bombardment of

nuclei with protons). They are in fact reciprocal processes; if one

has a large cross section, so should the other. We assume that

mesons are produced abundantly in the tenuous upper atmosphere

when primary cosmic-ray protons strike air nuclei. Sea-level

mesons are not strongly absorbed, however, as Conversi et al.

showed. Thus the interaction of sea-level mesons with nuclei is

very much weaker than meson theory would have us believe. If

the meson plays a fundamental role in the interactions between

nucleons, why is the meson-nuclear interaction so weak?

16. 11 • The pi meson

Hopes for a solution of this dilemma rose when Powell (048)

and co-workers at Bristol, England, reported finding (in the emul-

sion of photographic plates that had been stored for some months

on a mountain top) tracks of a new particle whose mass was first

given as roughly 310me ; they called it the pimeson (later measure-

ments on laboratory-produced pi mesons showed (276 ± \)me to

be a better value). These heavy mesons do not seem to occur at

sea level. They are unstable, and one of their decay products is

the mu meson. We have seen the evidence for this in Sect. 8.9,

where we also described some early measurements of the mass

ratio of these particles.

The answer to the anomalous meson production and absorp-

tion rates seems to be that the mesons that are produced and those
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that are absorbed are different particles. The two processes are

no longer simple reversals of a single process; their cross sections

may well differ substantially. The hypothesis is that the pi

meson and not the mu meson is the meson of the nuclear bond
(Yukawa's particle); it interacts strongly with nuclei. This hy-

pothesis was put forward by Marshak (Ma47) of the University

of Rochester before pi mesons were discovered in the cosmic rays.

He predicted a mean life for the n —> y decay of the order of

10~8 sec.

The mu meson must decay into at least two particles, or linear

momentum cannot be conserved. An assumption not at vari-

ance with known facts is

w —> (l + v (3)

where v represents a neutrino. The fact that the mu mesons formed

in mu-meson decay all seem to have the same energy (4.17 ± 0.06

Mev) suggests that there are only two disintegration products and
not a greater number.

The mean life for Eq. 3 has been measured by various workers, most

recently by Durbin, Loar, and Havens (Du52) who obtained a value

(2.55 ± 0.19) X 10~8 sec for w~ mesons and (2.44 ± 0.18) X 10~8 sec for

t+ mesons; these quantities are equal within experimental error. Their

method was to project a collimated beam of 73-Mev mesons into the

laboratory and to observe how it is attenuated by decay as a scintillation

counter is moved along the beam; the attenuation amounts to ~20% for

a distance of ~80 in.

The ir± meson mean life has also been measured by looking for delayed

pulses as in the experiment of Sect. 16.9 for mu mesons. Modifications

are (1) use of accelerator-produced mesons, (2) use of scintillation rather

than Geiger-Miiller counter techniques, (3) use of greatly reduced resolv-

ing time because of the shortness of the mean life to be measured, and

(4) detection of both the ir —* y. and the corresponding y.
—* e decays as

a means of increasing the certainty of identification of the pulses. The
best results to data have been obtained by Jakobson, Schulz, and Stein-

berger (Ja51), who obtained (2.54 ± 0.11) X 10
-8

sec, in good agreement

with the results quoted above.

When negative mesons of either kind move through matter,

there is a possibility of absorption by nuclei, as we have seen.

It turns out that, when negative mu mesons are absorbed, ioniz-

ing particles only very rarely emerge from the site of disappear-
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ance. The assumption is that the absorption process is

pT + p —
* n + if (4)

and that the neutrino carries off most of the energy corresponding

to the mass decrease (~100Mev). Single neutrons of a few

.

J I L
20 40

Microns

60

Fio. 9. A typiuaf star as obtained in |jli(it.<>Bi-!i,pMe emulsion. Courtesy

H. Yagoila,

Mev energy are also observed to accompany the absorption of

negative mu mesons. Mentation 4, like Eq, 2, requires a half-inte-

gral spin for the mu meson if angular momentum is to be con-

served. Equation 4 implies that the interaction is between the

meson and a single proton in the absorbing nucleus; the resem-

blance to electron capture is clear.
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When negative pi mesons are absorbed in matter, however,
there is a major nuclear disruption; a star (Fig. 9) is created.

Presumably the reaction is

>r~ + V —* n (5)

and the nuclear disruption represents the energy associated with
the mass decrease (~140 Mev). Equation 5 cannot occur for an
isolated proton because energy and momentum cannot both be
conserved; if the proton is part of a nucleus, however, this objec-
tion cannot be raised. Equations 5 and 3 require that the ir~

meson spin be integral.

The 7T+ meson spin has actually been shown to be zero by an experi-
ment suggested by Cheston (C51). He pointed out that a measurement
of the differential cross section in each direction for the reaction

7T+ + d <± p + p (6)

would yield a value of the meson spin. This is so because the intrinsic

transition probability (i.e., the matrix element) for all atomic and nuclear
reactions is the same for each direction; the cross sections are not the
same, however, because of (1) differences in the densities of final states
for the two directions (see Eq. 37, Chapter 6) and (2) differences in sta-
tistical weights due to spins. The ratio of the densities of final states is

just p^/pp 1 (see Appendix 9, Eq. 3) where pr is the momentum of the
emitted pi meson in the backwards reaction and pp that of a proton in
the forward reaction (both in center-of-mass system). The ratio of sta-
tistical weights due to spin is

(27, + mid + 1) g
(2/p + 1)(27, + 1) 4

(Zlr + 1} {7>

where Id = 1 and Ip = y2 . The ratio of differential cross sections then
determines IT , independent of any assumptions about meson theory, i.e.,

the matrix element cancels out.

Durbin, Loar, and Steinberger (Du51) measured the reaction cross sec-
tion in the backwards direction. Combining their result with previous
measurements on the forward reaction made at Berkeley leaves no doubt
that Ir is zero.

16.12- The neutral pi meson

From the earliest days of meson theory there were speculations
that neutral as well as charged mesons might be involved in nu-
clear forces and might be produced when energetic nucleons inter-



432 INTRODUCTORY NUCLEAR PHYSICS [Ch. 16

act with nuclei. J. R. Oppenheimer suggested in 1947 (047) that

such particles would disintegrate very quickly into two gamma
rays:

t° —> 71 + 72 (8)

where ir° symbolizes the neutral pi meson. Let us assume that

the x° meson decays in flight very shortly after it has been pro-

duced and that one gamma ray happens to be projected forward

(energy Ef) and one backward (energy E b). If p is the momentum

of the x meson when it decays, we can write from the conserva-

tion laws (see Eq. 14, Chapter 6)

p = Ef/c - Eb/c (9)

and
Ef + E b = [(mToc

2
)
2 + (pc)

2
]

y> (10)

We can eliminate p between these two relations and obtain

m^c2 = 2[EfE b]

1A (11)

Bjorkland, Crandall, Moyer, and York (B50) observed ener-

getic photons when they bombarded various targets with protons

with energies in the range 180-350 Mev, using the Berkeley syn-

chrocyclotron. For 350-Mev protons they measured Ef « 120 Mev

and E b
» 60 Mev which results, from Eq. 11, in a rest mass of

<~300me for the assumed neutral meson, a reasonable value.

These workers examined several other hypotheses for the origin

of the gamma rays that they observed; they concluded that only

the neutral meson assumption was in agreement with their obser-

vations. The fact that Ef and Eb are different strongly suggests

that the rays are produced by the decay in flight of a particle

whose speed is appreciable compared to that of light (Doppler

effect)

.

Steinberger, Panofsky, and Steller (S50) made a much more

detailed study, using coincidence methods, of photons emerging

from beryllium and carbon targets bombarded with 330-Mev

gamma rays from the Berkeley synchrotron. They too report

that all of their data is in agreement with an assumed neutral

meson, decaying as in Eq. 8. The mean life for the ir° meson

decay is estimated to be 5 X 10~14
sec (Ca50).
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16.13- Interaction of the 7t meson with hydrogen—the 7t°

meson rest mass
The reaction of Eq. 5 cannot occur for free protons, as we have pointed

out. In its place, these two possibilities have been suggested

7r + p —> n + y (12a)

t~ + p —> n + 7t° -> n + yi + 72 (126)

Presumably the 7r meson, near the end of its range, falls into a Bohr
orbit about the proton and eventually combines with it according to one

ttO peak

(center line)

160
Mev]

Fig. 10. Gamma rays produced when hydrogen is bombarded with pi mesons.
The rectangle shows the breadth and average height of the left-hand peak.

From Panofsky et al. (P51).

of these reactions. Panofsky and his co-workers (P51) have found evi-

dence for both processes. They allowed 330-Mev protons in the Berkeley
synchrocyclotron to strike an internal tungsten target, producing t~
mesons. These then entered an adjacent pressure vessel containing hy-
drogen gas at 2700 lb/in. 2 Gamma rays produced in the vessel were
examined by a pair spectrometer (Sect. 5.4). Figure 10 shows the energy
spectrum of the gamma rays.

If we apply conservation of energy and momentum to Eq. 12a we can
show (problem 11) that the expected gamma energy is ~131 Mev. This
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agrees exceedingly well with the energy of the high-energy peak of Fig.

10, so that we may say the evidence for Eq. 12a is convincing.

The gamma energy associated with Eq. 126 is not unique because of

Doppler effects. Applying conservation of energy to the first step of Eq.

126 yields

(m„- + mp)c
2 = (mn + nK«)c2 + pn

2/2mn + py/2mr° (13)

We have assumed here that the neutron and ir° meson speeds are small

enough so that the non-relativistic kinetic energy formula can be used in

the last two terms. pn and p„« are the momenta of the neutron and ir°

meson; since conservation of momentum requires that these be the same

magnitude we can equate them and solve Eq. 13 for pTo.

Let us consider the limiting cases in which the ir° meson is moving

(1) straight towards and (2) straight away from, the pair spectrometer

when it decays into two gamma rays. In the first case the energy of the

forward-going gamma ray will have its maximum value E and in the sec-

ond its minimum value E. Conservation of momentum, applied to the

7T° decay process, yields

E/c - E/c = p„« (14)

If we identify the broad gamma peak of Fig. 10 with this process we can

in principle put

E - E « 85 - 54 = 31 Mev

in Eq. 14, substitute the value so obtained for pT» in Eq. 13, and solve

for m,«. It proves more satisfactory, however, to solve for the small dif-

ference (m* mTo) for which the value (10.6 ± 2.0) m, is obtained.

Combining with the known value for mw - yields 2

m,o = (264.6 ± 3.2)m e

16.14- V-particles and other particles

In 1947 Rochester and Bratler (R47) at the University of Man-

chester noticed (Fig. 11) some V-shaped tracks originating in the

gas of their cloud chamber. They interpreted the event as the

decay in flight of a neutral particle which came to be known as

the F^-particle. The particle was evidently present in the pene-

trating shower of particles seen entering the chamber from above.

Other events ("hooks") found by these workers were interpreted

as the decay in flight of charged F-particles (symbol V+) into one

ionizing and at least one non-ionizing product. After several

years other workers verified these events; they are now regarded

2 More recent results yield (263.9 ± 0.7) m e See C54.
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as well established. The decay schemes are tentatively presumed
to lie (see L53)

F,° -*p + f~ (15)
and

F* -> n + ** (16)

If one HHWimeB these reactions and if one is able to measure the
momentum of the two ionizing tracks (i.e., p and v~ for Kq. 15

Fig. 1 1 . Showing the two tracks («, b)aJU ri I m I ed to the decay of a I '-partic le

Courtesy Roehfster and Butler.

or V± and tt
± for Eq. 16), one can find the rest mass of the V-

partielcs. Current measurements (see Fr54) indicate masses close

to 2000w?r , definitely greater than the proton mass.

According to a, naming scheme proposed in 1953 (see £53), partieles with

masses between the proton mum und the deut-eron mass are given the

generic name of Ityperons. The particles first identified as I'-particles are

to be called Inmbda hyperons and omega ktjperons (symbols A and il~).

In 1953 Cj" partides were produced artificially in the Brookhtivcn cos-

moti-on, when 2,2-bev protons wore allowed to strike an internal carbon
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target (Fo53). Two examples were found among 4000 photographs taken

using a diffusion cloud chamber.

Some neutral particles, to which the symbol F2
° was given, were ob-

served (L53) to decay into two mesons, at least one of which was a pi

meson:

72
° - tt± + {** or M

T
) ( 17)

Measurements of the momentum of the decay products assuming the

above scheme indicate a rest mass for 72
° of (960 ± 10)m«. Thus it is

not a hyperon but a meson, which, by agreement, refers specifically to a

particle of mass between that of an electron and that of a proton. Its

new name is the theta meson.

Other particles are currently postulated in the cosmic radiation,

including tau mesons, kappa mesons, and chi mesons (see Table 4,

Chapter 1). The whole subject is in a state of flux; the genetic

relations among the various particles are incompletely worked out,

and little is known of their properties and modes of production.

Some of the above mesons may represent alternate modes of decay

of the same particle; on the other hand, still new particles may be

discovered. The cosmic radiation, especially at high altitudes, pro-

vides a rich variety of high-energy nuclear events that are not yet

understood even, in some cases, in broadest outline. The next few

years should see much progress in our understanding of these

matters.

THE PRIMARY RADIATION

16.15- Nature of the primaries

The primary radiation is quickly absorbed as it penetrates the

atmosphere. It can be observed by photographic emulsions or

counting arrangements sent aloft in free balloons or rockets. Some

85-90% of the primaries seem to be protons; most if not all of the

remainder are alpha particles,.and heavier ions (Fr48) ranging up

to Z « 30. The atomic number and initial energy of tracks such

as that of Fig. 12 can be estimated from measurements of either

(1) the grain density and the range (for lightly ionizing tracks) or

(2) the density of delta rays (Sect. 7.1) and the range (for dense

tracks) (see B48) . The energy can only be found by these methods

if the particle is slow enough so that it ends its range in the emul-

sion. The relative abundances of the ions seem to parallel closely

the known abundances of the elements in the universe. Electrons,
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if present at. all, account for at most.

1 or 2% of the primary radiation.

The energies of fast primary purl ides

can be measured by studying the de-

tails of nuclear events caused by lite

primaries when they strike nuclei in I lie

emulsion. Kaplon, Peters, Reynolds.

and Ritson at Rochester, for example,
flew a stack of some 25 emulsion 00a 1 <<!

plates (separated by 3-mm brass

spacers) to altitudes of ~80,000 ft in

free balloons (K52). In one of the

events observed by them a primary
Fe nucleus st ruck a nucleus of 1 he

emulsion and broke tip into a highly

collimated shower of alpha part icles,

a Be nucleus and several protons. The
shower spread only -^30

ft in a dis-

tance of —8 mm, an angle of 4 X 10
~3

radians. To an observer moving with

the incident nucleus the alpha parti-

cles probably were emitted fairly iso-

tropically. The fact that they appeal-

highly collimated to an observer fixed

on the earth means that the emit ling

nucleus is moving very rapidly indeed

with respect to this observer. By
measuring this angle of spread for the

shower the momentum of the primary
can be determined (see K.52). Since its

atomic number (and thus presumably
its mass) can be found from a study of

the primary track before the collision,

we can then find the primary energy.

Kaplon et al. analyzed some 77 tracks

of this sort. They also measured en-

ergies (for relatively slow primaries) by
observing their range in the brass-glass-

emulsion sandwich and in other ways.
Figure 13 shows (heir data. The

Same track after 9.2 g/cm 2

50 n

Ym. 12. Three portions of

the track of a heavy km found
at high attitude in the pri-

mary cosmic radial inn. The
upper figure shown some alpha
track;! at the BUM magnifica-

tion for comparison. The
atomic number of the heavy
ion is estimated to he 41.

Courtesy of Phyllis S. Freier.
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(K52).

ordinate is the flux of particles having an energy per nucleon

greater than the corresponding abscissa. Figure 13 also includes

data deduced from geomagnetic considerations, as in Sect. 16.16.

16.16* Geomagnetic effects

One might think that the earth's magnetic field, being only ~1

gauss at the earth's surface, would have a minor deflecting effect

on energetic cosmic ray primaries. However, the vast extent of

the field compensates for this and large deflections are possible

(Fig. 14).
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Lemaitre and Vallarta (Le36; V48) have made a special study

of the deflection of charged particles in the earth's magnetic field,

as has the Norwegian meteorologist St0rmer; he became interested

in this problem during studies of the aurora.

Magnetic deflections suggest that the intensity of cosmic rays

arriving from the zenith should be greater at the magnetic poles

-27 = + 2.6 2.0 1.5

Fig. 14. The curved solid lines show the paths of 59-bev protons moving in

the equatorial plane of the earth's magnetic field. The large circle represents

the equator. The numbers of the various curves measure the "impact param-

eter." The field is out of the paper. From D. J. X. Montgomery, Cosmic

Ray Physics, Princeton University Press, 1949.

than at the magnetic equator. Particles arriving vertically at the

poles are moving parallel to the earth's magnetic field and are not

deflected; at the equator they are moving at right angles to the

field and will be maximally deflected. This geomagnetic effect

was first discovered by the Dutch physicist Clay in 1934 during

the course of a voyage from Holland to Java.

We can ask "what is the momentum of the slowest particle that

can arrive vertically at a particular magnetic latitude X?" The
answer is

p ~ip cos
4
X (18)

p is 59.3 bev/c; this is the momentum that a particle must have if

it is to circle the earth at the magnetic equator and is a convenient

momentum unit in these studies. The bev/c (or the Mev/c) are
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convenient momentum units because, if the particle is energetic

enough, the energy is simply given by multiplying by c (Eq. 14,

Chapter 6). For lower energies, however, Eq. 12, Chapter 6, must
be used. Equation 18 shows that, at the magnetic pole (X = 90°),

all particles can come in vertically. For the magnetic equator,

however, Eq. 18 shows that particles of momenta less than 14.8

bev/c cannot enter vertically.

Let us now consider particles incident at the earth's surface from other

directions. Let 8 be the angle between the velocity vector of the particle

when it strikes the earth and a vector pointing west. St0rmer's approxi-

mate theory shows that, in order to reach the earth at magnetic latitude

X, the momentum must exceed a value

n o\ - COS4 X
V{X 6) ~ P [(l-cosflcos^+iP (19)

This reduces to Eq. 18 for 8 = 90°, the zenith direction. Equation 19,

which holds for positive primaries only, shows that all directions falling

outside a cone of half-angle 8 (Fig. 15) are forbidden to particles whose

Fig. 15. The St0rmer cone.

momentum is given by p(\, 8) in this equation. The cone so defined is

called the St0rmer cone. The simple theory of the St0rmer cone must
be modified by the earth's shadow effect, which comes about because some
of the particles that lie within the allowed cone have trajectories that

intersect the earth's surface one or more times before they intersect the

observation point. Such particles never reach the observation point, of

course (V48).

Table 3 shows limiting momenta computed from Eq. 19 for particles

incident from the east (0 = 0) the zenith (0 = x/2) and the west (8 = ir).

TABLE 3

Limiting Momenta from Eq. 19 (in bev/c)

X = 0° X = 45° X = 90°

From east 60 4.6

From zenith 15 3.7

From west 10 3.1
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The table shows that, if the primaries are predominantly positive, more
particles are expected to arrive from the west than from the east because

the limiting momenta for westward incidence are lower. If the primaries

are predominantly negative, this expectation is precisely reversed.

We can measure this east-west symmetry by inclining a cosmic-ray

telescope at various angles east and west of the zenith. Table 4 shows

some data by Johnson (J39). It can be said that the primaries must be

TABLE 4

Some East-West Asymmetry Data (J39) *

Magnetic
Latitude, West, East, Asymmetry

X total counts total counts %
15° 59,295 55,049 8.4 ± 0.4

30° 39,601 35,418 12.5 ± 0.5

45° 11,024 9,764 13.9 ± 0.8

60° 6,760 6,028 17.4 ± 1.5

* These data, taken at Cerro de Pasco, Peru (elevation 4300 m, mag-
netic latitude 0°), are only a tiny fraction of the data taken by Johnson.

at least predominantly positive. East-west asymmetry data taken by
Barber (Ba49) using B-29-borne equipment at 25,000 ft and at 33,000 ft

support this conclusion.

Measurements of the variation with cosmic ray intensity with

magnetic latitude have been made by a great many workers since

1934. Measurements at high altitude are particularly desirable

since it is the primaries that are deflected by the earth's field.

The most definitive recent data are by Neher, Peterson, and Stern

of California Institute of Technology for high magnetic latitudes

(N53). They arranged to make pairs of simultaneous balloon

nights from Bismarck, North Dakota (magnetic latitude 56°N),

and a series of points between Boston and Thule, Greenland (mag-

netic latitude 88°N). On each flight cosmic-ray intensity signals

from a balloon-borne ionization chamber were automatically ra-

dioed to the base station along with pressure signals from a special

balloon-borne aneroid barometer. Heights of ~100,000 feet were

attained. Simultaneous flights at different magnetic latitudes were

arranged because it is known that the cosmic ray intensity is sub-

ject to world-wide fluctuations of as much as 10% in magnitude

at the top of the atmosphere from day to day.
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Neher and co-workers computed at each station the integrated

ionization intensity, i.e., the area under an intensity vs. height

curve, extrapolated to the top of the atmosphere. This integrated

intensity gives a measure of total flux of incoming particles. Fig-

ure 16 shows this integrated intensity for various latitudes. The

100

80

o 60

40

20

Latitude effect of

total measurable
cosmic-ray energy

0° 15° 30" 45" 60° 75° 90°iV

Geomagnetic latitude

Fig. 16. The geomagnetic latitude effect as measured chiefly by Neher and

co-workers (N53).

points from the magnetic equator (X = 0°) to X = 55° were taken

from earlier balloon flights by the Cal Tech group, going back to

1936. This curve rises steadily from 0° to ^58°, above which it

remains constant. The initial rise is understandable in terms of

the geomagnetic cutoff effects. As the latitude increases primary

particles of lower energy are able to reach the earth. The ion

chamber in the experiments accepted particles from all directions,

not merely from the vertical direction to which Eq. 18 applies.

Thus changes with latitude in the angle of the St0rmer cone and

in the shadow effect, for primaries of the same momentum, will

also have a small effect on the shape of the curve of Fig. 16.
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The shape of the curve of Fig. 16 can be used to find the mo-

mentum spectrum of the primaries. The higher rate at X = 35°N,

say, compared with X = 30°N is due (neglecting the last-named

effects above) to the arrival at 35°N of primaries whose momen-

tum is such that they would be deflected if they tried to reach the

earth at 30°N. Some of the data of Kaplon et al. in Fig. 13 were

taken in this way.

The fact that the curve of Fig. 16 is essentially flat from X ~

58°N to the magnetic pole can be interpreted most simply as indi-

cating that primaries with momenta below a certain value are sim-

ply not present in the primary radiation. If they were, they

would be selectively admitted between X ~ 58°N and the pole and

the curve would rise. Neher and his co-workers undertook their

investigation mainly to verify this flatness in the curve at high

latitudes; they report that primary protons with energies in the

range 0.8 to 0.14 bev do not seem to be present. The lower limit

comes about because protons of this energy (~140 Mev) have

ranges in air such that they could not reach the ionization chamber

even at the highest point of its flight. The experiments, then,

cannot be affected in any way by the presence or absence of these

very low-energy primaries. The absence of low-energy particles

from the primary radiation was explained by Janossy as being due

to the magnetic field of the sun; this would deflect such low-energy

particles and keep them from reaching the earth. The recent

investigations of the geomagnetic latitude effect have stimulated

studies of the solar magnetic field. At this writing it is still a

moot point whether the solar field, if indeed one exists, is large

enough to account for the "knee" in Fig. 16.

16.17- Origin of the primaries

The question of the origin of the primaries has two parts : where

do the ions come from initially and how do they receive their

energies? Nearly all theories assume a continuous production of

the primaries, balanced, if secular equilibrium is achieved, by an

equal rate of loss of primary particles by collision with interstellar

matter or by escape from the region in which the cosmic rays are

present. The fact that the distribution of ions in the primaries is

very much like that deduced from spectroscopic studies of star-

light may suggest stellar atmospheres as an ultimate source.

Theories of origin are divided into two classes depending on
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whether the rays are assumed to be confined largely to the solar

system (see Richtmyer and Teller, Ri49) or largely to our galaxy

(see Fermi, Fer49 and Fe54). If the rays filled the entire universe

one would expect to find a larger intensity coming from those
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Fig. 17. Surges in cosmic-ray intensity observed at 5 stations at different

magnetic latitudes. Huancayo, at the magnetic equator, showed little, if any,

change (from Forbush).

parts of the heavens toward which the earth is moving because of

the rotation of our galaxy than from those parts of the heavens

away from which we are moving. A difference of ~0.2% is ex-

pected; the observed effect is no more than Ho this, if present,

according to Elliot and Dolbear (E51). The probable absence of

this Compton-Getting effect (C35) speaks against a universal or cos-

mic origin for the cosmic rays. The solar and galactic theories

account for the lack of directional correlation with the sun and
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with the Milky Way by assuming that the rays follow very com-

plex paths so that thorough mixing occurs. The fact that some
cosmic rays may come to us directly from the sun, however, is sug-

gested by the fact that at the time of violent solar flares the cos-

mic-ray intensity rises, simultaneous with radio fade-out and other

flare phenomena. Figure 17, for example, shows simultaneous

surges at five different cosmic-ray observing stations throughout

the world.

Fermi, in putting forward his galactic theory, has proposed an accel-

erating mechanism along these lines

:

Our galaxy, which has two spiral arms, is the site of a weak intragalactic

magnetic field of mean strength ~10-6
gauss. The field is created by

the motions of charged particles in the intragalactic space; the arms of

the spiral are assumed to be, roughly, tubes of magnetic force. The lines

of force are thought to fluctuate randomly in direction and intensity due
to the turbulent motion of the intragalactic charged particles. A field of

this magnitude will cause a 10-bev proton to move in a spiral of radius

less than that of the earth's orbit. This is very tiny indeed in terms of

the size of the galaxy.

A proton, say, spiraling along a tube of force, may approach a region

where the field is substantially higher than average. The proton will

gradually tighten its spiral, and, if the field irregularity is strong enough,

it may reverse its direction and spiral backwards. In this reflection from
a magnetic irregularity the proton will either gain or lose energy depend-
ing on whether the irregularity is approaching or receding. The energy
transfer to the proton is at most only a few ev so that many such encoun-
ters must be made over a period of millions of years. Clearly the accel-

erating mechanism must be efficient enough so that the energy gain from
this source is greater than the energy loss by collision with intragalactic

matter or by diffusion from the galaxy. Other suggestions for acceleration

are by betatron action from stars during magnetic disturbances, etc. It

is not at all clear at this writing what the accelerating mechanism is.

PROBLEMS

1. Cosmic-ray balloons of the General Mills type can rise to ~95,000 ft.

What fraction of the atmosphere lies above this point?

2. Use Fig. 5 to analyze a shower in water, initiated by a 70-bev electron.

3. Find the absorption length and the critical energy for aluminum (see

Table 1).

4. A cloud chamber is provided with a magnetic field of 30,000 gauss; the
active volume of the chamber is 15 cm in diameter. Plot as a function of

energy for the range 0.5 bev to 10 bev the track sagitta for a mu meson enter-
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ing this chamber in its median plane along a diameter. The results emphasize
the difficulty of measuring the magnetic deflection of such particles.

5. How much energy is made available if a resting pi meson disintegrates
into a mu meson and a neutrino? What is the energy of each of the decay
products?

6. In the decay of a resting mu meson, what electron energy is expected if

there is only one neutrino? What maximum energy is possible for the electron
if there are two neutrinos?

7. Prove that a plot against t of the number of mu mesons whose decay
interval exceeds t has the same shape as the conventional decay plot in which
the decay rate is plotted against t (see Fig. 8).

8. In the method of Durbin, Loar, and Havens for finding the mean life of
the pi meson (Sect. 16.11) what mean life was actually observed, considering
relativistic time-dilation effects?

9. What is the energy of a proton whose momentum is 0.50 bev/c? How
energetic must a proton be if its energy is equal numerically (within 1%) to
its momentum expressed in these units?

10. What energy must a proton have to circle the earth at the magnetic
equator? Assume a 1-gauss magnetic field.

11. What gamma energy is expected if a resting ir~ meson interacts with a
resting proton according to Eq. 12a?

12. Verify that the data quoted in Sect. 16.13 yield ~llme for the mass
difference (mr~ — m»-o).

13. A Vi° particle decays into two charged secondaries. Analyze the dis-

integration and decide what information you would need to determine the
rest mass and energy of the Vi° particle.

14. Prove by example (non-relativistic) that slow alpha particles shot out
isotropically with respect to a struck nucleus will be highly collimated to an
observer with respect to whom the nucleus is moving.

15. Fermi, in his theory of the origin of cosmic rays, uses a value of ~10-6

gauss for the mean interstellar magnetic field in our galaxy. What is the
radius of curvature of the track of a 10-bev proton rotating normal to such a
field?

16. Fermi has likened the collision of a proton with a wandering magnetic
field irregularity to the elastic collision of a particle with a moving object of

infinite mass. Derive the formula for the particle energy increment in this

analogy, and apply it to a typical cosmic-ray proton.

17. What is the threshold for pi meson production by the reaction

p + V —* v + p + n

18. A 10-bev proton is directed toward the center of the earth when it is a
distance of 104 earth diameters away. Through what mean transverse mag-
netic field (assumed uniform) must it move if it is to just miss the earth?

19. What is the minimum momentum that a singly charged particle must
have if it is to arrive vertically at a magnetic latitude of 45°? What is the

corresponding energy if the particle is (a) an electron, (b) a proton, or (c) an
alpha particle?

•'•'K
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Appendix 1 • Two-Body Schrodinger Equation

(Sect. 2.11)

Equations 39 (Sect. 2.11) show that x x can be written as a func-

tion of x and X. This leads us to write

d<b d<Z> dx dV dX

dxi dx dxi dX dxx

Also

d-% mx d^
= — H — (from Eq. 39) (1)

dx M dX H ' K
'

d2* d /d* mx dV\

dXX
2

dX! \dx M dX/

d /d¥ nn d*\ nn d (d<H mt dV\

)x \dx M dX/ M dX \fa ~M dX/

Similarly

dx \dx

dH 2nn d
2* mi2

d2*

~dx
1 + ld toflX

+ M2 dX2 (2)

d
2* d2<H 2m2 d2^ m2

2 d2*
dx^

~
"dx1'

~
"~M dxdX

+ WdX1 (3)

Equation 38 can now be written

1
2
/ 1 1 \ /d2* d2V d2V\

2 Knix mj\dx2 dy2 dz
2 /

/d2^ d
2¥ d2*\

fe + 5F + ^0 + ™-***/* (4)

Wi m2/ \dx dyz

2M

We now assume that ¥(x, y, z, X, Y, Z, t) can be written as

¥(*, y, z, X, Y, Z, t) = +(x, y, z)R(X, Y, Z, t) (5)

Substituting this into the above and separating the variables as in

Sect. 2.6 leads directly to Eq. 40, where E is the separation con-

stant.
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Appendix 2 • Separation of the Wave
Equation (Sect. 2.11)

Let us start with Eq. 40, Chapter 2, in which Fhas been asserted

to depend only on the relative coordinates of the two particles.

VV +^ (E - 7)* = (1)

We can express the Laplacian operator V2
in spherical polar coordi-

nates (see, for example, <S47, p. 221) since these are more suited

to the nature of our problem. We obtain

13/,^\ 1 d { . 8^\ 1 d
2f/ aA i a / #\

r ) + T^ (
sin 61—

)
V dr/ r

2 sin0d0\ 86/r
2
dr \ dr/ r

2
sin d dd\ 69/ r

2
sin

2
6 d<p

2

2m

1-
+— [E - V(r, 6, v)\l, = (2)

Let us now assume that V(r, 6, <p) actually depends on r only and
not on 6 and <p. Let us further assume that the solutions of Eq. 2

can be written as a product of a function of r only and one of 6

and <p only, or

4,(r,e, v)=R(r)Y(j}, H>) (3)

Substituting Eq. 3 into Eq. 2 leads to

1 d ( dR\ 2m-- r
2—)+— [E-V(r)]

Rdr\ dr/ ft
2

1

Y

1 d ( dY\
( sin 6—

)

in 6 86 \ 36/

1 d2Y

sin 6 86 \ 86/ sin
2
6 8<p

2
.

(4)

The left-hand side of Eq. 4 depends only on r; the right-hand side

depends only on 6 and ip. The only way that this equality can

hold for all values of the variables is for each side to be separately

equal to the same constant, which we arbitrarily write (see later)
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in the form 1(1 + 1), where I is also a constant. This gives us a

radial equation

1 d / n dR\ 2m\ _ ... . 1(1 + \)h
2 ^/

2
dR\ 2m

V *7
+V E - V(r) -

2mr2
R = (5)

r
2 dr

and an angular equation

1 d / dY\ 1 d
2Y

(sine— ) + -7
--T + Za+l)F = (6)

sin dO \ 66/ sm2
6 d<p

2

We now describe the solutions of the latter.

The boundary conditions that we have taken as necessary for a

physically meaningful wave function (see Sect. 2.10) greatly re-

strict the possible solutions of Eq. 6. Physically acceptable solu-

tions must have the form (see <S49, p. 69, for details)

Ylm (e, tp) = NlmPi
m
(coS 6)e

im*
(7)

where I can have the integral values 0, 1, 2, 3, • • • only; m can have

any integral value from — I to +1. The quantities I and m are

typical quantum numbers; they specify which of the infinite but

discrete array of possible solutions Yim (d, tp) is under considera-

tion. Nim is a constant multiplying factor whose value is chosen

so that a normalization condition (see Eq. 28, Chapter 2) is satis-

fied for the function Yim (d, <p). This normalizing constant is

given by
'21+ 1 (Z —

|
w

|

)

!

N,m =
4tt (Z+|m|)!.

(8)

The functions P "(cos 6) are well-known functions called associated

Legendre functions. The first few of them are

P °(cos 6) = 1

Pi°(cos 0) = cos 6 (9)

Pi
1
(cos 8) = sin

Others can be found, for example, in J45. The functions Yim (d, tp)

are also well known and are called spherical harmonics.

The radial equation cannot be solved until V(r) is given. Note

that V(r) is not needed to solve the angular equation. The sim-
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plest possible solution of the angular equation corresponds to

1 = 0, which requires that m = 0. The solution is simply

Too = (4r)-* (10)

as can be verified by substitution into Eq. 6 or by detailed inspec-

tion of the general solution, Eq. 7. For this case only, the com-
plete solution of the original equation (see Eq. 3) becomes

$(r) = (4w)-y*R(r) (11)

which depends on r only. The derivatives of 4> with respect to 8

and >p in Eq. 2 will vanish, and we are left with

1 d
r
z— 2m

+ — [E- V(r)W = (12)
K2r dr L drJ ft

This result also follows if we put I = in the radial equation

(Eq. 5) and use Eq. 11. At this point it becomes convenient to

substitute

u(r)
+<r) =— (13)

r

where u(r) is a new function of r, often called the radial wave func-

tion. This substitution leads readily to

d2u 2m

dr2 fv
2
+— [E - V(r)]u = (14)

which is a Schrodinger equation of the one-body, one-dimensional

form (see Eq. 25, Sect. 2.6). We will often use it.

The quantum number I has an interesting physical interpreta-

tion in that Ih can be associated with the orbital angular momen-
tum that the two particles have about their center of mass. The
quantity mfi measures the allowed projections of 1% on an arbi-

trary axis (taken as the z-axis). There are 21 + 1 such projections

corresponding to the 21 + 1 possible values of m. Equation 14

can only be used for interactions in which 1 = 0.



Appendix 3 • The Parity Property of Wave
Functions (Sect. 2.12)

Start with the Schrodinger equation (Eq. 25, Chapter 2) which
we write as

V(x, y, z) - — V2
if/(x, y, z) = Ety(x, y, z) (1)

2m J[

The quantity in brackets is an operator called the Hamiltonian

operator. We assert that it remains unchanged if we replace x, y, z

by —x, —y, —z. This is because we have specifically assumed this

for V(x, y, z) in Sect. 2.12 and because it is intrinsically true for

the terms d/dx2 , etc., that make up V2
. We can write Eq. 1 then as

3C(x, y, z)+(x, y, z) = Ef(x, y, z) (2)

which shows that the effect of the operator 3C on if/ is simply to

multiply it by the constant E. We can now replace x, y, z in Eq. 2

by their negatives. In view of the symmetry of the Hamiltonian

this yields

K(x, y, zM-x, -y, -z) = Eif/(-x, -y, -z) (3)

Thus if/(x, y, z) and ^(—x, —y, —z) are solutions of the same
equation. // there is no degeneroxy, these functions can only differ

by a constant, or

f(x, V, z) = kif-i-x, -y, -z) (4)

If we now reverse the signs of x, y, z in Eq. 4 we get

yp{-x, -y, -z) = hf,{x, y, z) (5)

If we try to solve these simultaneously we see that the only pos-

sible values of k are ±1. This is consistent with Eqs. 44 and 45

in Sect. 2.12.

If there are degenerate solutions of Eq. 1, the wave functions

need not have a parity property; however, we can always write

them in such a way that they do have this property if we want to

(see £49, p. 38).
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Appendix 4- Method of Partial Waves;

/ = Case (Sect. 3.5)

Let us apply this method, first introduced by Lord Raleigh
in a non-nuclear context, to the problem of the elastic scattering

of one nuclear particle by another. One of the particles may be
thought of as a neutron; the other may be any other nucleus;

m is the reduced mass of the two particles. We will carry out our
derivations in the center-of-mass system.

We start from the Schrodinger relation

VV +~ [E - V(r)]+ = (1)

in which we have assumed that the interaction potential V de-

pends on r only. Let us imagine that the beam of projectiles is

directed along the positive direction of the z-axis. We distinguish

in the laboratory between the incident beam
\f/t and the scattered

beam i/-sc . The ^ of Eq. 1 (the total wave function), however, is

neither of these; it describes the entire scattering encounter, in-

cluding both incident and scattered beams. In other words

+ = ti + *.e (2)

Our aim is to find fa and \psc separately so that we can compare
them and find the scattering cross section. Let us first find an
expression for \p t ; it is simply a plane wave, of arbitrary ampli-

tude A, moving in the positive z-direction, or (see Eq. 29, Chap-
ter 2)

1

*i = Aeik °
(3)

Note that Eq. 3 is a solution of Eq. 1 with V(r) set equal to zero;

"switching off" the potential in this way eliminates the scattering

1 The "incident beam" in this problem, viewed from the center of mass, in-

volves the motion of two particles. Equation 29, Chapter 2 was used to de-

scribe the motion of a single particle. Equation 3 can be retained, however, if
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(Eq. 2), which makes the total wave identical with the incident

wave.

Let us also derive an expression for the incident flux; we will

need it later to evaluate the cross section expression. The flux <p

is given by

<p = nv (4)

where n is the number of incident particles per unit volume and v

is their speed. For n, however, we can put ^iti*, if the wave func-

tions are properly normalized. This yields, using Eq. 3,

<P = Mi*v = AA*v (5)

Note that the wave amplitude might be a complex number.

Now let us choose to rewrite Eq. 3 in what at first sight seems to be a

peculiar way; we express it (see Appendix 5) as the sum of a series of

partial waves \pi,i

*< = A £ 4>i,i = A£ B l{r)P l (cos 8) 1 = 0, 1, 2, • •
•

(6)
i i

where Pi (cos ff) is the Legendre polynomial of order I (see, for example,

/45) and Bi(r) is a coefficient given (at large r) by

Bl{r) = i
i
{2l + V)™^M (7)

The various terms in the sum of Eq. 6 are associated with the various

allowed angular momenta Ih of the neutron-target system. Since the

angular momentum can be written as the linear momentum times an im-

pact parameter, we see that the division oi the incident wave into partial

waves corresponds, as far as the uncertainty principle will allow, to the

classical distribution of neutrons in the beam according to impact param-

eters.

At this point we chose to focus our attention on the first partial

wave only, with I = 0.2 This is a physically realizable situation

in n-p scattering below 10 Mev, in neutron diffraction, and in other

k is given the value (2mE/h2
)
^ in which m is the reduced mass and E the total

energy as measured by an observer at the center of mass. This may be seen

by substitution in Eq. 1 with V(r) = 0. The effect is that of a single particle

of mass equal to the reduced mass moving with respect to a fixed center of

force with a velocity equal to the relative velocity of the actual two particles.

The student may wish to prove this.

2 We extend the treatment to the more general case in Appendix 6.
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low-energy situations involving nuclear forces only. This gives us

fc.o = AB (r)P (cos $)

sin kr , _= A (8)
kr

since P (cos 0) is unity. Note that i/-;, depends on r only. In

general, we would also want to consider the higher partial waves,

which involve as well as r.

We can now rewrite Eq. 8 in the form

fc,o(r) = A(2ikr)- 1
(e

ikr - e~ik') (9)

as can be verified by expanding the exponentials in terms of sin kr

and cos kr. The advantage of rewriting appears if we multiply

Eq. 9 by the time factor e
iut

. This shows that the I = part of

the incident wave is the sum of two spherical waves (not plane

waves; cf. Eq. 3) one radially outgoing and one incoming. Con-

sider an observer at the center of mass watching a neutron fly by

without being scattered. As far as radial motion is concerned he

will find the wave just as much outgoing as incoming and will

thus find no fault with the in-out symmetry expressed in Eq. 9.3

Now we are ready to consider the scattering; let us "switch on"

the scattering potential V(r) and consider \p(r), the solution of Eq.

1 that describes this new situation. We restrict our considera-

tions to distances well beyond the range of the nuclear forces. In

this region, the switching cannot possibly affect the incoming part

of the incident wave; it can only affect the outgoing part by shift-

ing it in phase.4 Guided by Eq. 9 we can then write

Mr) = A(2ikr)-1
[e
i(kr+2S) - e~ikr

] (10)

3 If the observer were a classical physicist he might expect that he would

find the neutron beam radially ingoing when the neutron was approaching

from the negative z-direction and radially outgoing when receding in the posi-

tive z-direction. This point of view is not born out by Eq. 9, however. The

reason is found in the uncertainty principle; we have assumed that k of Eq. 3

is precisely specified which means that the momentum is likewise specified.

Thus "position" must be completely undetermined, and it is not possible to

say whether the neutrons are approaching or receding. The continuous steady

influx and continuous steady outflux described by Eq. 9 are all the informa-

tion that nature allows us under these circumstances.
4 We assume that no neutrons are absorbed so that the amplitude of the out-

going part of the wave remains unchanged.
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We have written the phase shift, for a certain convenience that

will appear later, as 2S.

The scattered wave 4>sc (r) is readily found from Eq. 2 to be

,Mr) = A(2ikr)-He2iS - l)e
ikr

(11)

Note that ^sc 0") contains only outgoing terms, as we expect, and

disappears when we switch the potential off (i.e., put 5 = 0), as

we also expect.

We can now find the scattering cross section csc . Let us draw

a large spherical shell of radius r and thickness dr (volume 4irr
2
dr)

about the target and let us find, from Eq. 11, the rate at which

scattered particles pass outward through it. The relative prob-

ability that a neutron will be in this shell is

<Psc(r)^c*(r)(4irr
2
) dr (12)

The contents of this shell pass outward from it a time dt where

dr/dt is the velocity v of the neutrons. Thus the rate Ro at which

scattered particles pass outward through the shell is

Ro = +Sc(r)tsc *(r)4*r
2
v (13)

The incident flux, from Eq. 5, is just AA*v. In Sect. 1.6 we
learned that the cross section for an event is the rate at which the

events occur divided by the incident flux (assuming a single target

nucleus), or

<7 = R /AA*v (14)

After a little algebra, this can be reduced to

(15)

4ir sin
2

5

k2

a result that we used in Sect. 3.5.

Let us now look a little more closely into the significance of 5.

To do so, let us rewrite Eq. 10 as

., sin (kr + 5)

Mr) = [Ae*]
y-
kr

sin (kr + 8)
= C^- '-

(16)
kr

where C is a complex amplitude. Comparison with Eq. 8 shows
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the role of 5 as a phase shift in this representation, and the need

to have introduced 2 into Eq. 10.

As a final remark let us consider the scattered wave Eq. 11 for

the case in which the neutron energy is very low (i.e., k
2

is small).

From Eq. 15 the phase shift must also be small. We can then

make use of the approximation

e
x « 1 + x (x « 1) (17)

and rewrite Eq. 11 as

Recalling that, in the limit of zero energy, the scattering length a

(see Eq. 316, Chapter 3) can be written as — S/k allows us to put

= -(;)^sc (r) = -A l-\ e*r
(19)

Thus a appears as a measure of the amplitude of the scattered

wave.



Appendix 5 • Expansion of a Plane Wave
(Sect. 3.5; Appendix 4)

A plane wave can be written as

^ = e
ikz = e

ikr eoa 6
(1)

In Fourier analysis we often expand an arbitrary function into a

series of sine waves of various frequencies. Here we expand in

terms of Legendre polynomials P((cos 0). Thus we put

00

e
ikr cos e = £ B t{r)Pi (cos 0) I = 0, 1, 2- • •

(2)
1=0

where it remains only to determine the Bi(r)'s. Let us multiply

each side by P;<(cos 0) and integrate over all values of 6, i.e., over

the full solid angle.

fpv (cos 0)e
ikr cos e dO = X) Bi(r) fpv (cos 0)Pi (cos 6) <Kl (3)

The Legendre polynomials have the property that the integral on

the right vanishes unless V = l;'va. this case it becomes (21 + l)/4ir.

Thus there is only one term in the sum on the right and we have

5j(r) = —— [Pi (cos d)e
ikr cos e dQ (4)

Since Pi(cos #) is a known function the integral can in principle

be evaluated. For r « l/k, Eq. 4 reduces to Eq. 7, Appendix 4.
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Appendix 6 • Method of Partial Waves;

General Case (Sect. 13.7)

In Appendix 4 we considered the partial wave I — only and
further restricted our interest to pure elastic scattering. Here we
extend the treatment to the higher-order partial waves and also

consider the possibility that particles might be removed from the

beam by processes other than elastic scattering. Our aim is to

express both the elastic scattering and the reaction cross sections

as sums of contributions from each of the partial wave components

of the incident beam.

We start from Eqs. 6 and 7 of Appendix 4 which express the in-

cident beam 4>i as a sum of partial waves

fc = Efc.» = £*iOOPi(cofl0) (i)

i i

where, at large r,

sin (kr — hlir)

B l {r) = i\2l + 1)
K— 2—

(2)
kr

We now rewrite this as

. _ \~* ( ""*" ' l
r
c
+Uki—iAh) _ e

-Hkr-Mr)]
(3)

i Livr

which shows that each partial wave can be represented as the sum

of an incoming and an outgoing spherical wave. Even though

this expression is only valid at large r we are satisfied with it be-

cause we have agreed not to inquire into the details of the reaction

during the period that the particles are close together.

If we now "switch on" the interaction potential V{r), the out-

going part only of Eq. 3 will be modified; this seems reasonable

because, at large distances, the incoming waves can have no knowl-

edge as to whether or not a potential V(r) exists near the origin.

The most general modification of the outgoing waves is a shift in

phase and in amplitude; this yields, for the complete wave with

V(r) ^ 0,
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1
-^

(4)

where b t < 1. Contrast this with Eq. 10, Appendix 4, in which

only a phase shift was introduced; it was assumed there that there

was no absorption so that the amplitude of the outgoing waves re-

mained unchanged (bi =1). As in that appendix we choose to

write the phase shift as 26; rather than 5j. We here recognize that

the phase shifts (and the amplitudes) for the different partial waves

are different so that a subscript I is required.

The elastically scattered wave <ASC must be the difference be-

tween Eqs. 4 and 3, or

^sc = ^ — tmc

= £ m + 1)lW
Pi (cos 6) (1 - he+^)e+i^-^

(5)

i 2kr

This necessarily contains only outgoing (spherical) subwaves. We
can now find the elastic scattering cross section, following the pro-

cedure used in Appendix 4 for the I = case. We draw a sphere

of radius R about the origin and compute from Eq. 5 the rate at

which scattered particles pass outward through this sphere. It

will be necessary to integrate over the surface of the sphere be-

cause P;(cos 0) in Eq. 5 varies with angle if I > 1. We then divide

by the incident flux (= ^t
-„c^,-„c *f = v) to get the cross section

(see Sect. 1.6). The final result is (see BW52)

w(21 + 1)

g.« = Z l2
\l~he+i2

»\
2

(6)

To compute the reaction cross section o> we again draw a large

sphere about the origin. We now compute from Eq. 4 the net

inward flux of particles through this sphere. We do this by first

finding the incoming flux, using the first turn only of this equa-

tion; we then compute the outgoing flux, using the second term

only. Subtraction gives the desired net inward flux, which gives

the rate at which particles disappear by absorption, i.e., these par-

ticles enter the large sphere but never leave it. Dividing by the

incident flux ( = v) to get the cross section yields

t(21 + 1)

"fc
5Z^^d-W2

(7)



Appendix 7 • Scattering of Identical Particles

(Sect. 3.10)

Protons, like neutrons, obey Fermi-Dirac statistics. To see what
this means consider a wave function that describes a system con-

sisting of two identical particles. If the space and spin coordi-

nates of the particles are interchanged the wave function will

either change in sign or it will not. Nature does not admit of

other possibilities. In the first instance (protons, e.g.) we say the

particles obey Fermi-Dirac statistics; in the second instance (alpha

particles, e.g.) we say they obey Bose-Einstein statistics. See
Sect. 15.4.

For the system pertinent to p-p scattering, namely, two protons,

interchanging the space coordinates is exactly equivalent to the
parity operation (Appendix 3). We now assert without proof that

the parity of our system depends entirely on the orbital motion;
it is even for I = 0, 2, 4, • • • and odd for I = 1, 3, 5, • • . Thus for

I = (iS-state) interchanging the space coordinates will not change
the sign of the wave function. The change of sign associated with
the Fermi statistics must occur when the spin coordinates are

interchanged. This means that the spin orientations must be dif-

ferent. In simpler language, there will be only singlet scattering

in the >S-state. In the P-state (I = 1) there will be only triplet

scattering, etc.
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Appendix 8 * Theory of Alpha Decay

(Sect. 4.11)

The Schrodinger equation for a spherically symmetric potential
V(r) such as that of Fig. 8, Chapter 4, is given by the one-body
Schrodinger equation, Eq. 42, Chapter 2, where m is the reduced

V(r)

vb

1 2 3

1e

Fig. 1. A potential barrier.

mass of the alpha particle and the residual nucleus and u(r) is de-
fined from u(r) = ^{r)r. Thus, if we work with u(r) the problem
can be treated as one-dimensional. Let us, for simplicity, consider
the simple rectangular potential barrier of Fig. 1, rather than that
of Fig. 8, Chapter 4. The Schrodinger equation in regions 1 and
3 is

d2u 2m

dr2 h2
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and in region 2 is

d2u 2m^- V iV>-*)u-0 (2)

Imagine an incident plane wave w(r) = e
ikr coming up against

the barrier from the left, in region 1. It will be partially reflected

and a wave ur (r) = Re~lkr
will proceed to the left in region 1.

Since W;(r) and ur {r) must be solutions of Eq. 1, we can show by
substitution that k = JV2mE/ft2

. In region 3 there will be a
transmitted wave u t (r) = Teikr

traveling to the right.

In region 2 the wave function will be

«2 (r) = AeKr + BeKr (3)

Substitution in Eq. 2 will show K to be [2m(Vb - E)/n2
]

1A
. We

must now match the combined wave function mif) + ur (r)

[— Ui(r)] to u2 (r) in both slope and amplitude at r = 0; we must
also match u t (r) to u2 (r) in slope and amplitude at r = R. These
four matching equations allow us to determine the four constants

T, R, A, and B. The probability of transmission P is the ratio of

the transmitted flux to the incident flux; this is just TT*. Carry-

ing out the matching process leads eventually to

P= TT * = e
- 2[w^- E^J (4)

For the barrier of Fig. 8, Chapter '4, we can assume that Eq. 4
can still be used if we modify it to consider that V is now a func-

tion of r, namely,

P=e^a
B\M^-^T^

(6)

Equation 5 reduces to Eq. 4 for V(r) = F&. See Be37 for a more
rigorous proof of Eq. 5.



Appendix 9 * Density of States in Beta

Decay (Sect. 6.13)

Let us imagine that a particle (an electron, say) with a momen-

tum p suddenly appears at a certain point in free space. We can

describe it by giving its position coordinates x, y, z and its momen-

tum coordinates px , pv , pz . By stretching our imagination we can

visualize a space with 6 axes, in which the position and momentum
of the particle would be described by a single vector starting from

the origin, whose components on the 6 axes would be x, y, z, px ,

pv , p z . Such a space is called phase space. We now assert that

the uncertainty principle prevents us from representing a moving

particle by a single vector as above. This is because such a repre-

sentation would amount to specifying both the position and the

momentum exactly. We know instead that we must have Ax Apx

« h and similarly for the other components. Phase space must

thus be divided into cells of volume

Ax Ay • Az- Apx - Apy
- Ap z ~ h3 (1)

The state of a system cannot be specified more closely than by

saying that the tip of the vector representing it lies in one of these

cells. Thus the number of states that occupy a given volume of

phase space is finite.

Phase space is composed of "actual" space (x, y, z) and momen-

tum space (px , Py, p z). If we consider, for example, a particle

whose momentum is specified as to magnitude only, not as to

direction, the point representing it must be on a sphere in mo-

mentum space whose radius is
| p |

= p. Let us now consider a

particle restricted to a volume V in actual space and whose mo-

mentum lies between the limits p and p + Ap (direction unspeci-

fied). The volume in phase space is

/'dx dy dz dpx dpy dp z = V X 4ttp
2 Ap (2)
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The number of cells or states is found by dividing this number by
the volume of a cell in phase space, or h3 . Thus the number of

states per unit momentum interval is

dn/dp = 4:Tp
2V/h3

(3)

In beta decay we must consider two particles, the electron and
the neutrino. The number of states corresponding to the appear-

ance (in volume V) of the electron with the momentum in the
range p to p + dp and the neutrino in the range pv to py + dpv is

4rVp2 dp 4-irVpy
2 dpv

dn = • (4)
h3 h3 '

;

The number of states per unit energy of the electron is

dn 16t2F2
, , dp— = ——2— V Vv dpv

—
(5)

dE he dE
K

'

However

|

dE\ = \dE,\, since E + E„ = a constant (E). Also

dEv = c dpv , since Eq. 14, Chapter 6 applies to the neutrino.

Hence
dn 16tt

2F2
„M—ir™ d* (6)

But, also from Eq. 14, Chapter 6,

pvc = E -Ee
>

(7)

Combining Eqs. 6 and 7 leads to

dn 16x2F2
, —\2„2

dE c
3K3h2

(E - E) 2
p
2 dp (8)

Comparison with Eq. 41, Chapter 6, shows that this density of

states expression accounts for most of the energy dependence of

the electrons in beta decay.



Appendix 10- Derivation of the Poisson

Formula (Sect. 8.15) (See Ro52)

In a time T let us assume that, on the average, n pulses occur.

Let us now compute the probability that n pulses will occur.

Divide the time T into N equal time intervals where N » n. The

chance that any interval will be occupied is just (n/N) ; the chance

that any given interval will not be occupied is just (1 — n/N).

The chance that n intervals will be occupied is (n/N) n
; the chance

that (N — n) intervals will not be occupied is (1 — n/N)N
~n

.

The chance that both of these events will occur together is

(n/N) H
(l - n/N)N

~n
(1)

We must now realize that we have been speaking of the occupancy

(or lack of it) of particular preselected intervals. We are really

interested in the probability that any given set of n intervals be

occupied. This is a much larger number than Eq. 1 ; we obtain it

by multiplying Eq. 1 by the number of ways in which n intervals

can be selected from the available N intervals. This number is

N\
(2)

n\{N -n)\

so that the probability that n intervals will be occupied is

- n) !W V N/n\(N - n)\

The probability Pin) that n counts will occur in the interval T is

just the limit of Eq. 3 as the number of intervals becomes in-

finitely great. Using Sterling's approximation

N\ « (2irN) yKN/e)N (4)

leads directly to Eq. 37, Chapter 8.
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Appendix 11 The Focusing Properties of

Magnetic Sectors (Sect. 10.4)

(See W49)

Assume first that there is a uniform magnetic field everywhere

perpendicular to the plane of Fig. 1. The heavy semicircle is a

central ray from S to I, with a radius of curvature p about origin

0. The light curve nearby is a non-central ray, with departure

angle a at the source S. Let s be the arc length along the central

ray, and let x be the small radial distance between the central ray

and the non-central one. We can show readily that

x = pa sin (s/p)

From this we can find

dx/ds = a cos (s/p)

(1)

(2)

where (dx/ds) can be seen to be the angle between the tangents to

the central ray and the non-central one at any point s.

Let us now restrict the magnetic field to the sector <p as shown.

If we wish the trajectories inside the sector to remain unchanged,

the source must be moved to some point S', the point of intersec-
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tion of the tangents to the trajectories at the sector face. The

distance of S' from the sector face is d ; we can locate it from

xe/d = (dx/ds) e (3)

where the subscript means that the quantities shown are valuated

at the sector face. Note that the angle in Fig. 1 extends from

the line OS to the sector face. From Eqs. 2 and 3 we find

d = p tan 6 (4)

This shows that S' is on the line SOI. In a similar way, the image

will move to a point /', also on this line, and we will have

d{ = p tan (it — 9 — <p) (5)

Eliminating 6 between these equations leads to

p(d + di) + p
2 tan <p + d; d tan <p = (6)

This is identical to Eqs. 9a and b, Chapter 10, as can be shown

by expanding the latter equations.



Appendix 12* Free Oscillations in a Magnetic

Field (Sects. 6.5, 12.13)

Consider a field B(r) symmetric about a vertical (z) axis; also

let the plane z = be one of mirror symmetry. Let the gradient

(dB z/dr) in the median plane be called — g, and assume it is con-

stant. From Maxwell's equations V X B must vanish, which

means that all of the components of this vector must vanish. The
vanishing of the 8-component of V X B (see S47, p. 222) can be

written
dBr/dz - dBJdr = (1)

We can put, as a Taylor expansion in z

Br {r, z) = Br (r, 0) + (dBr/dz) z +
« -gz (2)

which, properly, alternates in sign with z and vanishes in the

median plane.

Consider a charged particle moving in the median plane at

r = r with speed v and angular speed o>o(= v/r). It must be true

that
B(r , 0)ev = mv2/r (3a)

e/m = u /B(r0> 0) (36)

If the particle is somehow raised a distance z above the median

plane it will experience a restoring force Br (r , z)ev or — {gev)z.

Thus it will experience SHM through the median plane with a

force constant k z given by gev or gewofo- The frequency of the

SHM is given by

o>* = ih z/m)
lA = (gew r /myA (4)

Eliminating e/m with Eq. 36 leads to

" Z = «otoro/BoWl
H

(5)

where the quantity under the square root can be seen to be just
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the n of Eq. 20, Chapter 6. Thus we have proved Eq. 23, Chap-

ter 6.

If the particle is pulled outward a distance Ar from its equilib-

rium orbit it will experience an inward force given by B(r + Ar)ev

Fr = B(r + Ar)ev = ev[B(r ) - g Ar -\ ] (6)

The centripetal acceleration in the larger orbit is

ac = v
2/(r + Ar) « (v

2/r )(l - Ar/r ) (7)

The radial acceleration ar can be found from

Fr = mac + mar (8)

or, from Eqs. 6 and 7 and 3a

ar = Arco
2(- gr /

B

+ 1) (9)

This again means SHM with a force constant kr of mar/Ar. The

angular frequency is

ur = (kr/m)
lA

= a, [-gr /B(r ) + l]
y> = o (l - n)« (10)

which proves Eq. 22, Chapter 6.



Appendix 13 • The Larmor Frequency

(Sect. 15.6)

Assume an object with angular momentum p^ and magnetic
moment |x placed at an angle with a magnetic field H. A torque

H-

Fig. 1. An angular momentum vector p», precessing about the direction of

a magnetic field H.

\iB sin 6 will tend to align the magnet and will cause the angular
momentum to change at a rate given by Newton's second law

dpv/dt = nH sin (1)

The change Ap^(= fiH sin 6 At) produced in a short time At will

be a vector pointing parallel to the torque, namely, normal to
the paper. Ap,, will combine vectorically with the original p„ and
will produce a new vector of size p^, but rotated by A<p from the
original position. This constitutes a precession at a rate given by

<o£ = A<p/At = (Apv/pp sin 6)/At = nH/p^ (2)

This classical derivation gives the correct quantum expression if

we substitute Ih for -pv .
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Bubble chamber, 182

Butler's theory, 348
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Cerenkov detector, 202

Chain decay, 69
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forces, 268
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Complementarity principle, 28
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Continuity of wave functions, 33
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geomagnetic effects in, 438

primary, 436, 443

Cosmotron, 309

Coulomb effects in nuclei, 264

Coulomb excitation, 280

Coulomb scattering, 201, 322

Counter, 3, 194

Critical absorber method, 167

Cross section, 12, 166

and phase shift, 46

Curie, 67

Cyclotron, 295

focusing in, 298

frequency modulation of, 300

stable orbits in, 299

Dead-time losses, 211

Delta rays, 148

Density of states, 134, 481

Detectors, 179

Cerenkov detector, 202

cloud chamber, 179

electroscope, 184

emulsion, 197

Geiger-Miiller counter, 190, 192

ionization chamber, 184

of neutrons, 223

proportional counter, 188

scintillation counter, 194

Deuterium, hyperfine splitting of, 379

r-f spectrum of, 393

Deuteron, 40, 42

in nuclear reactions, 346

quadrupole moment of, 396

Differential cross section, 13

Diffusion cloud chamber, 182

Dipoles, 91

Disintegration constant, 66

for alpha decay, 83

for beta decay, 133

for gamma decay, 110

East-west effect, 440

Effective range, 56

Elastic scattering, 313

Electron volt, 15

Electrons, 19

absorption of, 157, 159

in magnetic fields, 121

radiation loss of, 160

Electroscope, 184

Electrostatic focusing, 248

Electrostatic generator, 3, 284

Emulsion technique, 2, 197

Epithermal n-p cross section, 47

Exchange force, 59

Fermi plot, 137

Fermi statistics, 381, 478

Fine structure, in alpha decay, 79

in atomic spectra, 373

Fission, 352

energy release in, 355

liquid drop theory of, 359

neutron detection by, 225

range of fragments, 175

Fissionability, 363

Focusing, in accelerators, 289, 291,

294, 298, 310

in beta-ray spectrometers, 124, 125,

128

in mass spectrometers, 248, 249, 257

Forbidden transitions, 140

Free oscillations, 126, 302, 486

Free particle, wave function of, 32

Frequency-modulated cyclotron, 300

Gamma emission, classical treatment

of, 106

mean lives in, 95, 110

quantum-mechanical treatment' of,

108

selection rules for, 112

Gamma rays, 2, 21, 89

absorption of, 164, 165

energy of, 89

wavelengths of, 91

Geiger-Miiller counter, 190

efficiency of, 3, 192

Geiger-Nuttall law, 78

Geomagnetic effects in cosmie rays,

438
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"Gross-structure" problem, 334

Gyromagnetic ratio, 373, 407

Half-life, 66

History of nuclear physics, 2

Hole theory, 172

Hydrogen, hyperfine splitting of, 379

r-f spectrum of, 393

Hyperfine structure, 375

Hyperons, 18, 19, 434

Impact parameter, 45

Individual particle model, 12, 272

Internal conversion, 89, 113

Ionization chamber, 184

Isobar, 8

Isodiaphere, 8

Isomer, 8, 95

Isotone, 8

Isotope, 8, 65

Isotopic spin, 269

Klein-Nishina formula, 171

Kurie plot, 137

Lamb shift, 23

Landau energy loss theory, 160

Larmor precession, 391, 488

Linear accelerators, 288, 292, 293

Liquid drop model, 11, 276

in fission, 359

Magic numbers, 78, 272

Magnetic focusing, 249, 298, 484
Magnetic lens, 129

Magnetic resonance, 388, 403

Magnetism, 371

Mass abundance, 253, 254

Mass-energy equivalence, 2, 14

Mass number, 6, 245

Mass spectrometer, 245, 246, 249

Mattauch type of, 257

Nier type of, 251

time-of-flight type of, 258

Mass unit, 14

Masses of nuclei, 14, 245, 319

empirical formula for, 270

Matched doublet method, 255

Matrix element, 109, 134

Mattauch's spectrometer, 257

Mesons, 18, 19

and nuclear forces, 60

detection of, 198

in cosmic rays, 422, 424, 425, 426,

428

Microwave spectroscopy, 385

Mirror nuclei, 142, 265

Molecular beams, 387

Molecular spectra, 103

Multipole moments, 98, 101, 103

Multipole radiation, 106, 108, 112

Muons, 19

absorption of, 422

decay of, 424, 425

mass of, 422

Neutrino hypothesis, 19, 133, 142, 144

Neutrons, 19, 214

absorption of, 229, 334

detection of, 223, 227, 231, 234

diffraction of, 53, 234, 236, 238

elastic scattering of, 227

from accelerators, 218

from high-energy reactions, 219

history of, 214

in fission, 354

in reactors, 221

magnetic moment of, 410

reflection of, 53, 239

scattering of, from protons, 43, 45,

50, 58

in hydrogen, 52

sources of, 215, 217, 218

Nier's spectrometer, 251

Noise in amplifiers, 205

Normalization, 32

Nuclear angular momentum, 16, 371

Nuclear forces, 10, 261

Nuclear induction, 409

Nuclear levels, 338

Nuclear magnetic moments, 16, 371,

400

Nuclear magneton, 17, 376

Nuclear mass, 14, 245, 319

Nuclear models, 10

Nuclear nomenclature, 8
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Nuclear radius, 8, 86

Nuclear reactions, 10, 312

deuteron-induced, 346

energetics of, 314, 316, 319
Nuclear spin, 16, 371

Nuclear structure, 8, 261

Nucleon, 8, 39

Nuclide, 8

Odd-even effects, 266

Old quantum theory, 22

Operationalism, 4

Oscillations in a magnetic field, 126,

302, 486

Pair production, 92, 164, 172, 173

Pair spectrometer, 92

Parity, 38, 112, 469
Partial waves, 331, 470, 475, 476
Particles, list of, 18

Phase shift, 46, 49, 332

Philosophy of science, 4

Photodisintegration neutron source,

217

Photoelectric effect, 164, 167

Photon, see Gamma rays

Pile oscillator, 243

Pions, 19, 198, 428

interaction with protons, 433
neutral, 431

Planck's constant, 21

Poisson's distribution, 210, 483
Positivism, 4

Positron, 19

annihilation of, 172

Potential scattering, 345

Probability theory, 209

Proportional counter, 188

Proton, 19

gyromagnetic ratio of, 407

magnetic moment of, 408
scattering from protons, 54, 58

Q, 218, 314, 316

Quadruple moment, 100, 273, 277,

386

of the deuteron, 42, 396
Quantum electrodynamics, 1, 23

Quantum mechanics, 21

Quantum statistics, 381

Radial wave function, 38
Radiation length, 162

Radiation losses in accelerators, 302
Radioactivity, 8, 63, 65

as neutron detector, 227
discovery of, 2

Radionuclide, 8

Radius of nucleus, 6, 86
Range-energy relation, 153, 154
Range of alphas, etc., 149

Reaction cross section, 12, 166, 230,

332

Reactions, nuclear, 10, 312

Reactors, 364, 366

as neutron sources, 221

Reduced mass, 37

Relativistic mass, 120

Relativity, 119

Resonance, 227, 338, 343

Russell-Saunders coupling, 373
Rutherford, 67

Rutherford scattering, 322

Saturation of forces, 61, 263
Scaling, 206, 211

Scattering length, 49, 53, 56, 236, 474
Scattering theory, for identical parti-

cles, 478

partial waves in, 470, 476
Schrodinger equation, 29, 465

applied to deuteron, 40

separation of, 466

Secular equilibrium, 69
Shape elastic cross section, 335
Shell structure, 12, 78, 272, 276
Showers, electronic, 418, 420

large air, 422

Specific ionization, 152

Spin, 16, 371

from shell theory, 276
Square well, 40

Stars, 430

Statistical theory, 209
Sticking probability, 348
Stopping power, 152
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St0rmer cone, 440

Straggling, 150

Stripping, 219

Strong coupling model, 11

Strong focusing, 310

Strong interaction model, 11

Structure of nucleus, 8, 261

Superallowed transitions, 142

Surface tension, 262, 360

Synchroton, 307, 309

Thorium series, 64

Threshold energy, 316

Time-of-flight methods, 96, 231, 233,

258

Transformer-rectifier sets, 283

Transient equilibrium, 71

Two-body systems, 36

Two-nucleon systems, 39

Uncertainty principle, 25

F-particles, 434

Van de Graaff generator, 3, 284

Velocity selector, 233

Virtual state, 48

Wave equation, 29

Wave function, 30, 31

Wave mechanics, 22, 29

Wave number, 24

Wave pocket, 32

Waves and particles, 22

Weak coupling model, 12

von Weiszacker's mass formula,

270

Zeeman effect, 374

Zero-zero transitions, 116



SOME PHYSICAL CONSTANTS

These constants are selected from a much larger list prepared by DuMond

and Cohen, Revs. Mod. Pkys. 26, 691 (1953). The probable errors quoted

refer to the last digit (or digits) of the numerical value of the constant. See

Table 4, Sect, 1.10, for masses and other data on light particles.

299792.9 ± 8 km/sec

931.162 ± 24 Mev/amu

(6.6252 ± 5) X ltr27 erg see

(1.05444 =1= 9) X 10~27 erg sec

(6.02472 ± 36) X 1023 (g mole)
-1

137.0377 ± 16

(9.1085 ± 6) X 10~28 g

(1.60207 ± 7) X 10
-20 emu

(4.80288 ± 21) X 10
-10

esu

(0.92838 ± C) X HT* erg/gauss

(0.92732 ± 6) X 10^20 erg/gauss

0.510984 =b 16 Mev

(24.2625 ± 6) X 10~n cm

(2.81784 ± 10) X IO~18 cm

(0.505038 ± 36) X 10~23 erg/gauss

1836.13 ± 4

c Speed of light

c
2 Mass-energy

equivalence

h Planck's constant

n (= k/2w) Planck's constant

N Avogadro's number

«-i (= nc/e
2
)

Fine structure

constant

m Electron rest mass

e Electron charge

Ve Electron magnetic

moment

ix (— fie/2mc) Bohr magneton

mc2 Electron energy

equivalence

\c (= h/mc) Compton wavelength

of electron

r (= e
2/mc2

)
Classical electron

radius

w (= %e/2mpC) Nuclear magneton

wu/m Proton-electron mass

ratio




